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ABSTRACT:

An -algebra whlch operates on partltloned relations' is
descrlbed It is shown that the proposed algebra 1sas powerful as
‘the orlgxnal relational algebra, hav1ng the advantage of greater'
flexibility for expre331ng querles in ways that are more'
stralghtforward and conduclve to a more efflclent proce531ng. The
convenlence of using the algebra as an 1ntermed1ate language is

indicated.

KEY WORDS:

Data bases,'reiationalumodél; relational_algebfa, par’ﬁ:

titioning.

RESUMO:

Uma algebra que opera'sobre felaggesvparticidnadas e
descrita. Mostra-se que a algebra proposta e tao poderosa como a
;algebra relacional or1g1na1 ~tendo malor flex1b111dade para : /éf

pressar consultas de modo mais dlreto e conducente a um processa~
mento mais eflclente._ A conven1enc1a de usar a algebra como- 11n

guagen 1ntermed1ar1a e lndlcada.

_PALAVRAS CHAVE:
Bancos de dados, modelo relacibﬁai,_algebra relaeionai"; g

partigoes.
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1. INTRODUCTION :

In recent years a large number of data models have: been proposed
and developed. These models consist of an 1nformat10n structure together
with some sort of algebra (data manlpulatlon language) to process the = in- .

formation.

Hlstorlcally, the flrst formal data model was CODASYL's Informa—l
tion Algebra [l] proposed 1n 1962 and later extended by Kobayashl [?].
1968, Childs proposed hls Extended Set Theory which was ‘another conceptualv.
breakthrough [] Chllds recognlzed that pure ‘set theory: was 1nsuff1c1enth,
to descrlbe n-tuples because of the problems assoc1ated w1th the1r repre =
sentatlon in the computer. The model which perhaps has generated the most
interest and research is Codd's Relatlonal Model [ﬁ] together with its

relatlonal algebra and calculus [51

" A more complete overv1ew of data models, their differences.and

their 31m11ar1t1es, may be found rn Dﬂ

The Informatxon Algebra and Extended Set Theory models are quite'

general in that the user obtalns 1nformat10n by creatlng areas and sets,

espect1vely. The 'Relational Model whlle also being general in prov1d1ng '
the n-ary relations as the 1nformat10n structure, offers the added beneflt
of a "conceptual schema" con51st1ng of relatlon names ' and domaln names .
Recently ANSI/SPARC [j] has proposed three schema levels for a data base
management system (DBMS) the external conceptual and 1nterna1 schema -
levels. : ‘
It is the authors' op1n1on that a16onceptual schema suchlas the
relat10na1 schema is 1mportant ‘to establlsh a conSensus-as'to the informa-
tion content of a database. Further, 1t would be most: de51rable to endow ‘
the relat10na1 model with a more exp11c1t set processxng capablllty, thls
idea is present in hlgh—level 1anguages such as SEQUEL [S] (the grouped by
option) and QUEL [9] ("aggregates . ' :

_ This paper deals with an algebra of quotlent relatxons whlch does

precisely that.vThe basic idea is to deflne equlvalence relatlons on n-ary :
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relations. Each such equivaience'relation on an n-ary relation partitionms
it into a quotient relation consisting of equivalence classes. The algebra
includes unary and binary operators which take the quotient relations  as
arguments, process equivalence classes as units, and yield another quotient

relation as the result.

It will be shown that the algebra of quotient relations allows
the user to formulate his queries in a more set oriented fashion than the

original relational algebra.



2. ‘PRESENTATIONfQF'THE”ALGEBRA

Let R. be an'n—ary»relatlon and A a set of its attlbutes . If
two tuples t and t of R’ have the same values with respect to . the.

, attrlbutes in A ‘we can wrlte '

et
= n »

and note that ‘the mathematical relation "24" 1is an equivalence relation.

An equlvalence relatlon Eartltlons a set (1n this case R, ‘as a’
set of tuples) into d13301nt blocks + A partitioned relation w111 be called

a quotlent relatlon.-. o

For dlfferent ch01ces of A, dlfferent quotlent relatlons can o

be obta1ned Together they constltute the famlly of quotlent relatlons over

R, QR

v It-can be readily verified that- QR 'is a finite 1attice, with ;
universal bounds the quotlent relation con51st1ng of a slngle block (R),
and the quotlent relation where each tuple is a block (R). The part1a1 order
in the lattice is glven by the degree of refinement. Flgure 1 shows QR

for Rc: Ax B x .C.

