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Abstract

A Method for the Numerical Inversion of Laplace Transforms

. In this paper a numerical inversion method fox Laplacé
transforms, based on a Fourier series éxpangignfdevéloped-by;

Durbin (1973), is presented. The disadvantage~qf.ﬁhé inversion
methods of that type, the encountered dééendéncé‘df discfetiw
zation and truncation érror"on'the freegpa;ameters, is removed
by the simultaneous applicatibnﬁﬁf,a procedure for/;he
reduction of the discreéization error, a method;for accelerating
the convergence of the Féurier series and a piocedure that
computes approximately the ‘best' choice of the ftee parameters.
Suitable for a given problém) the inveréion method allows fﬁe
adequ;te application ofuthese procedures. Therefore, in a big
range of applicatiéns a high accuracy can be achieved with only

a few function evaluations of the Laplace transform. The

inversion method is implémented as a FORTRAN subroutine.



1. Introduction

The 51gn1flcance of numericél Laplace lnversion is obv1ous frOm
the big range of appllcatlons. Well known in engineering
4Laplace transformatxon methods are also used in order to solve'
dxfferentlal and integral equatians and to assist when other

numerical methods are applied (see [7], [10]) .

A number of numeficai inversion methods has been developed

during the last few years. In what follows we confine ourselves
to the methods using Fourier series approximdtions. Many tests
(see (471, {51, (8], [21, [1]} have demonstrated the simplicity

and the accuracy of these methods .

Fourier series were firstiused:by Dubner and Abate [4 ] in
1968 for the numerical inversion of Laplace transforms.

Durbin | 5| improved the method in-1973.

Other authors, Simon et al. (8] in 1972, Veillon [ 9]

in 1974 and Crump [ 2] in 1976, used different acceleration
‘méthods' in order to speed up the convergence of the Fourier
series derived in [ 4| and |5 ]. Some of these methods at
times achieve a considerable reduction of the truncation errdr.
However, they fall in other cases and their efflclency heavxly
depends on the choice of the parameters of the methods of
Durbin or Dubner and Abate' and the choice of these parameters

was somewhat arbitrary.

The biggest disadvantage of the Above mentioned methods is the

dependence of the discretization and truncation errors



on the free parameters- by a sultable choice of these
parameters the dlbcretization erxor bccomes arbxtxarily 5mall,
V but at the same tlme the truncation error grows to infinlty and
vice versa. A first step in 5urmcunting thisg problem was. taken
in 11}, 1977 (see part 3) , where the so-called “Korxektur"
method was prusented.vtt allows a remarkable reduction of the ”

discretization error without increasing the trunaation error.

Nevertheless the accuracy of the "Korrektur“«method also

depends on a good‘ choice of the free parametels. The procedure
introduced in part 5 gets closer to the solution of the

problem. It allows the approxxmate computation of optimal
parameters for all above mentioned . methods (fqr the definition

of “"optimal" see part 5).

Part 4 describes a new methoa for the acceleration of
convergence of the Fourier series. It is applicable_if~the
infinité series for the approximatiqn'of the inversion integfal
does not alternate (see part 4). In this case allfother

tested acceleration methods fail.

Finally, in‘parts 2 and 4, those of the above mentioned
1nver51on and acceleratlon methods that were found to be best
by numerlcal tests as well as by the derived error estimates

are summarized.

A new algorithm for the numerical Laplace inversion, taking

into consideration the new, above mentioned,procedures and



.implemented as a FORTRAN subroutine 1), is described in

This subroutine can be used as a "black box": the only input
éarameters are the t-values for which f£(t).= L™ [F(s)] shall
be computed and of course the Laplace transform F(s) . Qnm
“ﬁhé‘bther hand - for a concrete problem - the userfbén-make
énvoptimal choice of all free parameters in order to haQe

the most efficient combination ofiihe algorithms éontaiﬁed

in the subroutine.

The efficiency of the inversion method is,sﬂdwn by the

examples in part 7.

1) See part 8, subroutine LAPIN (LAPlace INversion).



2. The method of Durbin

The Laplace transform of a real function f: R~ R with

f(t) = o for t<o and its inversion formula are defined as

F(s) = [f(t)] [ 5% £(t) at , (.
. 0
1 V1o
£(t) =L [F(s)] =501 J trs) a8 {2y -
L ) . € |

with s = v + iw ; v,w e R ..

v ¢ R is arbitrary, but greater than.thé real parts of all
the singularities of F(s) . The]ihtegralé~1n;(1j and (2)

exist for Re(s) > a ¢ R 1if

(a) f is. locally integrable,

(b) there exist a t > o and k ,acR

such that |£(%) |

A

ke?® for all t > t . (3)
(¢) for all t ¢ (o,») there is a neighbourhood

in which f is of bounded variation.

In ﬁhe following we always assume that £ fulfils the
conditions (3) and in addition that there are no singularities
of F(s) to the right of the origin. Therefore (1) and (2) are
defined for all v>o ; The possibility to choose V>0 |
arbitrarily, is the basié of the methods of Dubher/ABate_and
Durbin. The latter iq now described

U51ng the inversiwn formula (see [5}

vt
f(t) = S I [Re{F(s)} cos(wt) - Im{F(s) } sin(wt)]aw , (4)



which is equivalent to (2), and a Fourier series expa#sion,of
h(t) = e Y £(t) in the interval [o,27], Durbih.derivedithe‘i

approximétion formula

| vt | S
£(t) = S [-1 Re(F(v) } + I Relr(v + 1 80 }cos E% ¢
=0 .
| | | (5) -

-~ I I{F(v + i &%) ) sin £X ¢] - F1(v,t,T)
=0

for o < t < 27 .

F1(v,t,T) is the discretization error, given by

.e*zva

£(2KT + t) . ' (8)
1

©
Fi(v,t,T) = %
k=

Since there are no singularities.of F(s) in the right

2)

halfplane we have”™' a ¢ >0 , m> o ahd'a"té‘: b', such that

[£(t)] < ct™ for alll' ¢ > t_ . ' (7)
From (6) and (7) the following estimates for the discretization
error can be deduced (see [57]):

a) m=o

[F1(v,t,T)| <

I S Lo)
b) m>o
| o oo,
[F1(v,¢,T) | < K(2m™ &™2VT (1, .. 4 ;1
- . 2vT { m+1
(2vT)

, {9y
‘whereZ Kr Qgr vowy 0.0 € R .

2) see Doetsch [ 3], Bd. 1



These estimates show that the discretization error can be made
arbitrariiy small by choosing V sufflciently lalge.

