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ABSTRACT

The purpose of this paper is to implement by using LISP 1.5
functions defined in Galda & PASSOS [1] having as equipment 1BM/370-
165.

The formula transformations are special functions which can

be utilized by any of the algorithms mentioned in [1].

The algorithm in detail is implemented for the theory of
Densely Ordered Sets Without First or Last Element.

Appendix D contains a complet list of the program.
_ In this paper the authors intends, only, to present the im-
plementation of the algorithms described in GALDA & PASSOS :Consequent-

-1y the previous acquaintance with'[l] is required to the'ugdgrsthnding

of the present paper.
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INTRODUCTION

We are concerned here with algorithms for proving theorems in
certain first-order theories, and to program them having as main aim the
field of automatic theorem proving. Functions are written in LISP 1.5 (ap -
pendix A) since LISP has a simple syntax and"iS'univeréa11y~used in the field

of Artificial Intelligence.

We-describe the algorithm mentioned in [1] with some modifi-
cation. Wé“makevexplicit:eachftransformAtion:functibn (written in LISP) by
means of a simplified notation. We also give a run example ‘that contains '
several functions. We:list (appendix B)-a program which transform the given
formulas into’the prenex normal formula. [(PNF) appendix B] . The external
output is.alsowexplainedn(appendix“e).-In»appendix'D’we-give'the listing of

the main program TEOREMA,

.1



SimplifiedJNotationiof the Gfaphical representation of LISP.

We assume the following graphical symbols and their associated

f o ; I i "meéningv‘ CT3H T H [

A
7 !

!

)

U

N .
! : )

-
CAR' L. CADR L. ,CADDR L

Intetnal‘destriptionrofﬁthéﬁfOrmulaflogical operators:

¥ has as interﬁal*represgntation A

ERL L wo . E

= non LR oY)
<=>- "M DL " IFF
v.omrow o B OR

& (A o " - AND
- o ! EQ

< mom " L
Voo o " NOT -

Formulas - .are internaly represented:as a list where .the first el-
‘ementis”a quantifier, the second element is a: varlable and ‘the third is a

quantifier-free formula. For example:

a)- P Eﬁiﬂ[;:} (notation not. simplified)
: =

P

: 2.



b)  (¥x)(Q)

[

E3T

Q
© 1@ ®Q z
Q
@ Pvg e | ; | (any binary operators)
P Q

e) PvQVRvS=Pv(Qv (RvS)) associative

B 00 Ol — —
[t 3 O B "
Y emgn

S

QUTPUT_FORMAT

‘ ' We construct a lisp-program transforming:internal outpthof'

LISP 1.5 in order to.use 'it for the output of ‘the functions:mentioned in

[L], For example, if ‘Wwe want-to prove the theorem. ‘
(E V) (VZ) (V)< V) (page. 12 of [2.]_),

‘the ‘internal lisp-print will be

((E Yl A VZ(LT v, Vz))))

but our-print (by using our own lisp printer) will be



(EV)) (AV,) (V) <V,)

Our- two- lisp-functions-used to obtaln th1s pr1nt1ng are descrlbed

in the appendlx C.

Prenex Normal Formula (PNF)

The algorithm for the densely ordered sets assumes that the for-
mulas are in PNF, therefore we need some-manipulations to transform formulas
into PNF. To do this we use a LISP program described in appendix A. This program

has the following Structu:é:[ihe'rules numbered I up to VI are found in page

85 [2]].
Bﬁle I
(/) C(x) = D) = (I (3) => D)

corresponding in our program to:

3]

(IMP (A x C(x)) D) = (Ey (IMP C(y) D))

Tﬁe structure will be

\- AT (CADDRF | | ~N

| i
| ’47;7—\ D . CADDR(CADR L) b [T O]
CAADR L E;]‘ | L N

C(x)

940



Rule II
T————————

(@ x) Cx) =D) = (%)) =>D)

in our ‘program:

I (E xCx) D) = (Ay (IMP C(y) D))

L

P

;3u1¢ ITI

D=> (¥x) C(x) =(¥y) (D => C(y))

CADDPR L

R et

in our program

EF:_J [;‘_—J. qj CADDR (CADR L)

O

L

vaksall

-~ l

(P DX Cx))) = Ay (IR D L)

L. _
N
o [ [

l..
) " Dg’_][;] CADDR (CADDR L)

Dj ['3] E:]\:C(Y)

tSu

C(x)

= P

Cy)



Rule IV
D => (3 »x): C'(x)”vE--(EI y) 0 => Cy))
in 6ﬁr progréni

(IM._P DExCx))) = (Ey (IMPD Cy)))

L
\ .
R L
: ] =] [ xfasiml
/2 ¥ D)
Rule V
Awx)C = (Ix) A C
- in oﬁf program‘
" (NOT (A x C)) = (E x (NOT C))
L\'
[ & e S N



Rule VI
'_A.(g- x)C = (¥x) m _c :

in our program

(NOT (E x.C)) = (A x (NOT C))
L .
_\@ r_[_] - (A &

.

e ~~CAR(CDADR 1) .
‘ [:-_I]CADDR( (CADR L) ' C
c - »
A example will show how the PNF - program works, It is the

éxample found in [2:].

INPUT

((A x(IMP(EQU x x)(A y (IMP(LT x y) (NOT(A z(LT y 2))))))))



TRACE

PRENEXO((A X (IMP (EQU X X) (A'Y (IMP (LT'X Y) (NOT (A" z (LT T NNN)
PRENEXO( (IMP: (EQU X X) (A Y (IMP (LT X Y) (NOT az (LT Y z)))))))
PRENEXO ((EQU X X))

PRENEXO (EQU X X)

PRENEXO((IMP (LT X Y)* (NOT (A"Z (LT'Y 2)))))

PRENEXO( (LT X Y))

PRENEXO(LT X Y)

PRENEXO((NOT (A Z' (LT'Y 2))))

PRENEXO((LT'Y Z))

*PRENEX( (NOT (A Z “(LT"Y 2))))

*PRENEX" (E Z* (NOT (LT'Y Z)))

PRENEXO((E Z' (NOT (LT'Y 2))))

PRENEXO( (NOT™ (LT Y Z)))

PRENEXO((LT'Y Z))

*PRENEX “(NOT (LT'Y Z))