/ﬁ\
R/{A,B} ‘R/{A,C}i'v“R/{B,c}v

R/{A}  RMB}  R/{C}

’Fig{ 1: A family of quotient relations

* Here an attribute is ‘a domain playing a:specific role in a relation..
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In the Hasse diagram in figure 1, r/{A,B}is ‘above" R/{A},which
indicates that one block of the latter may correspond to several blocks of

the former.

The present algebra will use quotient relations exclusively. We

4
assume that R, which is isomorphic to R, is given initially; other members

of QR will be obtained by the application of the partitioning operator,

Il*ll

n/v. whose effect can be reversed by the de-partitioning operator,

Let ¢ be the empty set, I the set of all attributes in R, A
and B any two sets of such attributes, and R' a member of Q- The behavior

of the operators above must obey the following requirements:

®IAB =y ®/BA =g RIAUB)
@®'/A)*B = , ; R'/(A - B)

R Tdef §/¢b

R =4er R/I

And since, in additionm, we have

¢~ A Zgeg ¢
TUA=¢T
I-A=s A

it follows, for example, that

R' * I =R
R'/I =R
R'*¢=R'
R' / ¢ =R'

' Vo
R' * A= R/A



. We now introduce thé ;élé;iéns-td:beiusedfin the'examples:.
_ R(N,T,0,L), S(N,C,S,T,M), W(N,C,S,T,M), where: = . R S

- employEe_namé ‘

- team

- Operatioh 

klocétioﬁ- | =
- category (of employéé)

- salary

2w o - o 1 =
1

- manager name
N . RVRRRY A . L v ; ‘
Table 1 shows R, § and W, in tabular representation (which

is identical to the’relatioﬂal rebrééentatibn”for‘K,S*and‘W):“

2
]

v ’ g Ty T L e B
R 0 § ¥ ¢ ST M W . N C § T

Bl

.20
30

.25
20
20

f23? 
| L
20
18
15

PR -l RN

= e e e
NN =

(> S = VRN o TN = i ]
RN R U O T
_.Q-'v FUQ"“: U.

B ol
Ja o oo =

® A 06 o T

w W
YRV REE B VI VIR B V!

(RN REE T CRRSFRRENSTE S I
w

. Table 1:_Tabular;representatipn‘of R,_S;'W;_ o

AR Vg s LA e
Table'2\shbws‘»R;Tpaytitionednby team and‘1Qcation;»Z,f*R/{T*Q};'

The "flat file" representation is maintained.

* As it stands, the present algebra does ggg'ﬂsupport\a hierarchical approach -
~ recall that we partition by sets rather than by sequences of attributes.
An implementation may provide a hierarchical format for output (cf. ‘section
4), but this has nothing to do with the algebra itself. ==~ SR




z N T 0 L
b 1 7 X
a 1 3 X
a 1 7 x
a 1 12 y
c 2 3 X
d 2 x
e 2 X
c 2 12 v

Table 2: Example of partitioning

The other operators of the algebra are projection, restrictionm,

Cartesian product, and union. Since their counterparts have been defined

in the relational algebra [5], all we have to do is to show in what

aspects they differ.

Firstly, as it would be expected, all operators: are applied
to quotient relations aﬁd.yieid quotient relations as result. Consider two
quotient relations R' partitionmed by A , and S' partitioned by B ; let
C and D be other sets of atributes in R', whereas C and D are

sequences of the same attributes. Then the results are partitioned as follows:

- projection, T <« R'Bﬂ - the operation can only‘take place .if

Ac C; T is still partitioned by A;

- restriction, T « R'[Q 0 Lﬂ - T (a sukset of R') is still

partitioned by A;

- Cartesian product, T « R' ®S' - T is partitioned by A UB,
which in fact contains all attributes in A and all attributes
“in B because, for this operation, the attributes of R' and

$' are regarded as distinct (and are all kept in T);
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- union, T+ R' ® .8' = the operation can only take place if
A = B; here the: attrlbutes in R' and S' are required to  be .
pairwise compatible Eﬂ T is partltloned by A tor equivalently,
by B)