As the lnflnlte serles in (5) can only be summed up to a flnxte
number N of terms, there also Ocaur, a truncation error

given by

FA(N,v,t,T) = [ Y {Re{F(v + iﬁﬂ)} cos EL t

k=N+1 b

: , (1o}
- Im{F(v + ik“}} sin %&- .}] . '

Hence the approximate value for f(tﬁ -iab
vt N

ty(e) = S |3 RelFm }+ T (RelF(v +

ikﬂ kn

)}CO -",I";“

{11
ikn (an

- Im{F(v + w------)} sin k“t} ]



‘3. The reduction of the discretization error by fhe YRorrektur®-

method

It is obvious from (8) and (9) that the discretization error
can be made arbitrarily small if the pfdduat VI is

sufficiently large.

Unfortunately, the truncation error (1o) may diverge for large-

values of vT .

The "Korrektur“-method allows a reduction of the discretization
error w1thout enlarglng the truncation error.

With (11) equatlon (5) can be wrltten in the form
CE(8) = £(t) = Fi(v,t,T) . (12)

The "Korrektur"-method uses the approximation formula

£(8) = £,(t) - e 2VT £_(2T+t) = F2(v,t,T) . (13)
As stated in the theorem below, the discretization error

EZ(V,Q,T) is much smaller than F1(v,t,T) . .

- Taking into‘consideratiqn the truncation error (1o), we find
_that_the approximate value for f£(t) , using the "Korrektur"-

method (13), is given by

fux(6) = £ye) - e2VT BT H . aa)

It should be mentioned that the truncation errbr of the

"Korrektur"—term e 4VT £_(2T + t) , is much smaller than

FA(N,v,t,T)" if N=N_ . We can therefore choose N, <N ?)

3) See‘part 6.



which means that only a few additional function evaluations of
F(s) are necessary to achieve a considerable reduction of the
discretization error. This error reduction is pointed out in

the following theorem.

Theorem 3.1 : Suppose £ is a real function with £(t) = o
for t < o that poséessea the’proPé:tiQS“KB)
and F(s) = L£(t)] 'itS‘Laplace'tréﬁéfdrm.that
has no sxngularities to the right of the Qrigin,'
and suppose the “Korrektur"»formula (13) is

used for the numerical inversion of F(s), then

2c . :
a) |F2(v,t,T)| = e (15)
: ’ egy$(e2v? : o

1A

-1y

if m=o,

b) |[F2(v,t,T)| < N
| o (16)
. N
" ek em™ e VT 4 L. o+ —Eil~—1)}
D 2vT vny ™

if m > o and (m!)/2" -~ 1 < 2vT .

For the definition of c, m, K, a14';.;, aﬁ+1

see equations (7), (8) and (9). For the proof see

[1] or [6].

Remarks: A comparisoh with the method of Durbin (see (8) and

(9)) shows a reductlon of the error bound by the factor

26"2VT 2VT

for n=0 and 3"e for m>o . The condltlon
m'/2m‘— 1< 2vT ‘might be difficult to fulfill for large:'m ’
and hence the appllcatlon of the “korrektur“~method is not

recommended in such cases.



As mentioned before, an adequate reduction of the~t6tal error
can be obtained by the "Korrekiur“»methed only if.kfor fixed

N and T ) the parameter v nis:suitable. This ‘is illustrated
in Fig. 1. It shews the error curves  of the metho& pf‘Du;biQ;'

(F1 and FAR) and of the "Korrektur"-method (FZ and Fa) . A success-

Fig. 1

ful dpplication of the "Korrektur“~method requires a v<v, «For v> v,
the truncation error dominates and the rakwaidlscretlzatlon errxor

F2 does not lead to a notlcoable reduction of the total error.

The opposite holds if the‘methods for the acceleration of'
convergence, that we descrmbe in the following part, are
applled Acceleratlon of convergence is only sensible if
'v > Vo or, whlch is the same, if the truncatlon error
“domlnates. | | .
'However, a simultaneous application of an acéeleraﬁioﬁ'meﬁhod
and the "Korrektur"-method (as realized in the gubroutine

LAPIN) is recommended, if the parameters are optimally chosen

by the procedures introduced in part 5.



4. Acceleration of convergence

In this chapter three acceleration methods used in the sub:oﬁtine
LAPIN  (see chapter 8) are briefly described: The e-algorithm,
the minimum-maximum method and a method based on curve fitting..
The latter is new, whereas the e- -~algorithm was already used 1n

| 2| and {9 ], the minimum-maximum method in 1] in order to.
~speed up the convergence of the series approximating_the
Laplace inversion integral. We have also tested.othe:
écceleration methods such as the Euler transformation, oY
Aitken's extrapolation procedure (see. [_8]). But these turned
out to be less efficient than the above mentxoned mefhods..

We can consider fN(t) {see (11» for flxed. t as a d;scxete

function of N and define:
fN(t) as a functicn of N is monotonous if'
| £ () - £ (0) |2 ] £, (8) - fé_(t)]‘
for all_ N, M with N <M .

For a non»monotonous f (t) the s-algerithm (EPAL)‘and the
m1n1mum—max1mum method (MINIMAX) in general sxgnificantly
lncrease the rate of convergence. However, they fail -~ as do
the huler tranoformatlon and Altken s extrapolation procedure -
for a monotonous f (t) . The method based on curve flttlng (CFM)v

leads in this case to a consxderable lmprovement in the results.
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With

vt oo ' ; ‘ kTt
¢ = 9—.f—— [Re{F (v + 1”) } cos -‘f—%—’i - Im{F(v + %k“) } sin T
k=0,1,2,...
we can replace (11) by
] N 5
£ le) = 3%+ I ¢ . 17)
k=1
The e-algonithm applied to (17) is defined as follows.
Let N=2g+ 1 , gqe N,
m
s = I ¢ and
m k=1 k
g (m) (m+1) (m+1) _ (m)
u(m) . 1
€ e = 0 (18)
. (m)
"1 =Sy

(1) N m-
then the Sequence €1 ’ €3 Fi €5 " '79 ’ 2q+1 o ) 14
converges to £ _(t) - ¢ /2 . For a nonamonctone f (t) in
general it converges faster than the seauence of the partlal

sums Sy ¢ M= 1 2,... of the untransformed series.

The-minimum-maximum method also increases the rate of conver-
gence only in the case of a non-monotonous fN(t) . The method
works as follows. Havxng found three neighbouring statlonary

valugs of f (t) as a function of N P say a maximum at

N = N1 and N = N3 ’ and a mlnimum at N = N2 . ‘an interpdlaﬁing

function for the maximum' values atﬁ.N“=‘N1.aﬁd_‘Nf='N3‘Pis'

constructed. The mean value of the minimum at N & N2 and the

|

r
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function value of the interpolating function at N = N2 yields
the new approximaticn for £, (t) . For a more detailed

description of MINIMAX see [1].