PRENEXO" (NOT (LT Y Z))

PRENEXO (E Z (NOT (LT'Y 2)))

*PRENEX((IMP (LT X'Y)"(E Z' (NOT (LT'Y Z)))))

PREN((Z (NOT (LT'Y Z))))

PREN (NOT (LT'Y B))

*PRENEX (E B (IMP (LT X Y) (NOT (LT Y n))))

PRENEXO" (E B (IMP (LT X"Y) (NOT' (LT"Y B))))

*PRENEX((IMP (EQU'X X) (A Y (E B (IMP* (LT X Y) (NOT (LT Y B)))))))
PREN((Y- (E B (Im’" (LT x Y) (NOT“ (LT'Y B))))))

PREN (E' B ' (IMP (LT X C)° (NOT (LT C'E)))) :

*PRENEX' (A C (IMP* (EQU'X"X) (E'B (IMP" (LT X C) (NOT (LT C B))))))
PRENEXO((A C (IMP (EQU X'X) (E'B (IMP' (LT'X'C) (NOT (LT € B)))))))
PRENEXO ((IMP (EQU X X)  (E'B’ (IMP' (LT 'X'C) (NOT (LT'C'B))))))
PRENEXO ((EQU X X))

8.



PRENEXO( (IMP: (LT X C)  (NOT* (LT C'B))))

PRENEXO( (LT.X C))
PRENEXO( (NOT (LT’ C B)))
PRENEXO((LT'C B))
“PRENEXO (LT C B)
"*PRENEX ((NOT~ (LT C B)))
PRENEXO (NOT" (LT"C B))
*PRENEX (IMP* (LT X' C) "(NOT (LT € B)))
‘PRENEXO" (IMP (LT X“C) (NOT (LT C B)))
*PRENEX ((IMP (EQU X X) (E B' (IMP (LT X'C)
"PREN((B (IMP (LT X C) (NOT (LT'C B)))))
PREN (IMP (LT X°C) (NOT (LT C D)))
" *PRENEX (E D (IMP- (EQU X X) '(IMP (LT X'C)
PRENEXO((E D~ (IMP (EQU X'X) (IMP (LT X'C)
PRENEXO( (IMP* (EQU X"X) (IMP" (LT X C) "(NOT
_PRENEXO((EQU X X))
'PRENEXO((IMP (LT X'C) (NOT (LT C D))))
'PRENEXO((LT X C)) '
" PRENEXO((NOT (LT C D)))
" PRENEXO((LT C D))
*PRENEX (NOT (LT C D))
'PRENEXO" (NOT (LT C D))
"%PRENEX (IMP (LT X C) (NOT (LTC D)))
#PRENEX (IMP (EQU X X) (IMP (LT X C)  (NOT
PRENEXO (IMP (EQU X“X) (IMP (LT X C)" (NOT
'PRENEXO. (E D' (IMP (EQU X X) (IMP' (LT X'C)
'PRENEXO (A C (E D (IMP' (EQU X 'X) (IMP' (LT

(NOT (LT C'B))))))

“(NOT (LT'C"D)))))
'(NOT“(LT*C“D))))>)
(LT €' D)))))

“(LT € D))))

“(LT"C'D))))

“(NOT (LT C D)))))
X°C)(NOT' (LT C 'D))))))

PRENEXO (A'X (A C (ED (IMP (EQU X X) (IMP (LT X"C) (NOT (LT C'D)))))))

'FINAL OUTPUT
(A x(A'y (E z(IMP' (EQU (x %) (IMP (LT k'¥)

TIME 186 MS
. '990

(NOT(LT ¥ 2))))))))



The listing of the PNF - program is in appendix B.

Modification of the original flowchart for:Densely Ordered Sets [1,10]

—®

'SUBSO1

+10.
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REMARKS
- The data-input (formula) must be written in a internal form (found page 5).

- The PRINTER-program prints a formula anytime some modifications happens and

the name of the. function is printed.

- The flow-chart contains .variables inside cycles, which represents labels

in the main program-called TEOREMA,
- TEOREMA is the main program like flow-chart.

- Listing of the lisp-functions (formula transformations) constructed by us

are found in the appendix A.

- FolloWing“a little ‘show of the tests.

E#amgles:

a)  page 87, ex. 1 [ 5]

TEOREMA

(A X (IMP (EQU.X X)(A'Y (IMP(LT X Y)(NOT(A Z(LT Z Y)))))))
(internal formula)

AXX =X = (AY)((X<Y) = -UA X)(2<Y)))
(natural formula - constructed by us)

.13,



STEP 1

(A X)(A Y)(E Z)((X=X) = ((X<Y) =>"(2<Y))) - (PRENEX)

STEP 2

“(E X)1(E Y)(E Z)((X = X) => ((X <Y) »(Z <Y))) = (SUBSO)
STEP 3

—(E X)(E Y)(E Z2)((X = X) = ((X <Y) -2 < Y))) ~ (SUBS00)
STEP 4

“1(E X) (E Y)W(E Z)(T = ((X < Y) =>—(Z < Y))) - (SUBSOL)
STEP 5

-(E X)(E Y)(E Z)((X < ¥Y) =>"Z < ¥)) =~ (SUBS1)
STEP 6

—(E X)(E Y)1(E 2) ((X<Y)| (z < Y)) - (DNF)
STEP 7

TEXDEDEZI(E=Y) | <X | (2=7) | (T <2)) - (sUBS2)
STEP 8

ﬁmXMEbﬂszx=ﬂl(Emw<x)lwﬂxz=n|(Ema<n)-wmmn

STEP 9
(E X)(E (X =Y) @< | €22 =1 | (E2)(¥<2) - (4)

STEP 10
TENEDAE =Y | <0 | €DE=Y) | EB2E<2) - @

STEP 11 |
E X)(E DAT - (C)

STEP 12
E X)TIT - (SUBS1)

STEP 13
T - (SUBS1)

TIME 778MS

.140



b-)

TEOREMA

((E X(A Y(NOT (E Z(AND(OR(LT Y ¥)(OR(EQU Z Y) (LT X Y))) (OR(LT X X) (NOT(EQU Z X)))))
)

(B DG DIE DE<D | @ =D ] EeD) e(®x<D| 7z = 0))

