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" ABSTRACT:

_ A new and complete strategy for resolut10n~based theorem
provers for frrst order ‘logic is presented. Th1s strategy 1s”7a
centtal result in [1] ‘The strategy extends Bledsoe s splltt1ng
techn1que whlch conslsts of‘the replacement of a set S u {c ¥ ey }
of clauses by two sets Su {c } 'and S u {c } of clauses. We »
_extend 1t in the f0110w1ng senses. a.- 1t enlarges the range "f j
uappllcatlons by allow1ng to- sp11t sets of clauses, and,'”' SN
b =it allows the occurrance of common varlables 1n the‘spllt parts.
'The new strategy is: implemented and is presented from practlcal
polnt of view.- The examples illustratrng the effects of the strategy
;are discussed.i_ : RUNRIIPR ‘ R o : f
KEquﬁDss Theorem-proving, Applied Logic, Resolutien

‘RESUMO. Uma nova estrategla para demonstragao automatlca de teo~.T“
remas, baseada no pr1nc1p10 de Resolugao e apresentada. Esta estrase
tégia & o resultado cenrral em [17., A estrategla extende a tecnlcaff,
e "Spllttlng de Bledsoe,‘a qual cons1ste de subst1tu1gao de um - ‘ oy
conJuntov s u {c Ve, } de"clausulas por dois conJuntos S u {c } es:
S u {c . ‘Nos a extendemos ém do1s sentldos.ba) ~ .aumenta o numero;.
de apllcagoes sendo permltlda a d1v1sao de mxuuntos‘ de’ clausulas
e b) permlte a ocorrencla ‘de variaveis comuns nas partes separadas.r?7
A nove estrateg1a e 1mp1ementada e e apresentada de um ponto de o

'Vlsta pratlco. . Os exemplos 11ustram os efeltos da estrategla. lfv'ﬁ

PALAVRAS CHAVE; Demonstragao automatiea de teoremas, Logica Apli~

cada, Resolugao.



f;l B“;\ é’.U(OJT\D MATE R'[AL

S © The hesolutlon Prlnclple was firse introduced. by J A. Roblnson [6l.
fIn what follows, we aasume a certaxn fam111ar1ty with all the concepts ‘dls-
'{cusveu in L1 6 7.9, lO] The main result of thxs ‘paper is proved by gSing;

;1Boyei s Locklng Resolutlon, whlch cen be found in ES].

Lockxng resolutloi’1s a refxnemenf of resolutlon, Wthh uses a con~

“fcept simiiar to that of ordeﬁ@d'clauses. Accordlng to that concept, glven i7au
’;set of clauses, we arbatrarily index each occurrence of 11terals in & w1th
‘flntegfrat leferent occurrenees of the same 11tera1 1n s may be 1ndexed d1f -

llndexcd by an 1nteger S la unsatloflablc 1f and only 1f there is a lock _”,“’

fdeductlon of Lhe empty clauee ( ) form S. :

,2 CQ%MUNICATION PRFDICATES

“i. . a, To prove that A'is contained in B

'b. To 'prove that'B is contained in A,

. In general (a) and (b) are 1ndependent actions, in the sense that

o

the reasonlng used in (a) is not related w1th that used 1n (b).

.4"

: Such a procedure can be mechanlzed 1n a resolutlon based theorem—"'

prower. We can aSaume that equallty of classes is deflned by



¥ X Wy (x=y <> (X < yVy<x)) ... (2.1)

“or in clause form

'Al. ~ix = y Vs y :

x = Y'V”'x S y Ve P(x,y) PR
L _ SRS (2 3)
«'44" ‘TP(x,y> V’IY

}ﬂ(ii) 7:Try to obta1n P(x,y) 0 from SU {A3'} f01 some substltu
e “Qﬂtlon G. : Sl ‘ ‘

.}4(111) Try to obtaln ( ) (the empty clause) from SU {(-1y

r{~-'[’

5“The predlcate symbol P 1n roduced 1n ( 3) is’ a new one, and

e
stay that P is a communlcatlon pred1cate (c.p,, for short)