The mefhod ba@ed'on cunve'ﬂitﬁing (CFM) , app}iceble cnly_for
monotonous f (t) , consists in fittiﬁg the‘parameters-of
any function that has a horizontal asymptote YA(X) f
by demanding that this function is an interpclating function
for the points (N,fN(t)),q 0§N0£N§N1 . The function value
of the asymptote Yy is the‘desirec approximation for £(£) .
With the simple rational function |

r) =%+ Eay (19)

X X

For example, we achieved high accuracy already for small:"N1 .
The CFM fills an important gap: now it is also possible to speed
up the convergence of the Fourier serleq (5) ‘in case of a mono-

tonous f {t) 4)

. The subroutine LAPIN (see part 8) automatlcally
chooses between CFM and EPAL (MINIMAX) depending on whether

fN(t) is a monotonous or a non-monotonous functlon of N . Tests
have Shown that for non~monotonous f (t) EPAL mostly is supe—
riof ﬁo;MINiMAX in accuracy. However,'we found examples where

the e~algofi£hm fa151f1es the results, but the m1n1mum~maximum
method dld not. In these cases, the subroutlne LAPIN chooses by
1tself the MINIMAX method to accelerate the convergence of the
“series (for more detalls, see part 8, 51gn1ficance of the para-
meter H) . Furthermore, the e—algorithm is not applicable for
arbi@;ar;ly‘;erge N in (17), because of overflows occurlng in

(18) for 1arger N .

4) por .instance, f (t ) often is a monotonous, function of_ N .,

if f£(t) is a step function with the dlSCOhtthlty in tO .
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5. The choice of optimal parameters

We already mentxoned that a good choice of the free parameters
N and CON = vI' is not only important for the accuracy of
the results but also for the applicatlon Of the "Korrektur -
method and the methods for the acceleration of convergence )
(see Fig. 1) . These methods do not improve the result 1f the

parameters are chosen badly.

Two methods are now presented‘whieh approximately determinevthe
‘Optimal‘ v for fixed N and Tv.'The main difference .
between the two methods is the definition pfl‘bpgimal.para-

meters'

Definition A: For fixed N and T the parameter v of the
method of Durbin (see (12)), with or without the application

of the "Korrektur"-method or a methodufor the acceleration of
convergence, is optimal if the absolute vaiues;of disc:etization

and truncation error are equal.

LY

Definition B: For fixed N and T the parameter v of the
above mentioned methods (see definiiidn A) is optimal if the sum.
of the absolute values of dlgcretizatlon and truncatlon error.

is minimal (see Fig. 1, where the optimal v is glven_by Vo and vy )
" Method A: Let f (t) ,“fNK(t) be the approximate values for

f(t) computed by the method’ of Durbin (12) and the “Korrektur“w
method (13) respectively. The bar indicates that one of the

methOds‘fox the acceleration of convergence may have been applied.
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Let R{(N,v,t,T) be the expression'in'the brackets on the right
side of (10). Neglecting thevdependendefof v ’in R we can
write for fixed ¢t,T : R(N,Q,t,T) ¥ R(N)+8 , where & € [—1,+1]
indicates the application of an acceleration method
(6 = 1. if none of the accelerationvmethods'is used) . The
truncation errér of EN(t)‘ or ENK(t) is therefﬁré givén by
o eVt
FA(N,v,t,T) = =5~ R(N)§ . . : - (20).

With (5), (6) and (20) we find

i vt _
() ¥ £(8) - S R(NIS + O(e vy (21)
Let Vi Yy be large and vy # vy 5), then
: ‘ v,t v,t-
Bl - B2 TRMG(e 2 ~e /T (22)
or
. 'E;(t) - fg(t) ,
RS 2T g~ - - (3@
e - e '
_ Simiiérly we get for the "Korrektur"-method
=1 =2 _ «
£ty - £, (t)
. o~ NX NK
‘R(N)S T e Ve . (23b)
e - e

The discretization error (6) of the method of Durbin can be’

written as 3)

F1(v,t,7) = e 2VT£(21 + £) + Ofe

—4VT) . (24&)

3

3) We found that for example vy iF 20 , Vo :z-v1~é is a good

choice.
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From (13) we find for the discretizationberror of the "Korrekﬁurfé

method
F2(v,t,T) = I e 2VTR{f(2kT+r) - £(2T(3k-2)4t) } .
k=2 ‘

‘Hence 3)

F2(v e, = e AVT(g(aret) ~ £(8T+6) 1 + 0(eTOVT) . (28b)

Using definition A, the equations (23) and (24) easily lead

to the following equations for the optimal parameter v = ngT 3

‘Vgp'r g- —1—1n !M§'W(N)5Ml -« {25a)
2T + t T fN(zmt)'
(method of Durbin)
and '
Vopr = - A gp B | - (25b)
4T+t T{fN(4T+t) ~ fﬁ(8T+t)}

("Korrektur”-method)

Because of definition A an upper bound for the total absolute

error |£(t)-Eg ()] or e (o) -Eg ()] for vzngT is approximately

A
Vopr

e
T

given by
. » t

TERR € 2 IR(N} S| .

Method B: We now use definition B and assume that R(N,v,t,T)
is no longer a constant function of v to get a more accurate
approximation formula for Yopr

The dependence of v is assumed to be as follows

(R(N,v,t,T) '= R(N,v}§ because "t,T  are fixed, V420 .arbitrary);



- 16 =

RN, VIS 2 RN,V S+ [Re(F(V + 181y ) cos E%E

- Im{F(v + 1§£)} sin N“ ]/[ﬁe{?(v + imr}} cos HTE

- ImF(v, + 0 ] sin Nrt] (27

The acceleration factor § can he computad very easily from

(23a) wlthout additional function evaluationgm ’

. -n:‘} ‘w - '
_ fqlt) - fN(t)

‘ (28)
1 T
£y(t) = £(8)

Let AR(V ,Vv,N} be the expression.in'brackéts'on1thg r;ght
side of (27) and R(N,v)8 = R(N) 6, where R(N)§ is computed

by method A, Then (27) is express;ble in the form

R(N,v}$§ = R(N)G . AR(vi,v,N) S (29)

Definition B implies (for the method of Dufbin):

it

1)l } o, (30)
ivva ,
opT
Approx1mat1ng the derivative of R(N,v) by finite differences,

we find the following 1terat10n procedure to smlve equatlon

(30) 3 -
R(.N,V(1”1)) R(N, V(l 1))

I
-

L'%G R(N’V}](i).g
: : : SU=1 vgi»x)_

i=1,2,...48 o4 ,_(31&)

' (©) _ A (©) . | :
v = Vopr ¢ Vi T Vs (31b)
(1) (i-1)

vy = v , 1= 1,...,8"1 . (31¢)
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i [ S trau,y s +tR(N,v‘*"’ﬂ6-t]
 istmmnanlli 8 11 -

v - - ]
2T + ¢ 21| (21 + w)
i = 1'25q-;ys ° (31d)
In (31b) »VgPT and v, are defined by method A (see equation

_(25) and (22) respectively) Equétibn (35d)vfolidw9'from.(3§)'
;substituting (31a) for the derivative of R(N,v) and (24a)

ﬁor~'F1(v,t,T) .

