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. ABSTRACT: -

'Dynamio'programming‘is an xmportant area of oporatxoﬁs research. It
:-allows ‘the solutlon of a wide class of optlmlzatlon ptoblems L,at T

’;are expres51ble 1n a certaxn very general recur51ve formula.

fSlnce recur51on was not avallable 1n most programmlng languageo,v:{'V
‘these problems could not be ‘solved through a direct appllcat1on of
fthe formula. A frequently laborlous task hab been undertaken_- to

. dev1se 1terat1ve techn1ques for eaeh problem.

E.However 1f one has an’ efflolent melementatlon of recurSLOn, the

. I
adlrect approach ‘becomes more att’actzve, for no preliminary: relor~;
' mulatxon is needed and ease and naturalness in the trer51t10n f*on'

’_the problem to the programmlng algorlthm are. ensured.

‘The eXample‘we.Pfesenﬁ here-the determination of thé:haxiﬁum'or ﬁi~*~
‘nlmum path 1n a network = also 1lluscratea the use of list pxocusqlng
"to prov1de a qulte natural input format and couvenlen_ storage SR
=Qrepresentatlon for a oraph The use of ‘a non - numerlcal technigue,
:vllke processzng, to an easentlally numerxcal problem 15 a notLCeable

:,trend in present day programmlng.



1 - THE PROBLEM:

=fLet G = (X, U) be. a network where Xis the set of wvertices and v

'~5_the set of edges.
' To each edge (Xi, XS)_e U'a.valuencij };Ojis«assdciated.

A e .‘;  U e R _‘ - op RO '_ o
TA paﬁh:g [%0, xilf_kizf»Tf""xn §must b§ found,.fuch ;he# .

—

‘is ovntimal.

" ,We now consxder the optxmalzty prlnc‘ple enunc1ated by Rlchard _T
'-Bellman. an’ optlmal pollcy mnst be composed only of optlmal sub- -

p011c1es. This prlnclple nges_rxse to thevrecur31ve formula, »'“
k (x) = opt R {x, p) * fk 1 [g (k x, p}]}
. paP . , ‘

‘Where:

bf ?_optlmal total revenue cbtalnable from a system characterlzed o
by x, when k stages st*ll remaln to be performed. ;
- P -_set of all perm1551b1e p011c1es

' ka'- revenue from the k s;ége

‘x ‘f-state of the system at the Kk* th sﬁage

x' ~ state of the system at the (k - l) B stage suppoéiﬁgfpolicy -
_p has been adopted.



Adapting this formula te the present. problem i:vbecomes:
f(Xi) = opt . . e
T XgEsxp) L
where S(Xi).indicates the set of immediate successors of_Xi.
Letfﬁs,examine the example below in order to understaad the
intuitive meanlng of thls.,Supoose our aim is to cbcaxn a

‘maxxmum value. -

S ST '\/},""‘i- D T
. 22 7 . - - »/-\\;_-/‘? 30 — K . w\ »
Y \3'\ e _\-'\>:"7- s
. - 8 e \'/-'4\\ . 60 - o = o . S
BN T ~ 50

’

‘The value of £(1) is the maximum betwesn 22 = £(2) and 30~ £(3).

‘~Now, f(2) will not include all g

i

wThc atag by staze apLim ; ation is t“» featurs :nat,redggeé .the

number of Lompnrlsons ‘thus rcoug115 an ctherwise

t
anreaalngly large chblna ri 1 problem.
-The ~condition that terminates the recursion 1S

Cthen

-






_for all values of R = 1 2, 3,_.,.;.fs.ﬁé*sﬁéﬁ_when:j

betwéen véftices'x and Xﬁ."It can be shcwn‘that 1‘ there are 
o + 1 vertlces, at most n - 1 lteratlons w11 yleld tHe mxnz»&m.

”ﬁThe algorlthm is nqulvalent to; thelseiuiia‘ £ the syste@ of - -

; equatxons.

'_For computer solutzon, the 1nnLL Lales the fo*m of :hree arfang

]nodes-l, nodes-J, values Cij’ uhose aznen 1‘ ”15 the' numbey cf

edges.'