Blocks are treated as unlts by the operators. PrOJectlon preserves
the blocks, simply remov1ng certaln attr1butes (which may cause the elimi -
nation of duplicate tuples inside some blocks), restriction effects the
acceptance or reJectlon of entlre blocks; Cartesian product creates one block
for each pair of blocks in the operands: (containing the concatenated palrs_
of tuples), union merges the pairs of blocks from the operands that are
equivalent under the common part1t10n1ng scheme and keeps also the unpaired

blocks from each operand

Accordingly, the GIcomperison operators used in restriction
operate on sets (possibly 31ng1etons) 0 may be one of {=,% :)i’c <, >,>,<,<},
which may be modified by an overwrltten_ YA (negatlon) or, in the case of
the four last ones, by " (to be explained later). The operator "%" means
that the two sets being compared have at 1east one element in common’ (hence

"% " means disjoint).

It is an undesirable burden to a persoo writing algebra expressions.
to keep track of the partitioning scheme of intermediate results.§ ‘The

following conventions are introduced in order to avoid this need:

a. For projection, if Arjé(l , the implicit operation R' « R'*(A-C)
will be assumed to precede the projectiond(i.e..the operand is

partitioned by AnNC),

* cf, the concept of congruence in [}Q] page 51,
+ For two sets S ~and Sz’ 8, N S, means (3 CN Sz’ E)s €S )s = s,; the

reader will note that the s1x first operators are expre331b1e by
quantification schemes with equallty. ‘

§ By contrast, if algebra expressions are produced by a translatlng program
from a higher language, an optimizer routine could profltably ‘take 1nto ’
consideration the partitioning schemes.
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b For union, if A # B, the 1mp11c1t operatlons R'« R' *'(A*g),*

“and S'-+ s' * (B*A) will be assumed to precede the unxon (i e.7»U

‘both operands are part1t1oned by AITB)

e;'Whenever R appears in an expressxon it will be assumed to be
| available, noting that it can always be obtalned from RY by
taking R' ¥ A or, if A is mot known, by R' * I; the avall-'
ab111ty of R is also assumed for analogous reasons.
To av01d amblgulty when attributes with the same name appear in-a
resultlng relatien, subscripts w111 be used Braces will be omltted in ﬁhe

case of partltlonlng by slngleton sets.

A»numher cf_examples.illustrateu'the:use of the algebra to process

gueries.

7Q - find the pairs of ‘teams ‘and locationms, such ‘that the ‘team has -
parth1pated xn all operatlons taking place at the 1ocatlon,
together w1th each team give also all- its employees.

operations - - 5 i comments*'
- . .
A<+ R[N',T,O]/ T, ,operatlons grouped by team
B+ ﬁ[b,L]/L‘ foperat1ons grouped by locatlon
C+«A@®B : o all pairs team-locatlon are

potentlal candidatesT

D <+ C[_b1 = OQIIF,T,IJ _ . test if team operations include
S : : o all operations -at the location

* A modlfled version of this query w111 be seen in Qs.

+ Each blo¢k of C contains a11 concatenated pairs of tuples formed from one
block of A and one block of B.



Aoy 1 o B o 1 L B
b1 7 x b1 x
a 1 3 3 x a1 x
a 1 12| |1 vy b 1y
a 1 a 1 y
e 2 3 e 2 y‘
c 2 12 a4 2 .y
a 2 e 2 .y
e 2

Table 3: Processing Qi

Q,: find the managers who earn more than all their employees.

For servicing this query the "." modifier is needed. When -
comparing two sets. s, and s, by one of {<,<,>,>} one may want to test

the condition either for one or for all members of each set. For example:
some element of s, < all elements of s,

which is equivalent to testing if (cf; [11]):
min(sl) < min(s,) -
In the present notation-éhe " quifiér is used Qﬁ,the side

(sides) of the operator wherevthe word all would_appear.\Theféevéral'

possibilitiés are shown in table 4.