Hence the optimal parameter v = ngT for fixed :N,T.;_ }sy
given by

B .. (®

Vopr TV (32)

An analogous result holds for Lhe'"Kcrrektur"-method.

Replacing F1. by F2 1n (30}, we only have to substltute

(314) by , -
. . 2o reuw B s w v see
v(l) B . in : — :
AT + ¢ w2 F famasy o Fo
. 4T £ (41+t) ~ £(8T4t) |
i= 1,2,00.,8 - : : (31e)

It is sufficient to choose s=1 or 8=2 , as numerical tests

have shown.

Again it is possible to compute apprbximately an upper bound

B

for the total error, if the parameter V = Vopm

is used for

the computation of '?N(t) 6).

6)

A similar equation holds for ENK(t) .
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We find B

VopT
% | R(N, vOPT)la + e

ot B

e -2V OPT

TERR =

I%N(2¢+t) b . (33)

Remarks: The simplifications made in ordexr to derive the
equations (25) and (31) do in genera] not cause any difficultiea.

Besides a few exceptions, which are dlscussed later, the

vB are a good approximation

optimal parameters VA OPT

OPT and
for the true optimal parameters.

If the e-algorithm is used in order to accelerate the convergence
of the series (5), it is not possible to compute the acceleration
factor ¢ for large N with the desired accuracy (theA
~a1qorithm breaks down after a certain N < N depending on

v,t and T ; NO‘ is not known in advance; sée also the £inal

remarks of part 4) Therefore the minimum-maximum method -

allows a more accurate aeterminatlon of the optlmal parameters

by method A or B, and hence of the total error (26) or (33)
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6. Remarks about the use of the algorithm

First some input parameters of the subroutine LAPIN are

described (see also p@rtﬂa);

T1, TN Lower and upper bound 6f’the\1nt2rval;in which £1(€)
shall be approximated.

IMAN  The choice of this parameter decides whe;her'the free -
parameters ofuihe subroutine,are,plgped'agtqmatically
or not, -

IMAN = o automatical,
IMAN = 1 manual choice of parameters.

ILAPIN If ILAPIN = 1, the approximate value fN(t) (see 11) is
computed with T= -t ’ :,f ILAPIN = 2 Wlth P=TN . For = T=t
the computation of sine and cosine’ térms and of the
imaginafy parts of 'F(s) in'(11)vis'canqélled, on the
other hand Re{F(s) )} becomes dependent 6n ‘t . Hence
ILAPIN = 1 is recommended if thé»iqversé is'cémputed
only for a few t~values. | “

IKONV +IKONV = 1 implies the use of the acceleration method
MINIMAX, IKONV 2 the acceleration of convergence
thh EPAL In both cases the subroutine automatically
chooses the curve fitting method (CFM) for monotonous
£y (B . R

'ICON If this parameter is zero (ICON = o) the paraméﬁér
.v is not optimally chosen by method Aor B (see. part
Si. ?or ICON = 1 the subroutlne LAPIN chooses an. optimal
v for t = t[N/i] (see'partl8) and uses thig-

v for the computation of. f(t) in the whole interval.
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If ICON = 2 an optimal v is computed for all

tke(T1 TN) (see part 8 for the definition of tk).
IKOR IKOR = 1 1eads to the application of the "Korrektur"-

method, IKOR = o to the approximatipn.of £(t)

without the-"Korrektut"~method.

The following table shows the possible combinations of the
above described algorithms offered by the subroutine LAPIN.

ILAPIN ICON  IKOR IKONV
. 1 of1/2 o/1 1/2
IMAN = 1 S
2 o/1 c/1 /2
IMAN = O 1 1 o 2
Table 1

The method A for an: optlmal choice of the free parameters is

used if ILAPIN = 2 , method B if ILAPIN = 1 .

The application of the "Korrektur"-method is nét recommended
first, in the case that the absclute value of the_"'K::.vrrek_tur"-~
texrm £(2T + t) is small or equal to zeré: lf(21.§it)t<< 1.,
(no noticeable improvement of the aécurécy occurs), and second,
if £(t) is-a rapidly increasing function as t»= (see the
remarks to theorem 3 1) . -

The- same holds for the applicatlon of the methods for an
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optimal ohoice of the free parameteré if the auxiliary quantities
(these are £(2T+t) in (24a) and f(4T+t), f(8T+t), in (24b))
are equal to zero. Although the denominators in (25) do not van-
ish  (because of the discretization and truncation errors), the
computed optimal parameters might be misleading. In these cases,
it is very helpful to have a global conception about the Laplace
inverse f(t). If not already known, this can be obtained easily
by the subroutine LAPIN choosing either .IMAN = oO. or’ IMAN = 1,
ILAPIN = 2, ICQN = 0, IKOR = o»_andtIKONV = 1. The latter com~-
bination of thevparameterS'coincidéé-with'the-method'of Durbin,
at which the_MINiMAXémethod”isAnsed to hpaed'uP theﬂconVergenoe.
of the Fourier series. . I o

Let NS1 be the number of function evaluations of F(s)‘ naed_to
approximate f£(t) and NS2 thoﬁnhmber of funotion evaluations
used to approximate the "Korrektur“ texrm f(éT+t). For given

NS1 we found that NS1/2 < NS2 < NS1. if NSt.¢ 100 and NS1/10 <
NS2 < NS1/2 if NS1 >.100° is a good choice for : NS2.

As stated abové,ﬂocouring ovérflows in (18) often make tt impos=-
éihle'to transform a given number NS1 of terms of the series (57)
by the g-algorithm. If it breaks down after N < NS1 iterations
the accuracy is diminished with that the optimal parameters and
the total error (33) are calculated. The MINIMAX-algorithm does

not cause such problemns.

Finally, we would like to mention that’it‘can be necessary to know
the s-values in advance for that F(s) has to be evaluatéd’(for
instance, if F(s) is a not analytically known solution of a
differential or‘integral equation),hThese s-values are defined by’

T and CON = v+T (8 = v+ikn/T, k = o(])NSUMT;“In”TabIe“Z, the
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values of CON and T, for that the 'auxiliary quantities’

(st1(T)) must be COmputed, are listed.