EDG DG DUED | @ =D | @) e (R<D]| 7z = X)) (PRENEX)

(B D T E 2)-((E<D | & =D | ®<T)) e (K<X) |2 = X)) (5UBSO)

(E X)(E V) (E 2)(((T<Y) | 2 = 1) | (X<T)) e ((R<X) [(Z = X)) (SUBS00)

(EXE DE 2DT] 2 =7 ] X<D) e GT[(Z = X)) (SUBSO1)
ED7E VE 2D Z =D | @eeZ=K)  (sUBS1)

(E X)7(E Y)(E 2)(((Z = Y) e(Z = X)) | ((X< Ve ~(Z = X)))  (DNF)
(E X)(E Y)(E 2)(((Z =¥ e ((Z<X) | X<2))) | ((X<V) e ((z<X) [ (X<2)))) (SUBS2)

(E X)-(E Y)(E 2)(((Z = Y) e (Z<X)) | ((Z = V) e (X< Z)) | ((X<Y) e(Z<X)) | ((X<Y) e (
X<2))) (DNF)

(E X)(E Y)(E 2)((Z = Y) e(Z<X) | (€ 22 =1) eX<2) | E 2)((X<V) e @<)|(E
Z) ((X <Y) € (X <2))) ~(SUBS03) '

(E X)(E V) (E 2)((X =) e (¥<X)) | (E 22 =1 e®<2) | (E D(X<Ne (Z<X))|(E
Z)((X <Y) € (X <Z))) (E)

(E D)E V(T =D e@<X)) | €22 =1 e®<2) | (E DG eZ<K) | € 2
X<Y) € (X <2))) (F)

.15.



(EX)E Y =V e@<) | (E 2 =De (<) | (€ 2)((X<Y) e (2< X))|(E 2)((

X<Y) e(X<2))) (®)

E D)(E V(=D e (X< | (T=T) e X<Y)) | € 2)((X<T) e Z<X)) | (€ 2)((X<Y

Ye (X<2))) (F)

(EX)E DE=Y)e(¥<X)) | ((Y=Y) e (X<Y)|[((X<Y) e (E 2)(2<X)) | (E Z) ((X <Y

) €(X<2))) (SUBS003)

(E X)E V) (((T=V e (¥<X) | ((T=¥) e X<D)| X<V)|(E 2)((X< ) e (X<2)))

(D)

(E X)(E Y)(((Y=Y) ¢ (Y<}x)) | ((x=¥)e x<1)) | (X <Y)'|v((X<Y)e (E 2) (X< 2)))

(SUBS003)

EOEDUT=NDe <) [ (¥=Ne@< | X< | X< O
EXNEDUTEF <) | Te <) | X<V | @< (SUBSO1)
EXNEDWE <X | <) | X< | @< (suBs1)

EXNDMEDT<X) | EVE<Y) | EVE<Y) | (EY)(X<Y))  (SUBSO3)

(E X)T (©)
T (SUBS1)

TIm 2166MS, ¢ o0
.16.



¢) page 12 [1]

TEOREMA
((E V1 (A V2 (LT V1 V2))))

Y(E v15 (A V2) (V1 < V2)

(E VI)=I(E V2)~(V1 < V2) (SUBSO)

(E V1)(E V2) ((V1 = V2). | w2 <v1)) (SUBS2)

(E V1)-1((E V2) (V1 = V2) | (E V2)(V2 < V1)) (SUBSO03)
(E V1) T ©) |

-1 (SUBS1)

TIME 212MS, ...

d) page 12 [1].

TEOREMA _
((NOT (A V1 (E V2 (AND (LT V1 V2) (LT V2 V1))))))

~(A V1) (E V2) ((V1 < V2) € (V2 < V1))

“(E V1) (A V2)-1((V1l < V2) €-(V2-<-V1)) (PRENEX)

(E V1)=(E V2)=-((V1 <. V2) e (V2 < V1)) (SUBSO)
(E vi)Ln(E V2) ((V1.<.V2) € (vz < V1)) (SUBS00)
(i: V1)-(Vl < V1) (SUBS3)

(E Vl)";“T (suBs01)

T (SUBS1)

TIME 199MS, Qo0

.17,



e) page 5 [1]

TEOREMA
((A V1 (NOT (LT V1 V1))))

(A V1) —(V1l < V1)

“AE V1P UVL < V1) (SUBSO)
=I(E V1) (V1 < V1) (SUBS00)
—(E v1)—-r.r (SUBSO1)

T (sUBS1)

TIME 126MS,,,.
f) page 87, ex.2 [5]

TEOREMA
((IMP (LT X Y) (E Y (IMP (EQU Y Y) (IMP (E X (EQU X X)) (EQU Y ¥))))))

(R<Y) = EVD =) => (E XX =X)=> (Y =1)))
EDAXNX<Y) => ((T=Y) => (X=X = (Y =1)))) (PRENEX)
(E Y)E X)7(X <Y) => ((Y=Y) = (X =X) = (Y=7Y)))) (SUBSO)

(E V)E DX <Y) = (T => (T = T))) ‘ (SUBSO1)

(E V)T | (SUBS1)
T (SUBS1)

TIME  386MS,..,

T '18.



g) suggested by Pietrzkowski

TEOREMA
((E X (EY (EZ (AND (LT Z Y) (AND (LT Y X) (LT X Z)))))))

(E X)(E Y)(E 2)((2<¥) € (Y<X) e (X <2))

“(E X)(E Y)((Y < X) e*(ﬁ 2)(Z <Y) e (X<1Z)) (SUBS003)
CEREDT <D e (E D& <D e @D m
(E X)(E Y)((Y < X)E (X < Y)) (SUBS3)
EDEDE<D ¢ @ < %) m
(EIX)(X <X) (SUBS3)
(E X)T (SUBSO1)
T (SUBS1)

TIME  406MS,
h) suggested by Pietrzkowski

TEOREMA
((EX (EY (E Z (AND (LT 2 Y) (AND (LT Y X) (LT Z X)))))))

(EX(EYE2(EZ <Y e T<X) e (2 <X)

(EXEDWL<X) e (E2)(Z<Y) e (Z<X) (SUBS003)
(E X) (E Y)(Y < i) ()

E® BT ©

T (SUBS1)