; : In thls paper we w111 show that the above procedure 1s a compl te]
}strategy, even 1n a mere: general sett1ng. o S

A Thé:mbtiva#i9ﬂ7fof”ihtrodﬁcing»Q;P;fS isgbriéfli'&eSCriﬁedr”»{

leen a. set S of clauses and a sef P of new predlcate symbols,

5replace 8 by another set S' of clauses, whlch contalns predlcate symbols’h‘n-“



P.HihZShch a way that:
1; S is unsatisfiable if and only if S' is unsatisfiable,

2, It takes advantage of certaln spec1al features of §' for the
‘design’ ‘of. theorem*provers, which in some. sense mlmlc @ human .
theorem~proven. e 1 j_,;'_;‘:» ' i

in-Whé?gfﬁiiqwé.ﬁé“villiPFE§éh€ three ways of fﬁtroducing.iffihéi

Theorem 2.1

“Let 5 be @ bet
y bol,and voa veator formed with varaables common to €, and [
.Sﬁfh%i v 02} 15 unsatisﬁlable Lf and nnly 1f SU {c Y P(V)s c2 “1P(v)} iéf”
unsanisfiable. ;-“ g g P PR R

}clauses, ¢ o= Cl v C a clause, P a new predlcate

o Notmce that no- restrlctlons were imposed on Lhe subclauses ﬂci and
Cé.’The follow1ng exampla shows that we need the Lestrlctlons 1mposed on’ 'ﬁfj

1.e.n v must cantain all varxables common to‘ C and C R

DS} K . R N S . .

Ex Ble 2 1
‘ The set {P(x) v R(x), “lP(a) = R(b)} is satlsflable, but 1f Qéw‘

1ntr0ducé a new predlcate symbol Q, we w111 obtaxn an unsatlsflable set of*;

clauses.(-

e

"Bylsugcessive'appiications-of theorem 2.1, we obtain the following:

: Theorem 2 2
_ ?t Let S be a set of clauses, C = Cp ¥ GV oese'¥ C . a clause,
ffP,,Pz,...,P .i neu predlcate symbols, and Vz* vz,...,‘;"i Vectors such that”
“v; con51sts of all’ varlables common to C and  C,v Cy Voo V. Co . and f°r 311
:1, | = 2 3,...,n 1 v. con31sts of all variables common to P 1 (v1 i) VfCi“

 and 56141 Voo ve .‘Then uU {C} is Lnsatlsflable if and only if su {C v

j}P (v ) ’1? (yl) v c v ?,0, ) ‘an__Z(vn 2) v Cn-—l(vn 1), o 1( ' )vc }v

”18 unaatlsflable.



Theorem 2.3
Let 5 be a set of clauses of the form {C]-VS » P a new predicate
symbol and v a vector cons1st1ng of all variables common.to C and S . Then

for any set S' of clauses, not contalning P, S' v § is unsatlsflable S
and;oply_xf s'v{cv P(v)} v ({DPM} v $,) is upsatlsflable.

Theorem 2, 4

Let S be a set of clauses of the form {C »C, } v S ;2 P2 new pre-
»symbol, and v a vector con81st1ng of ‘all variables common to. Gy . v

‘etagether Wlth those common o €, and S« Then for any set S' 'of |

V'es, not contalnlng P S' v s ‘is unsatisfiable if and. only if S’.u‘

P(v). ¢, v P(v)} v ({”IP(V)} Vs ) is unsatlsfxable.,:fe

;Deanxtxon 2, 1

| " Let S be a set of clauses and P a set of predlcate symbols. We

jsay that ‘S 1s P—segarab]e 1f and only 1f each clause in 8 contalns at most'
Hone negatlve occurance of a. 11teral in P, ‘ R

Deflnltaon 2 2

[ER Let S be a set of clauses, and P a set of predlcate symbols. ‘We
‘say that S is P—refutable 1f and only if there is a sequence C,» Cé,...;Cn

of clauses, such that'

(i) ° For each i =1 2,...,n C;, is in S or C was obtalned by

' reso1v1ng two prev1ous clauses CJ and Ck in the bequence.