- T . to to 2t1+to . 4t1;to St‘;to
coN | 20 18 5 .5 5
'ILAPIN.= 1 VfILAPIN = 2 .‘ILAPIN = 1
ICON = 1 . ; ICON = 1 . ICON = 2
e, ,'1‘~,1+(',1‘N_—T1‘)[g-]/(‘u+1)- T1+(Tu-Ti)[§]/i&§x) ,d'1+k(m-"m))/m+1). k=1 ()N
t, T1+(TN—T1){g]/(N+1) TN Ti+k (TN-T1)/ (N+1) , . k=1(1)Nf”

Table 2

If ICON =0 no auxiliary quantities are needed. If ICON > o,
IKOR = o. requires the computation of ‘fNS1(to) and fNS1(2§1+to),

IKOR

1 the computation of - st1(t°), fNST(4t1+to) ~and

fNS1(8t1+to) with the above given values of CON, t_. and ty.

7)N = number of t-values for that £(t) B5hall be approximated.
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7. Numerical examplesls)

From the follow1ng examples one can get some ldea of the accuracy
of the subroutine LAPIN and the possibllities it offers to find
an Optlmal"solutlon for a given problem by a suitable choice

of the dlfferent algorlthms described above. ‘The parameters used
in the following tables are deflned in part 6. The code numbers
refer to the parameters‘ILAPIN~ICON~IKOR—IKONV (1-2~0~1, for
example, xﬁeans_u I‘L.APIN=1, ICON=2, IKOR=o and IKONV=1). IMAN=0
coincideslﬁith'1-1we~2. | -

Table 3 shows the errors occuring if F(s) = s(s2+1) 72 is in-

verted. ThreeAdiffereﬁt'parameter combinations of LAPIN are

F{t) = t'sin'(t)/z ' F(s) = s(sz-ﬂ)“2
" Durbin \ v k
method (v+T=5) L A P I N
Code ’ 2-1-0-1 | IMAN=O : 1-2-1-1.
NS1+NS2 | 2000 3o 6o 160440
real absolute exror by (33)
£ 1 0.4 D-02 0.2 D02 | ©.1 D-11 | 0.351 D-10} 0.273 D-10
3 0.6 D-0O1 0.1 D-01 . 0.1 pD-11 0.211 D-09 | 0.236 D-09
5 0.1 D-01 0.2.D-02 0.1 D-12 0.573 D-09 | 0.648 D-09
-1 .. 0.8 D~01 0.9 D-02 0.2 D=09 | 0.786 D-09 | 0.979 D-09
9 0.2 D-01 0.9 D~03 0.1 D-10 0.774 D-09 | 0.191 D-0B
11 6.1 p-01 0.3 p-03 . 0.2 D-10 0.590 D~09 | 0.273 D-08
13 0.6 D-01 0.2 D-01 0.9 D=10 0.107.p-08 | 0.372 D~08B
15 0.5 D-02 0.1 D-01 0.2 D~09 | 0.175 D-08 | 0.356 D-08
17 0.7 D~02 0.2 D-01 0.1 'D-09 0.225 D-08 | 0.569 D-08
19, 0.1 D-00 0.5 D~02 0.4 D-10 0.321 D-09 | 0.633 D-08
CPU-time }- . - R I
sec (for | . 1.21 . 0.04 | - .0.42 s 1,14
t=1(1)20)} ~ I TR
Table 3

-

8)All calculatlons were performed in double precision on the
IBM 370/168 corputer of KFA Jiilich.
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comparcd with the method of Durbin. With only a few function
evaluatlons of F(s) and little CPU-time, LAPIN computes the
Laplace inverse with a considerable accuracy. For instance, the
first two columns show that the method ‘of Durbin needs about 60
times more function evaluations and 30 times mcre CPU time than
LAPIN to get a comparable accuracy Column 3 shows =~ and this

was confirmed by many other examples - that csing the subroutine‘
LAPIN as a"black box* (IMAN~0) yields excellent resulta. From

a ccmpariqon between columns!iand 6 it is obvicus that the abso—
lute error computed by (33) is a good approximation for the real

error (such an error estimation is only possible if ICON=2; it

is most accurate for IKONV=1) .

As a second example, the Laplace transform of the step function
t < 1o
5 t = 10
t > 1o

o
U{t-10) := o

was inverted (see Table 4). Comparing the results of Durbin with

£(t) = U(t-10) , F(s) = exp(-los)/s
purbin )
AP
method . (v-T=5) L : IN LAPIN
Code | 2-1-0-1 | 1MAN=o 1-2-1-2
NS1+NS2 | 2000 50 60 | 350+150
réal absolute erxor 1 ‘ ‘¥'real absolute error
t 5 0.6 D-02 | 0.4 D-05 |0.5 D-06 .t 9.0 0.1 D-13
6 0.6 D-02 | 0.1 D~04 |0.5 D-06 . 9.2 0.3 D-12"
7 0.6 D-02 | 0.6 D-04 {0.5 D~06 9.4 0.8 D-14
8 0.7 p-02 | 0.5 D-03 {0.5 D-06 9.6 0.1 D-09
9 0.7 p-02 | 0.1 p-01 |0.6 D-06 9.8 0.6 D-05_
10 0.6 p-02 | 0.5 p-04*|0.6 D06 | 10.0 0.3 D-09
11 0.5 p-02 | 0.3 D-01 |0.8 D-05 10.2 0.1 D-05
12 0.6 D~02 | 0.6 D-02 [0.5 D-06 _ io.4 0.8 Dp-10
13 0.6 p-02 | 0.1 D~02 |0.5 D-06 10.6 0.2 D-09
14 0.6 pD-02 |0.1 D-02 [0.5 D-06 . 10.8 0.8 D-10
15 0.6 b-02 | 0.2 D-02 0.5 D-06 11.0 0.2 D-12
CPU~time ‘ _ CPU-time
sec (for |} 2.02 0.06 0.32 - sec 13.70
t—1(1)2o) | I : - '

* CFM was used to accelerate convergence.
Table 4
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those obtained from LAPIN'we come to the same conclusion as in
the exampie above. Thée high accuracy at t = 1o is possible

only if the curve-fitting method is used téépeed up the convergence
qf the serieé. EPAL and MINIMAX fail because fN(1O) is mono- .
‘éonous in N . But also at points very close to the discontin-

uity at t = 1o a high accuracy is obtained by LAPIN as demon-

strated in the last column of Table 4.