TIME 276MS, T L1940
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APENDEX A
DEFINE(L
CWALK (LAMBDA (TOP L)
CCUND CCATOM (CAR L)) L)
C{NULL (CDDAR. L))
(COND C((NOT (E0 (CAADR (CAR L))lQUUlh E))) TuP)
(T (PROG2 (SETQ TOP (STACK TOP L)) S
(WALK ToP (CRBR (CADAR L1))J)))I))
CCNOT (EQ (CAAR L)(QUOTE E))) TOP) -
(T (PROGZ (SETQ TUP (STACK TOP L))
: (WALK ToP (CODAR L)))))))
))
DEFINE((
(STACK (LAMBDA (TOP X)
(PRUG (P)
(SETQ P (LIST NIL))
(RPLACD P TOP)
(RPLACA P X)
{SETN ToP P)
(RETURN TOP))))
)) '
DEFINE(L
(SEARUH (LAMBDA (E)
(COND ((EQ (CAAR E)(CAAR (CDDAR E)))
(SEARCH (CHDAR E)))
(r £)J)))
))
DEF FMNE ((
(SuUBSY (LAMBDA (L)
LCOND (CEQ (CAR L)(QUOTE A))
* (LIST (QUOTE NOT)CLEST (QUUITE E)(CADR L)
(LIST (QUDTE NOT)(SUBSU (CADDR L))))))
(CEQ (CAR L)LQUUIE E))
(LIST (QUOTE E)CCADR L)(SUBSU (CADDR L))))
(CEQ (CAR L)(QUOTE NOT))
(LIST (QUOTE NOT)(SUBSU (CADR L))))
L)y
))
DEFINECC
LSUBSOD (LAMBDA (L)
LCOND CCATUM L) L)
COMULL (CDDR L))
(COND ({ATOM (CADR L)) L)
(T (CUND C((NULL (CDR (CDADR LJ)))(SUBSUU (CAR (CDADR L))))
(T (LIEST (QUOTE NO)Y(SUBSUU (CADR L)))IN)
(T (LIST (CAR L)(SUBSUU (CANDR L) )I(SUBSUU (CADDR L)X)))))
})
DEFIME((
(SUBSUL (LAMBDA (L)
(COND  CCATOM L) L) 4
CCMULL (CODR L))ILEST (QUOTE NOT)(SUBSUL (CADR L))))
CCAND (ATOM (CADR L)) (ATOM. (CADDR L)))
(COND ((EQ (CADR L)(CAPPR L))



(COND ((EQ (CAR LJICQUOTE EQU)) T) _
((EU (CAR L)(QUUIF LED)CLEST (QUOTE NUT) T})
(T L)) ‘
(r Ly))y . ' ‘ : e
(T CLLST (CAR LI(SUBSUL (CADR L))(bUBoUl (LADD< L)))J)))
))
DEFTHEC(
(SUBSLT (LAMBDA (L)
(PROG (E) ,
(SETQ E (LIST NIL))
A (CUND (CEQUAL E L)(RETURN L)))
(SETQ E L)
(SETU L (*SUBSL L))
(GU A))))
))
DEFINE((
(*SUBSLT (LAMBDA (L)
(CUNMD CCATOM L) L)
CGNULL (CDDR L))
COUND (CATOM (CADR L)) L)
CEOCCORD CONULL (CDR CCDADR L)) ) (*SUBSL (CAR (CDADR L) J)))
(T (LEST (QUOTE NOT)(*SUBSL (CARR L))
(CEQ (CADR L)Y T)
LCOND ((EQ (CAR L)(QUUTE ORI) T)
(COR (EQ (CAR L)CQUOTE ANDIJIC(EQ (CAR L)Y(QUDTE tMP))
(EQ (CAR L)CQUOTE TFF))I(#SUBSL (CARBR L)))))
CLEQ (CADDR L) 1) :
(COND (0K (EQ (CAR L)(QUOTE ORJJLEQ (CAR LI(QUOIE tMp))
{EQ (CAR L)(QUOTE EJ))Y 1)
((OR (EQ (CAR L)(QUUIh AND)ILEQ (CA ) CQUOILE FFF)))
(+SUBS1 (CADR L)))))
CCEQUAL (CADRR LI(LES T (QUOLE NBT) 1))
(COND (CEQ (CAR LJCQUOTE MMP)) 1)
(CED (CAR L)CQUOIE ORI (*SUBSL (CADDR L))
CCEQ (CAR L)CQUOTE ANDDI I CLEST (QUDTE NOTY 1))
(LEL (CAR LI)CQUOTE tFF)) .
(LEST (QUOTE NOT)(*SUBSL (CADBR L))Y))))
((MQUAL (CADDR L) (LEST (QUOTE MeT) 1))
COND ((EQ (CAR LY(QUOTE ORI (*SUBSL (CADR L)))
(OR (ED (CAR L) (QUDTE AMD))(EQ (CAR L)(QJOIF £)))
(LIST (QUOTE NOT) T))
CEOR LEQ (CAR L)(QUOTE MPI)Y(EQ (CAR LY(QUOTE FE)Y))
(LEST (QUOTE NOT){*SUBS1 (CADPR LJ))))))
(T (LIST (CA& L)(*3UBS1 (FADR L)) (*SUBST (CADDR L))Y))ry))
}) :

EFLNE((

(DNF (LAMBDA (L)
(PROG (F)
(SETQ E (LIST NIL))

SETQ L (MMPEL L))
A (COND C((EQUAL E L)(GO B)))

(SETQ E L)
(SETQ L (SUBSUO (DE*MOKGAN L)))
(G A) ‘



B (SETQ L (*DNF L))
C - (COND C((EQUAL E L)(GU D))
C(SETQ E L)
(SETQ L (*DNF 1)) |
SoeEn © »
D (CUND ((OR (EQ (CAR L) (QUOTE £)) (EQ (CAR L) (QUOTE A)))
(RETURN (LIST (CAR L) (CADR L)CADNFU (DNF%OR (CADDR L))
(T (RETURN (*DNFU {BHF*OR L))))))))
)) |
DEF FNE(
CIMPEL (LAMBDA (L)
CCOND ((ATUM L) L) |
(CNULL (CDDR L)) C(LEST (QUOTE NOT) (FMPEL (CADR L))))
((EQ (CAR L)(QUOTE IMP))(LIST (QUOTE OR) -
(LIST (QUOTE NOT)(IMPEL (CADR L)))CHMPEL C(CADDR L))))
: ((EQ (CAR L)(QUOTE IFF))(LIST (QUOTE AND)