(ii)i 5If a clause contalnlng negatlve occurences of literals in
P is a parent clause of a clause in the sequence, then ‘the
other parent clause containing only literals in P (a pure '

clause).

QD)

(}11) Gh



3,.»

We will show that a P—sepafublc set of clauses is unsatisfiable

'1f and only if it is P refuLable.

-Theorem 2 5

A P*separablé set S of clauses is unsattsflable 1f ahd only 1f

'”futable.'-‘p3;w~'»w,’

'Ffoo‘ vvlearly 1f S 1s P—refutable Lhen S is unnatlsflable.vNOW suppose that -

‘: 8 1s unsaL13f1ab1e, and let us conoldcr the fo]lowlng 1ndex1ng of the'

2. Index.all remaxning 1itoru1° in P (1.e. posltive 0ccufenCes)}145
' thh the integers m*l, m+2,'...,v2m~1, 1n such, a wayﬁ hat Lhef'
' same predlcate symbol in P recelve ,the samé 1ndex.;; (f :

3;"Lndg#”él;»pgmainifgjliteraisfwith the integér m.

Then there 1s & 1ock refutar10n C], Cz, oo Cn;l’ ( ) fﬁ9ﬁ Sf:; 

Notlce that.‘ i

’they_occur.m

: are ellglble to be resolved upon.v; .

Therefore, the sequence C C2"’°’Cn ( ) satlsfles deflnxtlonj

2,2, 2nd 8 1s P~separab1e.



Exemple 2.2

::ansider ‘the following Set S. b’_f clauses:

LTEG) Y VG Y SGr, £0))
2, TTEG) YV V()Y C(E(R)
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'APPLicATIONS' OF P_ REP‘UTATION

Certaln cldqses of PLObleS, when: formallzed “in flrst order 1og1c,

_generate a 1a1ge number of clau g each” contalnlng a large number of llterals.

Thﬁ'next example LllL&%rates thu Lact.;:

can’béjConsideredTas»ax oms. £o1

b8 vjx [3 y v x € z e

BB oz (y ‘z) vax e y Def:mes o

410, e(:/n 2) Vi oxe y

:A11 % e(yn ) Vixes. f Defines.'n'

Supposé$we want to prove, Vx Vy Vz (x n (y u z) (x n y) u:
Us1ng the axlom0 Al o A12 we obtaln (by reduc1ng to the prlmltlve' e)

f0110w1ng seL of clauqes.JF;'

ac—:A VbeAl

2. ‘fi”",a € A N b 6-'A “Vi vb € 3 
3; a €1A v "1b c A v “‘vb € A,
4, acA v “lb € A v ‘1b €A,

5.0 ,s'a:g""Aé,v ac A Vb e :A‘I -



6. ach Vach Vbech Vbea
7. ae.szaEA V"lbeAV"lbeA
8. ae,Aa"VaEA VﬁbeA V*abeA
9. maeA Vnach Vbed o

0. e h v aach b VB e Ay

m, - '”ﬂj@ATVﬂbgﬂﬁwnﬁbﬁA;

15@.f'”f“ »v ':*,y ; e;A'77_ ’. t  i:_.
16, mac A LV Thea Vb,
‘where e is f(A1 n (A2 u: Ak), (A;“an;);gfiA;LnTA;5)fj§n§§pfis;f(A,~93Aé)_ug(51

: v " The use of c.b.'s together thh P-refutatlon mmlmlzes th:Ls explo—
~s:we generatmn of clauses. Let us modlfy Al - Al2 by the’ mtroductmn : -;of'_fl

predicate symbols Pl-, I’2 and.»Ps.as followss
Replacé A6 by:

A6', yV"leyVP(};,y)_'
8

.A6"°; = P (X,Y) V“lY
ReblaéeA? by

A7'_.._f = xe (yu z) vxeva (X,j)

AT, ! P (x,y) vxez.
Eséplac;e A12 by:

_412' xe(ynz)v-;x eyVP(x,y)

'}1A12".' "‘IP (x z) V"1x €2z



The followwing is a ()P, P,)-refutation of (&, 0 (4, u4,) =
(Al.ﬁ\:Aé) u (A; ﬂ.Aa):