£() = (-t3+962-18t46)/6 , F(s) = (s-1) 38

‘method | LAPIN  LAPIN |
code 1-2-~0-2 (without Korrektur) 1-2=-1~2 (with ¥Korrektur)
NS1+NS2 loo 6o+40
absolute erxxror v T absolute erxor v T
‘ real by (33) oeT. real by {(33) OFT
t 1 0.1 p-10 0.2 D-10 | 12.2 | 0.3 p-12 o0.4D-14} 9.4
3 0.9 D~10 0.1 D-10 14.7 0.6 D-12 .5 D-13 9.9
6 0.1 D~09 0.2 b-10 15.4 0.2 D=-12 0.2 D-12 10.1
9 0.5 D-10 0.7 D~10 16.0 0.8 p-1i3 0.1 D-12 10.5
CPU~time
sec 1.49 ' , 0.81
(t=1(1)10)
Table 5

From Table 5 one gets some idea of the effect of the Kotrektur
‘method. It can be seen that (with the same number of function eval-
vations) the Korrektur method (right part»cf‘Table 5) is cléarly
more accurate. This is not only caused by the reduction of the
diScrétization €XYor. The-optimal parameter vOPToT is smaller if
' the Korrektur method is applied. Hence the truncation error is

reduced too.

As a final example, we show in Table 6 the dependence"of the
optimal parameter VOPT_‘on the numﬁer NS1 of function evalu-

ations (v also depends on t). It is obvioﬁs that primarily

OoPT
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£(t) = 1-exp(t)erfc(v®) ; F(s) = 1/ (sVE+1))

method | LAPIN

code 1=2=-0~2

NS1 | absolute error at t=1 v .p

OPT
real - by (33)

10 0.103 D-04 0.416 D-05 6.61
20 0.352 D-10 - ©0.900 D-10 11.96
30 0.356 D-11 0.801 D-11 13.16

" mable 6

the pdssibility to calculate VopT for a given NSi (and NS2)
makes the inversion methods based on Fourier series expansions

accurate and efficient.
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8. Aggendix

The FORTRAN subroutine LAPIN : )

(a) Purpose |

suppose f(t) is a real function and F(s) its Laplace ‘trans-
form, that has no singularities to the right of the origin:
then the subroutine LAPIN calculates from F(s) for a.
programmexs- chosen ‘set of t-values, the corresponding values

for £(t) , using the above described algorithms.

{b) Usage
CALL LAPIN(E,TI,TN,N,IMAN.ILAPIN,IKONV,NS1,NSZ,ICON,IKOR,
' CON,H,E,IER)

(c) Description of the parameters

Type.
INTEGER&A N IMAN ILAPIN IKONV,NS1, NSZ ICON, IKOR IER

REAL*B T1,TN, CON H, E

COMPLEXX16 F
Input parameters: T1,TN,N,IMAN,ILAPIN,IKONV,NST,st,chN,IKOR,coN

Qutput parameters: H,IER
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‘Significance of the parameters .

Laplace transform - external function, to declare as

»EXTbRNAL in the calling program,

lower and upper bound of the interval in which f(t)

shall‘be)approximated;

‘number of t-values for which £(t) ‘'shall be computed,

. the t-values are given by

IMAN

ILAPIN

IKONV

NS1

NS 2

ICON

IKOR

t,.= T1 + (IN-TN)k/(N+1) , k = 1(1)N ;

i

o‘,_all further parameters are placed automatically;

1, a manual choice of the following parameters is
possible; |

ILAPIN = 1 implieg thexapplication of the'approximation

formula with T=t ,

ILAPIN = 2 with T = TN (T=2TN for the "Korrekturfterms):

if IKONV = 1 the minimum-maximum method, if IKONV = 2

the c-algorithm is used to accelerate the convergence

of the series;

number of function evaluations of - F(s) used to
approximate f£(t) (fy (t) = fyq,(8)) ;

number of function evaluations of F(s) used to
approximate the "Korrektur"-term £(2T+t)

(fN(2T+t) = stz(2T+t))’

i

o no optimal choice of the free parameters,

= 1 oPtimal choicevof the free parameters for t = t

[Nn/2]

I

= 2 optimal choice of the free parameters for t

k = 1(1)N ;

i
o]

no application of the "Korrektur"-method,

-~

= 1 application of the "Korrektur"-method;
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by the choice of CON = vI , the free parameter Vv -is
determined in case that ICON = o0 i =

matrix of dimension 6 by N , contains con return in the
1st row the approximation values for f(tk) , k= 1(N)n ;
2nd row work area; |

3rd row the computed optimaliparamete{’ CONOPT'= VOPT'T

k OPT
error (23) is zero, CON opr = 1 if the discretization (24)

! -
for t =t , k=1(NN, {CON, = 18 if the truncation

is zero or of very small absolute value) ;

" 4th row the code for the used acceleration method-

= ‘0 no-acceleration of convergence,

1 MINIMAX,

2 EPAL,

it

3 CFM,

Plz 4 EPAL, overflow occured after P-2 iterations (NSi=
P-2 values of F(s) are used for the épproximation_of
£(t)) - note: the output parameter on the 4th row of H
may be different from the input parameter IKONV . The sub-
routine LAPIN always uses |
(a) CFM if fN(t) is,monotonous.in N .,

(b)'MINIMAX if the application of EPAL falsifies the results,
(¢) no acceleratioﬂ’method if only 1 or 2 stationary values

of fﬁ(t) as a function of N are found;

5th row absolute erfor calculated by (33) if ICON = 2 and
ILAPIN = 1; if ICON .= 1 .the error estimation is valid

only at t = t[N/Z]

6th row contalns a control number of up to 6 digits

(n1n2 3 4n5n6), the digits refer to the used auxiliary

guantities, the "Korrektur term fN82(2t1+to) and to
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fnstlty) @s follows (see Table 2 for the definition of

t  and’ t,):

o

n, =+ fygq(ty)  (CON = 20)
n, » £, (k) (CON = 18)
ny = a1 (2% )

#4 ”; 1‘4t e )

5 "-Ns1‘3t1*to)*

n, =n,.+n_,; n., = £

6 = P61 627 Pg1 * fys1(to) i M6z
If one of the digits is zero the application of the;e-

algorithm falsifies the results of the corresponding
auxiliary quantity (MINIMAX is used). Otherwise the digits

are equal to 1 (besides , which is equal to 2).

P62
Note: ny = o always if IKOR = 1, n, = ng =0 always if
IKOR = oO.

Whenever a zero in the control number indicates the falsi-

fication of the results, it is recommended to increase NS1

‘or NS2.

s matrix of dimension 3 by NS1, work area;

~error parameter, control of input data:

= O no error ,

= 1 TN < T1

= . 10 N < 1 "y

loo IMAN < o or IMAN > 1 ,
= fooo  ILAPIN < 1 or ILAPIN > 2 ,
= 10000 IKONV < 1 or' IKONV > 2 ,

= looo00 NS1 < 1 or (NSZ <1 and IKOR = 1) .

lodocoo ICON < o or ICON >2 or (ICON = 2 and

ILAPIN = 2) ,



10000000 IKOR < o or IKOR >1 ,

i

il

100000000 CON <0 .

E.g. IER = 11 means that 1 and 1o occured.