(LIST (QUOTE OR)(LIST (QUUTE NOT)CIMPEL (CADR L)))CIMPEL (CADDR L))),
LLIST (QUOTE OR)(LIST (QUOTE NOT)(IMPEL (CADDR L)))CHAPEL (CADR L)))))
(T (LIST (CAR L)CHMPEL (CADR L)) (HMPEL (CADDR L)))))))

))
DEFINE((
ADE*MORGAN (LAMBDA (L)
CCOND ((ATOM L) L)
. CUNULL CCDDR L))
CCOMD ((ATOM (CADR L)) L)
- © . (T (COND ({EQ (CAADR L)(QUOTE OR))
(LIST (QUOTE AND){LIST (QUOTE NOT)(DE*MORGAN (CAR (CDADR L))))
’ ‘ (LPST (QUOTE NOT) (DEXMORGAN (CADR-(CDADR 1))))))
(CEQ (CAADR L) (QUOTE AND))
(LIST (QUOTE OR)(LIST (QUOTE HOT) (DE*MORGAN (CAR (CDABR L))))
‘ (LEST (QUOTE NOT)(DE*MORGAN (CAPR (CDADR L))))))
(T (LI'ST (QUOTE NOT)(DE*MORGAN (CADR L))))))))
(T (LIST (CAR L)(DE*MORGAN (CADR L)){(DE*MORGAN (CADDR L)))))))
)

V—')

DEFINE((
(*DHF (LAMBPRA (L)
CCOND CCATOM L) L)
((NULL (CHDR L)) (LEST (QUOTE NOT)(*DHF (CADR L))))
EQ (CAR L)(QUOTE AND))
(COID (CAND (EQ (CAADR L)(QUOTE D\))
(EQ (CAR (CADDR L)){(QUOTE DOR)))
(LIST (QUAOTE OR) *
(*DNF (LIST (QUOTE AND)(CAR (CDADR L))(CADR (CADBR L)J)))
(LIST (QUOTE OR)
(*DNF (LIST (QUOTE AND)(CAR (CDADR L)){CADDR (CADDR L))))
(LTST (QUOTE OR) , o '
(#DNF (LIST (QUOTE AND)(CADR (CDADR L))(CADR (CADDR L))))
(*DHF (LEST (QUOTE AMD)(CADR (CDADR L))(CADDR (CADDR L))))}))))
: ((EN (CAADR L) (QUOTE OR))I(LEST (QUOTE OR)
(*DNF (LIST (QUOTE AND)(CAR (CDADR L))(CADDR L)))
(*DNF (LIST (QUOTE AND)(CADR (CDADR L)) (CADDR L)))))
: ((EQ (CAR (CADDR L))T(QUOTE OR))I(LIST (QUOTE OR)
(%DNF (LIST (QUOTE AND)(CADR L)(CADR (CADDR L))))



(*DNF (LIST (QUOTE AND)(CADR L)(CADDR (CADDR £))))))
' (T (LIST (QUOTE AND)(*DHNF (CADR L)) (*DNF (CADDR L))))))
(T (L1ST (CAR L)(«DNF (CADR L)) (*DHF (CADDR L)))))))
))
JEFINEC(
(*DNF O (LAMBDA (L
(COND (CATOM L) L) o ’
((EQ (CAR L)(DUOTF OR))
(LIST (QUOTE OR)(DNF*AND (CADR L))(*DHNFO (CADDR L))))
(T (COMD. ((EQ (CAR L)(QUOTE AND))(DNF+AND L)) ‘
: (T 1L23))))
))
DEFINEC(( ‘
(DHF*OR (LAMBDA (L)
(COND ((EQ (CAR L)(QUOTE OR))
(COND ((EQ (CAADR L)(QUQOTE OR))
(COND ((EQ (CAAR (CDADR L)) {(QUOTE 0&)) ‘
(DNF*0OR (LIST (QUOTE OR)(DHF=OR (CADR L))
(DNF#*0OR (CADDR L)))))
(T (DNF+*OR (REPLACE L))))) -
r (LFST (QUOTE OR) (CADR L) (DHF*0R (CADDR L))
(T L)))»
))
DEFIME((
(DNF*AND (LAMBDA (L)
(CORD (CEQ (CAR L)(QUOTE AND))
(COND ((EQ (CAADR L)(QUOTE AND))
(COND ((EQ - (CAAR (CDADR L)) (QUOTE AND))
(DHF*AND (LFST (QUOTE AND) (DNF*=AND (PADQ L))
{DHP=*AND (CADDR L)))))
(T (DNF*AND (REPLACE L)))))
(T (LFST (QUOTE AND)(CADR L) (DNF*AND (CADDR L))))))
(T L))))
))
DEFINE((
(REPLACE (LAMBDA (L)
(PROG (E X)
bPTQ E L)
ETQ X (CDDAR (SEARCH (CDR 1))))
(oFTQ L (CADR 1))
(RPLACA (CDR E)(CAR X))
{RPLACA X E)
(RETURN 1))))
))
EFTNE
SUBS2 (LAMBDA (L)
(PROG ()
(SETQ L (*SUBSZ L))
(COWD ((OR (EQ (CAR L)(QUOTE E))
(EQ (CAR L)(QUOTE A)))
(RETURN (LIST (CAR L)(CADR L) (#DNFU (DHNF*0R (CADDR L))))))
(T (RETURH (*DNFO (DHF#*0R 1L))))))))