S2 .
some . B all
s . v
some <3<y>,2 <esSas>es2e
all T B T S e

Table 4: Quantified comparisons



' oRerations

A « 8[N,s]

B « $[5,M] /M

C « (A @ B)[N=]
D « C[$1>-S;]&ﬂ

S
20

S

20

30
25
20
20

e e jo (o i |2

Table 5: Processing Q2

30
20

25
20

a ale e |o R

10.

comments

each employee as a possible manager
employees grouped by their managers
correspondence manager—employees

condition about salaries

o<

Q3: find the employees in "acceptable" teams, where a team is

V4
acceptable if all present employees (in S) earn at least
v

as much as the prospective ones (in W ).

oRerations

A<« \S/[N,S,'T] /T
A"
B« WN,s,T]/ T
c« (A@B)[T,=T,]

D« c[5,.2.8,] [¥,,1,] ®

cfs,.2.5,] [N, T,]

comments

old employees grouped by team
new employees grouped by team

correspondence:same team

‘merge teams satisfying the salary

condition .



s

20
30

e o ol o |=

25
.20
20

Q4 find the employeee who eerﬁ

B ISEENIRSE 8 ol

category. -

oEerations

A< ’s*';[}#,c,s]
8 « 8[c,s] @ {0,0}

¢« (((a ®B[C>C DN

peclss Bl

g

15

= ) m_.zf‘

.

90

18

)

[RSRE RS O [FCHrarn I G

" comments

Table G;JPréceSSiﬁg'Qa

more

o<

11,

R R T -T
oo o N

than ali

‘each employee

employees ofylowerf

‘categories” and - salarles, plus

"dummy" category (see below)

B correspondence for each employee,
. all employees. of lower category -

 salary condition

o<

20

Sy Ca Sz
o B

30

30

25

B 25\

20"

;.: 20 '

20
25|

30"
s
© 30

=)
lo o o |=

o lalo |o e |=

NCIN PO PR DR o [

o5

20

oo s =l

Table'7:.Processihgy:Qu

20¢
25 .

o
.20
20

o o o la a afole o oole =

PCIR RN O | R OO S ST O T (e

20
25

20
.20

o+ rlor Hlojo iR =IO

) 2Q_
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The "dummy" category was introduced in order to cause the.
acceptance of the employees of lowest category (for which there is no lower

category to compare).

Q¢ find the pairs of teams and locations, such that the team has
participated in all operations taking place at the location ;
together with each team give also those of its employees who

have actually worked at the location.

This is a variation of Q,. One way to service the query is to

perform the same operations executed for Qi and, in addition:

operations : comments
E +~i[ﬁ,T,i] employees effectively working at
the locations
F+« ®Dx E)[KNI,TI,L1)= intersection‘with result of Ql"k
(N,,T,,L,)] :

G <« F[FI,TI,LIJ AN result of Q, "filtered"
E N T L ¢ N T L

b 1. x b 1 iX

a 1 x a 1 X

a 1 .y a 1 y

c 2 x c 2 y

c 2 g

2 x
e. 2 x

Table 8: Processing Qg

* (Ny,T1,L1) etc. corréspond to the»domain—identifying lists of [S]



The proposed ,algebté is complete fit;‘_ ;helsenjse of [5] 'ajs_{ shown o

below:

relational algebra = " algebra of quotient relations

'projectiOn}H’ﬁﬂﬂ E :J,"~ .,ﬁDﬂ' :
restr‘iction:‘REA‘Q_-'_B] _ S 'R[A: 0 B] %1 R L
division:  R[A ¥ B]S . RS (r/Ae S[EDMA2EDAl :
Cartesian product: R®S R db‘-\é ‘ " . R
union: RUS S ! \li@\é : S
intersection: RNS _  o (R ® 9 [I,= 1. [L,]* 1,
difference: —R.ﬂ'-_’- S 3 N | : (’(ﬁ.Q g) [ll% 12—_‘) [11]*' I,



3. IMPLEMENTATION 'CONSIDERATIONS’_'

. The examples of the precedlng sectxon lllustrate a process
cons1st1ng of the three" stages below, here, a sequence ‘of operatlons for

servicing a query will be:regarded as a,31ng1e"b1g‘operatlon .

a. The operands are part1t10ned This . stage can be executed.

in parallel handllng each operand separately. :

b, A correspondence between blocks .of the two operands is
determlned In ‘a block the values of the attributes by whlch '
the partltlonlng is made are obvrously the same in-all tuples
of the block; 51nce the correspondence between blocks depends

only of such "representatlve values, this. stage can be

_performed very efficiently.