SUBROUTINE LAPINLF.T1.TN.N. [N, ILAPIN. IKONV.NS1.N§2. 1CON.

- IKOR,CON.H.E.IER).

INPLICIT REAL®B(A-H:0-Z)
COMPLEX®16. F .FUNC

" INTEGER™4 RICHT.RICHTR.HHONOD

- EXTERNAL F

DINENSION H(6.N1.EI3.N611.E313I)

CALL MASKE
IER = 0
IF (TN.LT.T1) LER = 1
“IF AN.LT.1) IER = IER+10
1 = [0ANC] »
60 TO 1100.1100.1
IER = 1ER+100
GO YO0 120

c
C PARANETERS FOR (MAN = O
100 IF (1ER.NE.O) GO TO 120
ILAPIN = ¢
IKONY- = 2
ICON = 1.
IKOR = O
NSl = 60
NS2 = O
GO TO 200
c
C INAN = 1

110 IF CILAPIN.LT.1 .OR. ILAPIN.GT.2) 1ER = IER+1000

IF (IKONY.LT.1 .OR. IKONV.GT.2) IER = 1ER+1000
IF (NS1.LT.1 .OR. (NS2.LT.1 .AND. IKOR.EQ.11}

o :
1ER = IER+100000

1F (ICON.LT.0 .OR. ICON.GT.2 .OR. tICON.EQ.2 .RAND. ILRPIN}ED.ZII

= [ER = [ER+1000000

IF {1KOR.LT.0 .OR. IKOR.GT.1} IER = [ER+10000000
IF {ICON.EO.0.AND.CON.LE.0.D0) 1ER = IER+100000000

If: (1ER.E0.0} GO TO 200 -

120 WRITE(6.11 IER.T1.TN.N. IHAN. ILAPIN. IKONV.NS1.NS2. ICON. IKOR.CON

{ FORMAT(///*' mwmm ERROR mwa'®,8X.'l1ER ', 1127/

IMAN > 1'/,

ILAPIN > 2°/
IKONY, > 2'7/.

OR (NS2.¢ 1 AND *.

' (ICON =2 AND-- ILAPIN = 21°/

a ' T : | '-010-3'1GXI" ] TN ¢ Tt'/
. O IN | *.D10.3/
¢ N b CLI10.1X. 080 1 N <« 1t/
% ' [MAN ) '.110.16X.*100 | INAN ¢ O OR
w ¢ ILAPIN | *.110.15X.'1000 | ILAPIN <
m ¢ IKONV | '.110.14X.'10000 | IKONV < 1§
= ' NS1 ! *.110,13X.*100000 | NS1 < 1
. S oL 'IKBR = 11'/ ,
Y R L L 2 R
=+ ICON ¢ ',110,12X."1000000 | ICON < 0 OR ICON > 2 OR',
» s .
® " IKOR | '.110.11X.°10000000 I ~IKOR < 0 OR. IKOR > 1%/~
= * CON | +.010.3.10X.*100000000 | “CON ¢= 0'//).
RETURN .
200 Pl = 4.00OmDATANI1.DOD)
CONt = 20.00
~ 'CON2 = CON1-2.00
ABSF = 0.D0"
C : :
J3 = (3-ICON1I/Z2+Nw( ICON/2)
TA = T1 ‘
T8 = TN
C S
DO 830 3=1.43
HHIOND = 07 '
KOR1 = IKOR

c : '

C COMPUTATION OF THE OPTIMAL PARAMETERS
210 1f (ICON-1} 360.230.220 o
220 TR = T1+L38(TN-T1)/IN+1)

TB- =- TR



230 NH » N/2
T = Tﬂ#(TB-TﬁlINH/lNOlI
TK = IZ'ILWP!NIITOIlLRPlN°iIn!B

c 1

C COMPUTRTION OF THE TRUNCRY[DN'ERROR {RNSUN
10=7 -
con = CONi

240 FN = Hit.L3]

CON = CON2
June = 2
60 10 370
250 IF (FN.NE.HI1.LBI.RND.FNS\.NE.ﬁli.NS\li G0 10 285
CONOPT = CON
ABSF = 0.00
G0 YO 320 '
255 RNSURN = TKHIFN-Hll.LBIIIWDEXPICONII-DEXPICGNZII
13 {ILAPIN.E0.2) .60 T0 260 ’

c
C COﬂPUTﬂTIDN OF THE ACCELERRT ION FACTOR (DEL)
RACC = TIIFN51—E!1.N51ll/!DEXPlCDN\I—DEXPIC0N2|1
DEL = RNSUN/RACT )

c
260 IF ({ IKOR.EQ.1) GO TO 280

c ,

C OPTINAL PARRNETERS (HETHOD R}
T0 = 2.D08TKsT
‘cOn = CON1/4.0D0
JUP = 3
ga 10 370

270 FN = HU1.L3)

CONOPT = —TK/lZ.DOlTK+Tl!DLDG!DﬂBSlRNSUﬂ/ITK!FNIl‘
GO 10 310 ' .

c - -
C OPTINAL PARARETERS FOR THE KORREKTUR METHOD (METHOD CY
280 T0 = 4.00%TK+T : ,
CON = CON1/4.00
Junp = 4
. G0 1O 370
290 FN = H{1.L3)
10 = 8.0081K+T
JutP = 5
G0 10 3707
200 FN = FN-H(1.L3) ;
- CONDPT -,fTK/lG.DOHTKkYIIDLUGIDRBSlRNSUNIiTKIFNIll

C . Pl .
C OPTIMAL PARANETERS IMETHOD B)
310 IF (ILAPIN.ED.1) 60 10 318 ﬂ
ABSF = DRBS( DEXP{ CONOPT J aRNSUHNZ . DO/ TK)
60 TO 320 ‘
315 V1 = CON1/T
: v2 = CONDPT/T
EINS = 1.00 '
F ING1/2w2 .NE.NS11 EING = -1.00 . ,
RNSUMK = RNSUﬂHlDRERLlFlDCﬂPLXlVZ.PllNSi/TIJlIElNSi/
" IDRERLGF(DCNPLXIVI.PllNS\/TI!lIEINS)
ABRN = (RNSUMK-RNSUM1/tV2-V1) ,
CONOPT = —DLOG!DBBS(iﬂ&RN/T*RNSUHKW/!Tl(rKORIZQZlHFNill/,
. {3.00+2.0091KOR) -
Vi = V2 |
v2 = CONOPT/T ,
RNSUMK = RNSUHKIIDRERLIFlDCﬂPLX!v2.P1!N51/TJlliE[NSl(