D
(

)
DEFINE((



(#SUBS2 (LAMBDA (L)
(COMD ((ATOM L) L)
CCNULL (CppR L)) }
(COND ((ATOM (CADR L)) L) :
. CCAND (ATOM (CAR (CPDADR L)))(ATOM (CADR (CDADE L))))
| 0 (COND ((EQ (CAADR L) (QUOTE EQU)) - e o
T(LIST (QUOTE DR)(LIST (QUOTE LT)(CAR (CDADR L)) (CADR (CﬂA)R )y
Rt L ©(LIST (QUOTE LT)(CADR (CDADR L))(CAR (CPADR' L)))))
((EQ (CAADR L)(QUOTE L1))
(LEST (OUOIE OR)(LIST (QUOTE EQU) (CAR (CDADR L)) (CADK (CDAPR L)))
(LIST (QUOTE LT)(CADK (CDADR L))(CAR (CDADR L)))))
(r L))
(T (LEST (QUOTE MOT) (#SUBSZ (CADR L)))))) - _
(T CLIST (CAR L) (*SUBSZ (CADR L)) (*SUBSZ nuA»nz L)))))))
))
DEFITNE((
(SUBSU3 (LAMBDA (X L)
CCOND CCOR - CATOM L) (NULL (CDDR L)) (LIST (QUOTE E) X L))
' (CEQ (CAR L)CQUOTE 0Rr)) :
(LIST (QUOTE OR)(LEST (QUOTE E) X (CADR L))tsusbu5 X (CADDR L))))
(T (LIST (QUOTE £) X 1)))))
)y , :
DEFINE(( . ‘ »
(SUBSUUS (LAMBDA (U L Q)
(COND CCATUM (CAR Q))(COND ((EQ (CADR L)(CAR QJ) L)
(T (CAR QJ)))
EQ (CAAR Q)(QUOTE AND)) | ‘
_ (CUNU CCMEMBER (CADR L) (CADAR Q))(SUBSUUS U L (CDDAR Q)))
(T (PROGZ (PRUGZ (SETQ U (CADAR Q))(RPLACA Q (CAR (CDBAR Q)
)))CLEST (QUUTE AND) U (SUBSUUS U L 0))))))
(T (CUND C((MEMBER (CADR L)(CAR Q)) L)
(T (COND (CEQ (CAR (CADDR L)J(QUOTE AND))
(PROGZ (PRUGZ (SETQ U (SEARCH (CDDR L))).
(RPLACA U (CADAR U)))
(LEST (QUOTE AND)(CAR L))
(T (CAR Q)))))))))

))
DEFINE(C
(TESTZ (LAMBDA (X L)
(COR (MO CTESTF X LYYCTESTS X L))y))
(TESTE (LAMBDA (X L)
(COND ((EQ (CAAR L) (QUOTE AND))
(COND (LED (CADR (CADAR L)) X)
(OR-RIL (TESTF X (COUDAR L))))

(r T))) ‘
(T (COND ((EQ (CADAR L) X) NPL)
: (T 1)) :
(TESTS (LAMBDA (X L)
(COND ((EQ (CAAR L){QUOTE AND)) 2

(COMD ((EQ (CADR (CADAR L)) X) NIKL)
(T CAND T (TESTS X (CDDAR L))))))
P CCOND T (CEQ (CADAR L) X) NML).
’ (T 1))



))
DEF ITHE((
(REORDER (LAMBDA (E L Q)
(COND - CCATOM (CAR Q))(CAR. Q))
(CEQ (CAAR "Q)(QUOTE AND))
(COND  ((EQ (CAR (CADAR Q))CQUUTE L1)) . ©
(COND ((EQ CCADR (CADAR Q))(CAR L))
(REURDER E L (CHDAR Q)))
(T (PROGZ2 (PROGZ (SETQ E (CADAR Q)
, : (RPLACA Q. ¢CAR (CDDAR 'Q))))
(LIST (QUOTE AND) E (REDRDER E L Q))))))
(T (REORDER E L (CDDAR Q)))))
(T (COND ((EQ (CAAR Q)(QUOTE LT))
(COND ((EQ (CADAR QJ)(CAR .L))(CADR L))
(T (COND ((EQ (CAADR L){(QUUTE AND))
(PROG2 (PROGZ (SETQ E (SEARCH (CDR 1)))
‘ " (RPLACA E (CADAR E)))
ALEST (QUDTE AND) (CAR Q) (CADR L)))J
(T (CAR Q))))))
. (T (CADR 1)))))))
)) ‘ '
PEFINE(C
(SUBS3 (LAMBDA ()
(PROG (X E S)
(SETQ X (CADR Q))
(SETQ E (CADBR Q))
A (COMD ((EQ (CAR E)(QUOTE LT))(GU B))
: (CEQ (CAR "(CDADR E)) X) (GO B))
(T (SETQ E (CADPR E))))
o (GU A) o
B (SETQ Q (*SUBS3 X (CADDR Q) E E))
(CUND C(NULL (CAR (CADDR QJ))) (RETURN (CADR Q))))
(SETQ S (SEARCH (LIST Q)))
(RPLACA S (CADAR S$))
CRETURN Q))))-
))
DEF I NE ( ¢
(*SUBS3 (LAMBDA (X L E H) _
(COND ((EQ (CAR L)(QUOTE L1)) (LFST NEL))
T (CUND ((EQ (CAR (CDADR L)) X) (LFST NIL))
. (T (CUND (CEQ (CAR E)(QUOTE LT))(LIST (QUUTE AND)
(LIST (QUOTE LT)(CAR (CDADR L))(CADDR E))(#SUBS3 X (CADDR L) H H)))
, (T (LEST (QUOKE AND) (LIST (QUOTE LT)
(CAR (CDADR L)) (CADR (CDADR E)))(*SUBS5 X L (CADDR E) H))))))))))
)) :