'c. For the blocks that do correspond some condition’is.then
1nvest1gated Even here an 1mproved performance may be obtalnabler
not all tuples in a block need be examlned in certain cases
(e.g. when "R" is used to compare sets we may - accept . the"
block as soon as the first match occurs). Also, for order
comparlsons, the’ mlnlmum or maximum values of sets. can’ : be
determined separately, as in stage ‘a, for each operand; then

only one comparlson will be needed to test the condition.

The three stages are easily identified when a query is expressed
in relational»calculus. Consider, for example, 'Qa (ignoring the finalmerge,;
for s1mp11c1ty)

(s,w): ¥s' V' (s' [T] = s['r] Aw'[1] = w[T]

g

partltlonlng

/\sEi] = w[f])
v . : , i
correspondence between blocks
»s'[s] > w's]

[ g
,condition
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, Certain eff1c1ency con51deratlons often made w1th respect to the
relational algebra are’ also appllcable here. Clearly, one should avoid the
actual computatlon of a Carte51an product by 1ook1ng ahead to the next
(simple). operatlons (especlally progectlons) it may be seen 1f the de51red
result will be in fact a concatenatlon of tuples, or a merge, ‘or if one  of
the operands is simply used for restr1ct1ng the other one (see Q 5 Q3 and -

Q,, respectlvely, and cf. the "keep" feature in [}2])

‘Several ways to implement'partitioning can be'Sﬁggested.Two will

be mentioned here:

- p01nter arrays,

~ aggregate 1nverted 11sts.»

A pointer array P indicating the first tuple ih‘each:hloek of a

quotient relation. can be used if the tuples are-hreviously rearranged'.+

' - : s ' ‘ v
Table 9 reproduces the example in table 2,_where"Z<-R/{T,L}

is shown.
P 2y ot o0 L
‘ , | b fl} 7 X
~. a1 3 x
\\ a1 7 x
\\ a 1 12 .y
' | v‘ . ’ 2 '3 X
: a2 x
Ce 2 X
e 212 Ty

Table 9: Partltlonlng 1mp1emented by p01nter array

.

* Another strategy_ is to 1ntroduce new notation, as for example :
R ® |<condition>]S (for join), R @ [?condltlonijS (for conditional unlon),“
R O [<condition>|S (for binary restriction). We have refrained from
introducing new notation (except when 1nd1spensab1e, for: the sake of
'readablllty.

+ Sorting on the attributes by which the relatlon lS part1tloned 1s -one
obvious way to accomplish this rearrangement.
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Alternatively, P could point to.another pointer array Q, which

in turn would show the quotient relation rearranged. This level of indi -

rection would be used if physical rearrangement of the tuples is not desired.

Aggregate  inverted lists for a set of attributes A are obtainable,
for example, by intersecting the inverted lists for the individual attributes

in A (if such inverted lists are available).

A sort routine may beva‘major tool in an implementation. Sorting
on the atributes in A (in ény sequence) is one way to perform .. the
partitioning; sorting also on "pivot" attributes may be useful, leading. to
algorithms linear in the number of comparisons [161; sorting on attributes
in A in a specified sequence can provide a hierarchical presentation of .the

data for ocutput.

Partitioning, on the other hand, may be considered as a factor
for deciding how to tganize secondary storage. If the same partitioning
scheme is used very often, it may be useful to keep the respective quotient

relation, establishing a correspondence between its blocks and physicél‘pages.
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4. “EXTENSIONS

Practlcal usage often requ1res more than a, m1n1ma1 set of ‘
operators. Thus, we would not recommend that only the six operators presented
in sectlon 2 be employed, other operatlons may be 1ntroduced whenever conven—

ient, their definition belng g1ven in ‘terms of the ba81c ones.'

In partlcular, JOln, 1nteraectlon and dlfference are obvious
choices. Other posss1b1e candidates w111 be mentloned in the sequel but no

addltlonal notation will be prOposed

- Conditional expre531ons 1nvolv1ng more than one comparlson and
1nclud1ng logical connectlves, to. be used w1th restrlctlon and join, have

been suggested [13 14:]

L - In query Q, 1n sectlon 2 we had a 31tuatlon where a block
(representxng one employee, of a certa1n category) had to be compared w1th a
block consistlng of the employees of lower category. Conceptually, this
second blo¢k is obtalned for a glven category ¢, by separatlng R "into
two groups of tuples, depending on their involving or not avcategory lower

than c; the first group constitutes the desired block.

