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ABSTRACT

A data type is often given by an informal model. Its formal
specification.is an important task, bﬁt also difficult and
error—prone. Here a methodology for this task is presented.
Its steps are, first, the election of a canonicél fbrm
defining a caﬁdnical term algebra; second, a system of sound
rewriting rules powerful enough to achieve the syntactical
transformations of Ehe canonical term algebra. The final
?ranslation of rewriting rules into eguations is immediate.
The methodology is illustrated by the détailed presentation of

a simple example.

Key works

abstract data types, formal specification, canonical

terms, rewriting systems, specification methodology.



RESUMO

Um tipo de dados costuma ser apresentado através de
um modelo'informal, sendo sua especificagao formal uma tare-
fa importante, porém dificil e sujeita a erros. Agqui se aprg
senta uma metodologia para sisteﬁatizar essa tarefa. Suas e
tapas sao, primeiro, escolha de uma forma candnica, o que de
fine uma 3lgebra de‘termos candnicos; segundo, um sistéma de
regras de reescrita consistentes que seja poderoso o sufici-~
ente para efetuar as transformagdes sint8ticas da algebra de
termos candnicos. A traducgdo final de regras de reescrita em
equagbes & imediata. Ilustra-se a metodologia pela apresenta

¢do detalhada de sua aplicacgdo a um exemplo simples.

Palavras Chaves

tipos abstratos de dados, especificagao formal, texr
mos candnicos, sistemas de reescrita, metodologia para espe-

cificagdo.
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INTRODUCT ION

Abstraction has been widely recognized as a
powerful programmingﬁtqol—ﬁLiskov '75; Guttag '77] and.
several répreséntaéionwindepenﬂent approaches to its
semantical specification have been proposed [Liskov. ,
‘%Zilles '75]. In particular, abstract data types (ADT's)
specified by (conditional) equations have been frequently

employed [Goguen et al, '77 ; Guttag et al. '78; Gaudel
'79]. | |

| But, whéever has tried to provide ahforﬁal
specific&tion for a modé1‘has ?rgbablykfaced some
difficulties in this error-prone task [Kapur '791. The
problems amount basically to |
( 1) what axioms to write ?
( ii) —-are they correct ?

(iii) are they enough ?

‘Here a methodology to
is presented. It is based on
term .algebra {[Goguen et al.

systéms [Huet, Oppen '80].

The presentation will

alleviate these difficulties
the concepts of canonical
771 and of term-rewriting

include an example, which is

simple enough to allow the detailed application of the

method. The latter will also be justified in general and

its wide applicability will be apparent.



‘MODEL

The problen of specification can be posed as
fqllows:ﬁgiven a.model -find, if pQésibie, a specification-
(in a fixed férmaliém)‘fprvit. In the initial algebra ap~
proachhzwe are given.as_modelvaﬂ(many~sorte@)jalgehra Mo,
every element of which is reachabie, i.e. denoted by a
variable-free teiﬁ, Wevwént-a {finite) set of (conditional)
equapiqn; E such that Q‘is (isomcrphic to)-the initial
algebra of the clasé of similar algebras satisfying ‘E

[Goguen et al. '77].

As our running example we consider the simple case
of strings of elements from some non-empty set, assumed

specified (cf.Fig. 0).

We have an informal description of the model ¥ to
be specified. It frequently happens that one receives
informal - sometimes even vague or ambiguous - descriptions

to start with.

As a first step towards a more precise presentation
of the model, we can give a formal description of the
syntax of the language: sorts and operation symbols. We

enmploy underlined words for the syntax (cf. Fig. 1).

- Now we. can give a precise and unambiguous descrip-
tion of the model M}"geheraily é§ﬁcHéd in a mathematical
nétation, which may introduce extraneous concepts in order
to achieve the goal of formalizing the presentation. We
shall use the corresponding non-underlined italic words

for the denotations in M of the syntactic symbols



Model (informal)

Sorts

. Alph : some given: non-empty set of letters ;

. Bool : the set of logical values : +, = ;

. Str : finite sequencés of elements of Alph.