- APENDEX B
DEFINE({ - ‘
(PRENEX (LAMBDA (L)
(PROG (P Q) _
(SETQ Q (CUNS LQUOTE (X1 Xz X5 X4 X5 X6 X/ AB XY X1y Xll x1z X13
ST x1u le X16 x1/ X18 X19 X20)) NKL))
(SEIQ P (CONS P NPL))
(SETQ L (PRENEXD L))
(SEIQ L (SUBLIS (CAR P) L))
(RETURN L))))
D)
DEFINE((
APRENEXU (LAMBDA (L)
LCOND (LATOM L) L)
((EQ (CAR L)CQUOTE MP))
' (COND ((EQ (CAADR L)I(QUOTE A)) ‘ o
(PRENEXU (#PRENEX (L!ST (QUOTE IMPI(LIST (QUOTE A)(CA { DA R L))
(PRENEXU (CADDR (CADR L))))CPRENEXU (CADDR L)))))) -
: (CEQ (CAADR L)(QUUTE E)) '
(PRENEXU (*PRENEX (LIFSI (QUOTE IMP)(LIST (QUUIE E)(CAR (CHADR L))
(PRFN&AJ (CADDR (CADR L)))I(PRENEXU (CADDR L))))))
(T (CORD TCER (CAR (CADDR L)) (QUOTE A))
&P{INLXU C*PRENEX (LI'ST (QUOTE IMP)(PRENEXU (CAPR L))CLIST (QUDlt A)
(CADR (CADDR L)) (PRENEXU (CADDR (CADBR L)))))))) .
CCEQ (CAR (CADDR L)) (QUUITE E)) -
APRENEXU (#PRENEX (LIST (QUOTE IMP)(PRENEXO (CADR LY)(LIST (QUOIE E)
(CADR (CADDR L) ){PRENEXU (CADDR CCADDR L)) )
(T (*¥PRENEX (LIST (QUOIE 1MP)
(PRENEXU (CADR L))(PRENEXU (CADBR L)))))))))
(CEQ (CAR L)CQUOTE NHOT)) ‘
(COND ((EQ (CAADR LI(QUDIE A)J) .
APRENEXU (*PRENEX (LEST (QUOTE NOT)(LEST (QUUIE A)(CAR (CDADPR L))
(PREMEXU (CADDR (CADR L))7))))) o :
' ((EQ (CAADH LI(QUDLE E)) '
(PRENEXU (*PRENEX (LIST (QUOUTE NOII(LEST (QUUTE E)(CAR (CDADR L))
(PREMEXU (CADDR (CAU( L3
CE OO PRENEX (LEST (QUUITE NOT)(PRENEXU (CADR L))))J))
CLOCLEST (CAR L) (PRENEXU (CADR L) JUPRENEXU - (CADDR L)))))))

))
DEFIME((
ARPRENEX (LAMBDA (L)
LCUND. (CATOM L) L)

CCEQ (CAR L) CQUUTE HaP))
, (COND ((EQ (CAADPR: LX(dUOTE A))
CLIST (QUOTE E)(CAAR QIXLEFST (QUOTE TMP)

(PREN (CDADR L))(CADDR L))))

(CER (CAADR L) (QUOTE E))

(LIST (QUOTE A)(CAAR Q) (LIST (QUUTE 1MP)

(PREN (CDADR L))(CADDR L))))
, ' - (T (COND ((EQ (CAR (CADDR L))(QUDIE A))
(LIST (QUOTE A)(CAAR Q)(LIST (QUOTE IMP)

(CADR L) (PREN (CDR (CADDR L))))))



CULEQ (CAR (CADDR L)) (QUOTE L))
(LIST (QJOIL E)C(CAAR Q)CLEST (QUOTE MP)
: (CADR L){PREN (CDR (CADDR L))))))
' ATy N
((EQ (CAR L)TQUUIE NOT)) ,
, o (CORD ((EQ CCAADR L)(QUOTE A)) o~ o
(LIST'(QUOTE, )(CAR (CDADR L))(Ltbl (QUOTE NOT)
B (CADDR (CADR 1)))))
. ((EQ (CAADR L)(QUOTE E))
(L1ST (QUUT# A)(CAR (CDADR L))(LIST (QUOTE NOT):
‘ CO{CADDR (CADR L)) o
' (T L))

(T L))))

))
DEFINE((
(PREN (LAMBDA (E)
(PROG (X8)

(SETQ X (CAR E))

(SETQ S (CAAR Q))

(RPLACA Q (CDAR Q))

(SETQ E (SUBST S X (CADR EJ))

(CUND ((MEMBERG X {(CAR P))

‘ (RPLACA P (SUBST S X (CAR P))))
(T (RPLALA P (PAFRLIS (LIST o)(LIor XI{CAR P)))))
(?E1U2N £)))) :
))



APENDIX C
PEFINECC
(PRIN3 (LAMBDA (X TOPS)
"~ (PROG (J) .
(COND  ( (ATOM X)(FD A)))
(SETO J X)
(COND ((EQ (CAR J)(QUOTE NOT))(GO B))
((OR (EQ (CAR J)(QUOTE A))
(EQ (CAR J)(QUOTE E)))(GO C))
((OR (EQ (CAR J)(QUOTE tMP))
CEQ (CAR J)(QUOTE IFF)))I(GO E))
(T (GO D)))
A (PRIN1 X)
(RETURN X)
B (PRFNL1 NOT)
(SETQ J (CADR J))
(PRIN3 J TOPS)
(RETURN X)
(PRINL LPAR)
(PRINT (CAR J))
(PRIN1 BLANK)
(PRINL (CADR J))
(PRIHNL RPAR)
(SETQ J (CAR (CDDR J)))
(PRIN3 J TOPS)
(RETURN X) '
D (SETQ TOPS (STACK TOPS (CAR J)))
(COND ((EQ (CAR J)(CADR TOPS))(GD F)))
(PRIN1 LPAR)
(PRIN3 (CADR J) TOPS)
(PRINI BLANK)
(PRINT (CADR (ASSOC (CAR J) LS)))
(PRIN1 BLANK)
(PRIN3Z (AR (CDDR J)) TOPS)
(COND ((OR (EO (CAR J)(QUOTE IMAP))

« © (EQ (CAR J)(QUITE IFF)))(GO G)))
(SETQ TOPS (CDR TOPS)) .
(COMD ((EQ (CAR J)(CAR TOPS))(GD H)))

G (PRINL RPAR)

Ho (RETURN X))))

_ ))
DEFINE((
(PRINTER (LAMBDA (X)

(PROG (TOPS NOT LPAR RPAR BLANK LS)

(SETQ NOT (QUOTE $5°'7'))

(SETQ LPAR (QUOTE $$'('))

(SETQ RPAR (QUOTE $5')'))

(SETQ BLANK (QUOTE $$°' '))

A(SETQ LS. (QUOTE ((EQU $5'=
CIMP $57'=>') (IFF $5'<=>'))))

(SETQ TOPS (LIST NIL))

(TERPRI)

CTERPRT)

(PRIN3 X TOPS)

(9]

T im

") (LT §5°'<") (OR $5'1") (AND $%'&")



(PRINL (QUOTE 8$'
(RETURN X))
))

'))



APENDIX D

DEF FNE ((
(TEOREMA (LAMBDA (L)
(PROG (U E J TOP R B)