» |nnenL(F(ocnwLx(v1.quussftxunuexns;
ABSF = DEXPiCONOPT}/THDABS(RNSUMK]® I
- DB { DEXP( -2, DORCONQPT 1uFNei IKOR-1 ]
PTiFNRIKORY -

= ,+0EXP!-4.DO'CQND

320 IF {CONDPT.LE.C.DO) CONOPT = 1.00

C



(o X )

LAPLACE~ INVERSION HITH OPTINAL PARANE TERS

10 = TA
TT = T8

11 =13 ‘

Ji = (2-1CONI®N+{ ICON-1)uL3
CON = CONOPT

KOR1 = IKOR

JUMP = 6

GO TO 380

360 10
17 ™
I 1
J1 = N
KOR{ = [KDR
JunP = §
GO YO 380

Tt

370 XDR1 = O
YT = 70
It = L3
J1 = L3

380 DELTR = (TT-TO1/DFLOAT(N+1)
K2 = 1
NSUM = NS!

CONPUTATION OF THE T-VALUES FRON TO.TT
400 IF (ILAPIN.€0.1) GO YO 420
TE = K2n17
V = CON/TE
RAL = -0.SDO=DRERL{F(DCHPLXIV.O. DO))I
PITE = PI/TE

405 00 410 L=1.NSUR
W= (L-1IwPITE
FUNC = FLDCHPLXIV,UH))
Et2.L) = DREALIFUNC)
Et3.L1 = DINAGIFUNC)
410 CONTINUE -

420 00 BOO Ki=11,J1

TL = TO+KI1mDELTR
IF C(ILAPIN.ED.2) GO TO 440
L

IF (K2.EQ.2) TL = 3.00mTL

v = CON/TL

FAKTOR = DEXPIVRTLI/TL- :

RAL = -0.S5D0WDREAL(FIDCMPLXI(V.0.00)))
PIT = PI/TL

EINS = 1.D0

SURE = 0.00

HETHOD OF DURBIN
425 DO 430 L=1.NSUM
W (L-1IwPIY
SURE = SUREODRERLIFIDCNFLXIV NllllElNS
EINS = -EINS
Et1.L) = FAKTOR®(RAL+SURE
430 CONTINUE
GO TO 460 .

440 IF (K2.ED.2) TL = TL+TE
FAKTOR = DEXP(VATL/TE
SURE = 0.00 :
SUIN = 0.00
DD 450 Le=1,NSUM
U= (L-1)8PITE
SURE = SURE+E(Z.L I1wDCOS{KMTL]
SUIN = SUIM+E(3.L1wDSINIUNTL |



E(1.L) » FAKTOR®(RAL+SURE-SYIN!
450 CONTINUE.

c '
C 'SERRCH FOR STAT IONRRY VALUES

460 NMAX = NSUNs2/3
MONBTO = O
K =0
RICHTR = DSlGNil.SDO.lEII.NSUHE-E!!.NSUH-IlII
DO S00 L=1.NNAX .
-J = NSUR-L S
RICHT = DSIGNII.SOO.IE!I.JI—EI!-J-lIII
IF (RICHT.EO.RICHTA) GO T0 S00 ,
K = K+l
EIMK)L = EfL.J)
IF {K.E0.3) GO YO 510
RICHTR = RICHY

S00 CONTINUE
If (K.EQ.0! GO YO 700
HIKZ.K1} = Ef1.NSUMI
{F (K2.EQ.1) HlI4.,K1} = O
G0 10 790

510 KE = 1

520 RICHTA = RICHT
KE = 3-KE '
IF (lESlKEl-El\.JllIRICHTR.G‘.O.DOI GO YO SBO

540 IF (J.LE.NSUN/31 GO Y0 550 o
J = J-1 '
RICHT = DSIGNIl.SDD.IEKI.J|°EtI.J-Ill)
IF LRICHT-RICHTR) 520.540.520

S50 MONOTO = 1 :
IF 11KONV.EQ.2) GO 70 630

€ MINIMUN-BRXIHUM HETHOO tHINIMARX)
S60 HIKZ.K1) = lE3ll)*EB!EI!/Q.DO*ES!ZI/Z.OO
CIF (K2.E0.1) HI4.K1) =}
G0 T0 790

C EPSILONRLGORITHM [EPRL)
630 K = O
NSUMM1 = NSUNM-1
E2Z = E(1.1)
00 660 L=1.NSUNM1
Et = E{1.,1}
™ = 0.D0
LPt = L+1
DO 650 M=1.L
fin = LP1-N
™1 = EL1.71)
DIVl = E(1.Nne1)-EC1.AN)
{f (DABSIDIV]}.GT.1.0-20) GO TO 640
K =L :
: 60 10 670
640 E(1.HM) = TH+t,.00/01VI
™= ™M
650 CONTINUE
€2 = E!
660 CONTINUE

670 IF (DABSIE1).GT.DABSIE2)) EY = E2 .
IFIDABSIEL1.1)1.GT.DABSIEL)) Ei1.1) = E}
THIKZ2,.Kt) = El1.1). '
IF (K2.EQ.11 H{4,K1) = K+2
60 7O 790

C CURVE FITTING (CFM)
700 X1 = NSUN-2.D0

X2 = NSUN-1.00
X3. = NSUM-0.00
Y1 = EL1,NSUM-2)
Y2 = E{1.NSUM-1)

Y3 = El1%N5UM) ‘
B = ((Y3-Y1)mX3uX3W(X1+X2}1/1X1-XI}



o m

780

800

KOR

820

830

B -IY¥Z-Y1ImXZaX2s(X1+XFI/IK1-X213/71XI-X2)

Ao ((Y2-Y1)-BR(X1-X21/1X1RX2] )t X28XZRX1uX] b/ (X 1aX1-X2RX2)
HIKZ. K1} = YI~(R/XEBI/X]

HONOTO = 1t

IF (K2.EQ.1) Hid4.K¥l = 3

HI3.KI) = CON

HiS.K1) = RBSF

HMOND = HNONO+KZsNMOROTOsiOsai 6~ JUMP )

IF LJUKP.LT.6) GO YO BOO

HIB.KI! ® (2-KZIRHAONOS(K2~1 18 Z8NONDTOYHIG. KT}
HItONG = HNONO/10810

CONT INUE

if IKDR1.EG.G) GO TO 1240.250.270. 290 300.8301 . June
IF 1KZ.E0.2) GO T2 810

K2 = 2

NSUM = NG2

GO TO 400

REKTUR NETHOOD

810 FRKTOR = -DEXP(-2.00=(ON}

D0 820 K=i1.,J41
HE1.K) & HUT.KI+FRKTORRHIZ,. K}
CONT INUE

GO TO (240.250.270.290.300.8301.Jun°
COMT INUE-

RETURN

END