A, Initial translationt

L B € A V P (I, II)

'2§ a € A v P (a, A ) v P (1, 11)

afA VP (ay A, ) ve, <1‘ II)

Now (5) is pure and P (a, A'

mination of ¢ D 's: is. aasumed)

)‘?aﬂ;be‘éiiminéfeéé(énh¢rdatiéfﬁélif

5”6. ae A v PI(I, II) oo (5 A12’)

72,0, A v‘PJ(I, II) 6 2
f8{ aeh v PK(I, II) .;; 7, a7
o (a, A, ) v, 11) Ci LA
‘iqg ach v B (I, 11)_.,. (9, A12")

‘111 P, (I II)

Notlce that (11) subsumes a 1l clauses ‘generated so far, whlch

can’ be ellmlnated lrom the system, (11) 1tse1£ is- translated"

,1‘;1b <A VP, (b A2 v ALY
.2 ‘b A VR (b, A n A D

3 b e Ay v B, (, A Ay

 Proceedings as before we will obtain the empty clause ().



EVALUATION

Experlmentntlon with and evaluation of an automated theorem—prov1ng
program require a varled problem set [3], In thlS work we made experlments
with. 400 formulas in [BACJ 100 in [BAC] and 20 in [BAC]2 . Although the
'system has pres ented problems to formulas in [BAC] for. 122 we deblde 01

get some results that We are u31ng 1n the modlflcatlon of the progtﬁm (sys~
@@m)!
»Thelfﬁllbﬁingfiaﬁlé?gﬁpWﬁéumméffﬁtéSQIts'of Ehéiéxperimen;siﬁéfﬁdrf”

med ,
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Q)'(i, j) has the following meaning:

{0;”0)'“ ho:c}p,{§ §¥é:pfésént
(¥, 0) = c.p: for equality is present
(0, 1) - pbe,ﬁ,,f@fﬂédﬁglity;gq;p.fs-fof*ﬁhe]functionisymbols o,y M, Uy

fi,:1)-4;é}p;!s-fdféboﬁﬁfé@ﬁalitylaﬁdwfuhétién

“Memory overflow means problem with the<mem§ty.

18 overtime condition (1 mirute).

El*lgggicdlumnafﬁésultf’S?fis'fh@dem, 'N' is not theorem.
22~ column: number of unifiers
column: number of resolvents

" ‘column: execution ‘time

S After aggin;foffbﬁﬁer Ki;j),.unifier, resolveht? time ete,
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ONCLUSIONS

..-.—..—-..........._.....-‘-
-

/ The analysis.of the table shows that the efficiency of the system

isg, in.general,‘improved by EHe introduction of the c.p.'s.

In some cases the 1mprovement is considerable for instance 1n e~

&amplea 7,9, 18, 21, 23, ?7 29, 34, 35 36, 37, 38, 39, 40,

Tha analysis shows that (0, 1) is in some cases, a bad ch01ce,-~fbr~

"instAHC£ lﬂ eﬂamples 6 16o 18, 19, 24, 28, etc,

”;¢T"  - In (BAC)0 only for Lhe rwo foxmulas below WG d1d not of obtaln an

good result, o , ‘
) (AcBABcc»(AnB)uc‘anc)aAnc,

Ja;:é); @‘((A n B).u_(ﬂ ne)=4anc A'Avg B AR gvc.f

L _For the othéré'fbrmﬁlas'with (0,0) or (0,1)902 (1,1) we obtain the
o 'In (BAC)1 18 formulas presented problems and only 3 formulas are
not denlal. ‘ o o

- +In (BAL)Z were made 20 experlments and we only had have goods re~

‘sults for 8 of them.

 The present implementation was written in SPITBOL, running in a

1

'system IBM. 370/]65, at the Depaltamento de Informatica da’ Pontificia Unlver“
51dade Catolica do Rio de Janelro, and for each terminal we had 150K of me -
mory. _ o

: We do not consider our implementation as a final one. We are

already working in modifications of these experience, and our purpose is to

use it in theorem proving in Point Set Topology (to handle theorems which need

the choice axiom).
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