RT

BD

BB

(TERPRI)

(PRINTER L)

(TERPRI)

(SETQ U L)

(SETQ L (PRENEX L))
(COND " CCEQUAL U LI(GO A)))

APRINTER L)

(PRINT (QUOTE (PRENEX)))
(SETQ U L)

(SETQ L (SUBSu L))

(COND ((EQUAL U L)(GO S$T0)))
(PRINTER L)

(PRINT (QUOTE $$'(SUBS0) "))
(SETQ U L)

SETQ- L (SUBSuU0 L))

(COND ({EQUAL U L)(GO ST0)))
(PRINTER L)

(PRINT (QUOTE $3'(SUBSUU)"))
(SETQ L (LEST L)) &

(S J L)

(oETO TOP (WALK TOP L))
(SETQ L (CAR TOP))

(SETQ TOP (CDR TOP))

(SETQ U (CAR L))

(RPLACA L (SUBSU1l (CAR L)))

(COND C(EQUAL U (CAR L))(GO B)))

(PRINTER (CAR J))

(PRINT (QUOTE $5'(SUBSU1)'))

(SETQ U (CAR L))

(RPLACA L (SUBS1 (CAR L»))

(COMD C(EQUAL U (CAR L))(GO.BD)))

(PRENTER (CAR J))

(PRINT (QUOTE $$'(SUBS1)"))

(COND ((EQ (CAR J) TI(RETURN T))
((FQUAL (CAR J)(LIFST (QUOTE NOT) T))

(RETURN (QUOTE $5'71'))))

(POHD ((DR (EQ (CAR L) T)

- (EQUAL (CAR L)(LIST (QUOTE NOT) T)))(GO RT)))
(SETQ U (CAR L)) :
(RPLACA L (DNF (CAR L)))

(COND ((EQUAL U (CAR L))(GD BB)))

(PRINTER (CAR J))

(PRINT (QUOTE $5'(DNFJ'))

(COND C(NULL (CDDAR L))(SETQ L (CDAR L))))
(SETQ U (CAR L))

(RPLACA L (SUBSZ (CAR L)))

(COND ({EQUAL U (CAR L))(GO E)))

(PRINTER (CAR J)) ’ '

(PRINT (QUOTE $$°'(5UBS2)'))

(GO D)



E (COND ((NOT (EQ (CAAR (CDDAR L)) (QUOTE OR))I(GD H)))
(RPLACA L (SUBSU3 (CADAR L)(CAR (CDDAR L))))
(PRINTER (CAR J))

(PRINT (QUOTE 3$3'(SUBSU3)"))

H (COND ((NOT (EQ (CAAR L)(QUOTE OR))I)(GO 1)))
‘ (SETQ L (CDAR L))
| (COND ((MEMBERG (CADAR L)(CAR (CDDAR L)))(G AA)Y)

S(RPLACA L (CAR (CDDAR L))
(PRINTER (CAR J))
; (PRINT (QUOTE $5'(A)"))
K (SETQ L (Cchr L))
. {COND CT(HNULL L){GD RT))
_ (T (GO H)))
AA (SETQ U (CAR L))
’ (RPLACA L (>UB¢UOS U (CAQ L)(CDDAR L)))
(COND ({EQ U (CAR L))(GO RS)))
(PRINTER (CAR d))
{(PRINT (QUDTE $3 3003)'))
RS (¢ETO R NLL) -
SETQ U L)
*“TQ B L)
(COMD ((EQ (CAAR L)I{QUOTE E)X(BO L))
(T (SETQ R T)))
(SETQ B (SEARCH L))
(SETQ U (CDDAR B))
L (COND ((EQ (CAAR (CDDAR W))(QUOTE ANDI(GO M)))
N (COMND ((NULL RY(GD CDY))
(RPLACA B (CADAR B))
(PRINTER (AR J))
TPRINT (QUDTE 3$5'(D)'))
(GO K) .
) (SETOQ U (CAR TOP))
S CCOND ((EQ (CAAR W) CQUOTE NOD))(SETMD U (CDDR (CADAR U))))
(T (SETQ U (CHhAR U))))
(COND ((EQ (CAAR U{QUOTE NOTII(SETO U (CDAR U))))
(RPLACA U T) :
(PRINTER (CAR )
(PRINT (QUOTE $57(2)'))

(GO R1)
M (SETQ B (CODAR U))
AL (COND C(NOT (EQ (CAAR B)(QUOTE AND)))(GD EOQN)))

(SETD B (CHAR B))
EQN (COMD CCEN (CAAR B)(OQUOTE EQU)) : ~
(COMD ((EQ (CADAR B)CCAR (CDDAR B)))(GU CONT))
: (T (GO SUR))YI))
CONT  (SETQ B (CDR B)) ‘
CCOND C(HULL B)(GO W))
, (T (GO AL))) ~
SUR LCOHD ((EQ (CADAR B)(CADAR U))(SETO B (CAR (CDDAR B))))
(T (SETQ B (CADAR B))))
(RPLACA (CDDAR U)(SUBST B (CADAR U)(CAR (CDDAR U))))
(PRINTER (CAR u)) '
(PRINT (QUOTE $$'(E)"))
{(RPLACA U (CAR (CDDAR U)))



{PRINTER (CAR-J))

(PRINT (QUDTE $5'(F)'))

(GO K) : :

(COND ((HNULL (TESTZ2 (CADAK U)ICDDAR U)))ILGU YJ)))
(SETQ B (SEARCH L))
'(COND“Q&NULLaR)\GO_cu)))ﬁ

(RPLACA ‘B (CADAR:B)) B

(PRINTER (CAR J))

(PRINT (QUOTE $E'(HY))

(GO K) | - o

(SETQ B (LIST (CADAR U)(CAR (CDDAR U))))
(SET0Q R (CAR (CDDAR U)))

(RPLACA (CDDAR UX(REORDER E B (CDR B)))
(COND ((EQUAL R (CAR (£DDAR U))I(GD £)))
(PRINTER (BAR J))

{PRINT (QUOTE $$'CH)"))

(RPLACA U (SUBS3 (CAR U)))

(PRINTER (CAR J))

(PRINT (QUOTE $$'(5UBS5)'))

(GD KJ))))

))