3

Operations

. true = +
. false = -
. Same 3 teSts equaiity of letters;
. if-then-else - : conditional;

. null

i

.empty sequggce,,of length 2erov;

. make : créates:a unit-length Qequence out .0of a letter;
. cons : adds a letﬁer in front of a sequence;

. append : concéienaticn of.séquences ;

. equal : tests equality of sequences.

Figure 0o



4

.Syntax.(formal)

4

- Boxrts : Stx , Alph , Bool .

Fou

Operations

> Bool : true : EEEEE
(Bool, Bool, Bool) - Bool : if-then-else-
(Alph, Alph ) > H'Bool : same
»>  Str : null
(Str , stx )  »  Str : append
(str , str ). =  Bool : equal.

together with

some set of operations generating a set D of variable-

free terms of sort Alph.

| Figure 1



(cf. Fig. 2}.°

It ofﬁen happens that an informal presentation
gives a better iﬁtuitive feeling of the model. Acooﬁihgiy; 
it may be used as a stérting.point in the "creative” part
of obtaining a formal Specification. But bf‘course, one
cannot prove the eéuivaiehce of é formal description with
an informal one. It is méinly for the purpose of checkiﬁg
the correctness and. completeness of the formal esPeCi£i~
cations obtained that we use a formal description of

the model.



Model (formal)

Domains :

‘o Alph
. Bood

g

A (some .given non-empty set)

]

{ -, +} (with - # +)
o8t = A = {<‘al,.".’.-,»-an'> / ays...sa € Arne N}

Operations :
o thue = 4
. false = -~ :
. B if o = +
. 44 o then B else Yy =
Y if o = -

i + if a = b
. same (a,b) = )
, - if a #£ Db

. null = < >
. make{a) = <a>
. cond {a, <al,...,ah >) = <a, Byrees,a >

.*appgnd (< al,,;,,aé>, <Dyseeesb > ) =

T € e & B.jseocsb >
li g 5 1" r n

m
-
+ ifr=n and
.. , a;= bi,”i=
. equal (<al,...,am> <bl""’bn>) = { . n.
reeoy

-~ otherwise

-

Figure 2



CANONICAL TERM MODLL

A major stap towards axiomatically specifying the
model (described formally or not) consists of’replacing
it by another one with syntactic dcﬁaiﬁs and precisély
defined operations on thgée syntactic objeéts.

Here, the crucial part is the choice of.a'canoni -
cal form for the elements of M. For, even a short sequen-

ce as <a,b> can be obtained in various ways

cons la,make(b)), appendimakela}l, make(b)}),...,

among which we choose one [ consf{a,consib,null)) 1 to

represent <a,b>

Létting'T denote the set of all variable~free terms
of the language and T'bé the corresponding term algebra'
(Hexrbrand algebra) the situation is a follows. As T is ini-
tial in Ehé qléss of all algebras.simiiar to it; giving an
algebra M amounts to giving a (unique and surjecfive)
homomorghism h: T - M so that M = T/={n].

We want a set R ¢ T (i.e.:Rs < T, for each sort s e S)

such that (cf. Fig. 3)

(a) the restriction. g of h to R is a bijection;
(b) for each operation symbol f and terms tl,...,tne T,
whenever the terxrmn g‘tl,...,tn is in R then so are

- .

tl’o--'tn
Notice that condition {a) says that each element of
M has a unique term. in R representing it. In fact, this

amounts to selecting a uniform method for constructing all



Canonical  Texns

w
H

Alph ¥ = T 7 ‘
: correspondence from C onto A.
. - ]

Roool {“true, fafse }

R§££ = { gggg(cp‘,.. . "9—95’—-5-{‘:;;"'.'(C‘”’_’S(Cl'n‘lll}“'} o)

Cyrenny Cj,...,_Cn eC, ne N}

_[Convention : case n'= 0 is null)

Alternative (recursive) definition of Reer®

Pas it

Str such that

pustubaniy

Rstr is the least subset of T

. null ¢ RStr

Orr———

. Whenever ceC and reRg, . then cons(c,r) c Rstr

PR e

Figure 3

C ¢ D such that h: T+M establishes a one-to-one-

/
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elenents of the molel (cf. Appendix 1) -

Now we use the bijection g: R » M to induce

operations on R, &3 follows (cf. Appendix 2)

(¢} for each operation symbol £ and all terms
rl,...,rh € R, set

Frp,ee.,x ) = §1(5[g<ri}y..,,g(;n)3),

As a result we obtain an algebra R = M (cf. Fig. 2).