E The work1ng area gon31st= of :wo arr ys*valués¥fi and nodes-i

(thls one w111 lndlcate the pat ) bu;b thh

~the same dimension

fas the ‘number of nodes.‘

o

:The artay va1ues-fi,is initial 2ed with a SpeCLJL thH value, _“Lept

' for the element correspondlﬁg to r wH*ch LS 0.,v

Anzitgrative'process‘is performed with the following steps:



‘otherwise

" £y is replaced by £, * ¢;p

fﬁéﬁ ﬁull;?

.thé'p:oéesﬁl;é}repea:é& ‘fgéf_resetting‘.

'b”the'cohhéé

- ‘otherwise tHY proces

 found‘iﬁffi{fQ

‘Appeﬂdix I coﬁfaihé a listing bf‘éisimélé FORTRANfII program. to
‘apply the algorithm. | |



3 - THE RECURSIVE SOLUTION:

'The recurs1ve solutlon 1s stralghtforward 31nce 1t 15 the" d1rect :

'appllcatlon of the recursxve formula glveq at: Sectlon 1.

‘tThe algorlthm is zndlcated 1n a hlgh 1eve1 language notaczon

whlch ‘does not correspond exactly to any eklstlng p*ogrammlng

;flanguage.

‘,f'[i]-: f-ehlgh value

' S'+11§t of sucgessors of 1

- whxle s f NIL do

<-<:ar ES :)

twlf i =n then £ <min f

‘g-else f-«mln ff éi.vf;?';i
‘f",f E-‘-]

The" path ltself can b° obtalned by a devzce analovous to. fhé'bne

that was descrlbed 1n the prevxods sectlon.,
© Graphs can be represented as lists in the foliowing way:
. a -‘the graph is a list ccmvosed of n sub ~lists where n is the

number of vertlces,
. b - each sub-llst stundlng for a vertex: éontains the label of the.
vertex as its first element, : o .

e c‘— the remalnxng elements. of a sub Tist are the labels of the

1mmed1ate successors of . the vertex.-‘



Moreover the values: assoc1ated w1th each edge are glveu in a 115:

w1th a correspondxng structure. to each successor (1n the llst"

,representlng the graph) there correspoads the value of .the edge

goxng from the vertex to that successer (1n'the llst or values

NIL w111 correspond to the vertlces.

‘Takingfthefexsmpleiof-sectionii;fthe'uetwork wi11"ﬁe}f¢?reseﬁ;§é?é§; i

C=(Q 2 N 4 NG 4 G NG N6 NE)

.and_thé”assOeiatedgvelues as

v - <c o
”( () 4o>(\<> 50)( () ))

22 ‘30)( <) 37 ‘30)( 0 32 4DC 0 0CO 0

A somewhat sxmpllfled scnemc of the 1nterna1 revresentet1on, after

-the elements of V na»e Been attached ro G, w11’ be

‘Appendlx It contalns a lxstlng of the recur31ve solutlon as 1mp emeﬁted
‘1n the LISP-FORTRAJ IV lanouage. Tnls 1s ‘an ext n51on of FORTRA“'IV to

lnclude, among other features, recurs*on and l st proee551ng.

,Both append1ces show the mlnlmum ‘and the maximum solutlon for tke

network we have belﬂg dealxng with.
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APPENDIX I

PROGRAM.

q'1ru ANVATIV(50), 100 (50, IVID (50,101 (55) 100

il (

AnluJ,“szns, L

U pUNCI100,HEASOS
n013n= 1,!PA 05 .

S READ200, u;x\T;vs,”nns
CPUNRHIZO0, TS, HATIVG, 1HI0S

(W

ﬁS

j"(‘r):ln—'

anlt)=

CREAD300, ol G Do DL, IVATIVOD  H=1, ATV E) -
PUNCHBO0, (LD 03 (),
n0Lil=1,1808 o

iAth(l),I—¢, \1!”5}

'IIIO("I n( .)