Notlce that this: separatlon must be done for each value c.y ‘The‘
operation involved is completely dlfferen? from partltlonlng X by category,
in fact, here we are dealing with a mathematlcal relation: ("<") which 1s not
an equlvalence relation. In. [15] page 108 “the operatlon, w1th the name of

“split, is introduced as a bas1c operatlon on ordered sets.,
Split

- TranSLtlve closure is. another useful operatlon Take a relatlon

Ve N x M, where N is employee name and M is manager. If we want to f1nd the
pairs con81st1ng of an employee and the manager of ‘his manager we. can wrlte

‘in the preéent algebra:

A< <(vw> [M sz) [N sz

which may be merged with 9 to glve,_forpeach‘employee, two levels oflmanagers
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to whom he reports: '

B«7®aA

and this process may be repeated to m 1eve1: of managers. A further :
generalization would leave m wnbounded - additional levels would be added

until the result for  k+l levels contains the same palrs as for k 1eve13.

- We may want to reduce a quotlent relatlon, through its

decomp051t10n into quotlent relations of lesser degree. Crnsider Y*—RER L O_l
* : :
with R as given in sectlon 2; the computations :

operations ’ ’ comments
A <« YEL ol/L L : projection

B <« ((Y/{T L} ®A/T)|:(L1,O =] (LZ,O )] [T, L] similar to divisom, .
with second operand
partitioned by non~ -
empty set of attrlb‘
utes. :

: v v - :

c <« (Y /{T,L} ®B) [(TI,LI)%’(Tz,LZ)J difference w1th

: respect to.a spec1f1ed
set of attrlbutes

yield the results in table 10.

T L O L O T 1 T L 0
1 X x 7 1 X | X

1 X 3 x 3 1 y

1 y 12 y. 12 2 y

2 X 3 |

2 y 12

Table 10: Example of reduction

% Reduction resembles the familiar arithmetic process of finding ' quotleﬁt
(B) and "reémainder"(C), given a "dividend"(Y) and a "divisor"(A).



and computlng (B®A) [L = L{,I) [LJ ®C) * 1 will reconstruct Y.The
formulas glven above can be generallzed to: : nl o

D« ‘z"[A] /c . .
Q« (¥/BeB/O)[A 2 A [B -
R« EBewB Bl

‘e @edC =c] [Clern) *1

with the requirementthat "AUB =1I. In the example:

= {1,0}
B = {T,L} |
C= AnB = {L}

We say that a- quotlent relation 1s reducxble if, for some choice
of A and B, R = ¢ . Whenever ~C = ¢ the formulas for D Q and for the.
recomposition of Z bécomg:j:

D+ Z[A] o |
Q« (/8 @D)[A 2 AD[E]
Ie(@@D®R * 1

so that the formula for Q becomes equlvalent (cf ‘end -of section 2) to the

division of relatlonal algebra
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5. ‘CONCLUSIONS AND FUTURE WORK

The proposed algebra of quotlent relatlons 1ncorporates the well-
known algebraic notion of partltlonmg, which already appears as a language

feature in relational languages [8 9-‘

It provides a more direct way to express certaln querles than
what is offered by the or1g1na1 relational algebra. In the latter it is easy
to express the "A", "V", "M 1ogical connectives (through intersection,
union and difference); however, v"-*" has no direct counterpart (prq must be
first changed into ~ p v g, which leads' to complemented" queries). As an

example, query Q, in section 2 would be in relational algebra:

pgerations o comments
A< K[N,T]’@ r[0,1] - - all possible combinations
B +« A[i,O,I] - R[i,O,L] ' missingvtriples
c +:R|:T,L:| - BEI,L]_‘ pairsb which do hot; correspond to
' any missing‘triple
D+ (R[N,T] [T='1‘:|C) [N,T,L] append employees to accepted pairs

Also, as argued in section 3, certain advantages 1in terms of
efficiency may be gained. These will be the object of further investigation,

»especially in the context of sequences of operations.

The authors feel that an a1gebra1c language is an adequate vehlcl_e v
for expresslng formally the semantlcs of relational languages. An algebraic |
language can also be an 1ntermed1ate 1anguage, procedural in that it indicates
how querles are to be serviced, and yet :mdependent of the chosen data o
structures; translators from high-level relational languages into the present

algebra will be the other main subject of 1r_\vest1gat10n.

* cf. also the "glumps" in [1].
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