“0!(1)

 J-ZOJ( o e |
TECIARS (VN (J))=191)3,5,5 L
-WU‘/Mi"('mw”\c >—|w~n<r>>exo)g 3,-,

#Vﬁ(r)~IV}T!'(“)+l”'“'13 Vit T

fﬂ“'"-yrnwa+i_

. Pr)”T,T (]v- .

lr(lnﬂ'a)s,u;z'

ﬁ~lF(|")u,7 7

7?‘}‘“ ;x, ,u’ ‘;
(210 N SO T
BB PR VIS B
YRS T

1

HORn=IST
IIEST=HY O (mAan)
NNTLN=1,HATIVG

P
i

2

U

) .



’ !F(IAB%\JOI(P)—"O?P)+|A S(HOJ(J)-”?’ T))11,12,11°
. 11 (‘ﬂ"T!”UP . 3
12 PUIFPGUO‘!JRG.HOEST}ﬂ;1VATIVCﬂ)
IF(UDEST=HN0S) 10,15, 10
13 PUNCHTO00, lVdﬂ(l)
. LSTOP Dol
100 FOQ1\T(IJ)
200 F JPHAf()!’)

300 FORMAT(212,13)
500 FOR WIATC/ /1752, HHCASO, 10, 13, 5%, 16UCAN T IO FIAXIND,
n,*sx,uuxﬂ 0,50 RND JLB b QKQ,sx,swhHLﬁﬂ)

00 FORMAT (5K, 4HCASD, lx,l),.)\,.Lh' SATTDN D,
,O3%,BHIO T3, BHN0 I, 3R, R HARED, 50, SHVALDR)
unn,rnzWAT(37x;ra,)\,1_,5A,zh,5“,1))
700 FORMAT(///WOX, SHTOTAL, 2:,15)
CUCEMDS

_11 -



002
=11008
. 0102022
0103930
0204937
0205030
0304832
0306043
HEDERINE

0507030

0607049

703050

0110038

~.0102822

1103050
2000357
0205030

0304032

0305343
5050

0507034

0607040

076805

DATA

12~



RESULTS
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APmmDn(II‘

PROGRAM

NECURSIVE F
qrrvxd!v PATR
Centnntl G, KL
:l—*i* SO
01-*8* : "
a=x((1 2 32(
V *((() 22 3
() ‘
naLL P\F”(V ”)
w1

FAIE DN

V=l

2=F(1)
“S5TH2
SEMD

(Y B () 59)

\;

RECU““IVV—!‘“"”T:FUHCTIUT FCL)

ATAUNGIVE ASSON T o

HTECER FALC, F!:,V L‘F SNAE

TLITEALR OPT -

LOCInAL B0

ls R IS s,c,r. )

P(I,t') VAL jl’"((‘\\ JID ) o

0PTL =00 (1R (K, AT W), THERCIALNC T,
IECUTRUE ) S THER CO o L))y ,
r‘"””“(l?(h.xW. D “C'(u),:EK;Tnnr.>,TuE;(34z));
WEZAM8 )(\((()(‘(! : . .

-

o)y »

CALL DOCHDTHIL (3),SFT(J,°PI(S)),STT(F\,‘\;22 (oL, 200,00,
oo CIRANE(T,YL, LY, : - s ‘ i
PO COMNIECEN L, 1)) TR, IOTCERA, TR
P TR ) | S
rQXQ» CTHT(S TR, ODT(ES, LR ECL, RN, 850
’

LT “F(l,f,z)
»17"1'! | e

Ty



'{_5’110‘_; .

e

TRACE (MINIMUM)

- 15 -



F(T)= 50
F(5)= 80

","5 ‘.J=7. |

- 16 -



F(7)= 50
F(5 )'.#"7‘:"8‘0_

F(W)=110

0
Ud
o
<

F(7)= 50
F(6)= 90
F(3)=135

F(1)=132

- 1?1‘.}'-.



1=2 J=t

1=t J=5-

=5 J=7"

TRACE (MARXIMUM)




F(7)= 50

F(5)= 30

CE(4)=140

F(7)= 50

F(6)= 90

F(3)=172

F(1)=202

- 20 =