Notice that R obtained above to satisfy~(a), {b)
and (c) is indeed a canonical term algebra (cta) in the
sense of [Goguen et al. '77] as if is easiiy séenﬁthat

l'--.’tnr

whenever f tl'ﬂ"tn ¢ R then F(tl,...,tn) = ft
, Now as R and M are isomorphic, it can be more
convenient and reliable to work with R instead of M, in
order to exploit the éyntaqtical hature of the é1émeﬁ£s
of R. We may regard R as a special sﬁbseﬁ of T, ﬁﬂe::
elements of which have their meaning Specified»(via é).
Our‘ta;k then'cgngists of relating the rest of T to R.
Also, notice that Rvis éggb,a subalgebra of I. Indeed, our -
next step will consist of, sa to speak, providing ways to

bring back into R the results of operations that have

escaped from it.
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Canonical Term Algebra R

Domains

- BLPH = Ry, = C
. BOOL = Ry .
. STR = Rg,.

L 1]

Operations
: TRUE = true

T
F : FALSE = false

fus 1f. A .= true.
I : JF A THEN g ELSE v =
| {v if A = false
true if ¢=d
S : SAME [c,d] = ¢ . . Rt
1 false if ¢ # d

[ 1]

NULL = null

"M : MAKE [c] = cons (c,null)

C : CONSﬁc,cons(gm,.,.,Eggi(cl,null)..yll =

#‘cons(c,cons(qm,.,.,cons(cl,null).g.))

Aﬁ;wAPEEND[cons(cm,.%,,cons(cl,null)..;);

vcons(dh,.,f,cpnsldl,null),..)]w=

= cons(cﬁ{.;u,cons(cljconé(dn,..?igég§fdi;null);;.))..;)

E : EQUAL [cons(q,... ,CoNs (c;,mull).. ) ,cons @, ., cons (dl,null) RO RE

true if m = n and cj‘= dj for 4 = 1,:..,n
false otherwise

Figure 4
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TRANSFORMATION RULES

We now search for a (finite) set T of term-

rewriting rules with the following properties

{ I ) Completeness: - for each operation symbol. £ and all

XeseuegsY & B ET ¥ ;e0.¥
1 7 L l.i fn

n , > F(rl,...,rh)

(11) Consistency: whenever t > t' then hi{t) = hi{t").

'Completeness of I means that its rules are powerful
enough to, according to (I), transform the result of operat
ing on canonical terms into the corresponding values .in :the

cta R (cf. Pig. 5).

The problem we face now is the creation of such
rules. Here,'the»very ékplicit {and often recursivé) natu-—
re of the canonical form helps in suggesting a straﬁeqy to
achieve this goal (frequeritly by reduéiﬁg'it to simpler |
subgoals'; cf. Appendix 3).

it we follow the method, qérefully checking each
step, we obtain a system F,of”téfmnrewriﬁing rules, which

is both‘completevand consistent (cf. Fig. 6}.

Consistency of T means that its rules are sound on
M (or R), in thaﬁ for each rule t(z)'» t’($) of T we have
the éentenéeuv v [t{(¥) = £' (V)] satisfied in R. This gives
a good method fo check the consistency of F, namely
checking wﬁéther for all.T in R T(¥) ﬁ‘T‘{f), whefe T and
T, respechiﬁely are the denotations of t and t?ﬁih‘the *
cta R, (cf. Appendix 4).

The importance of checking the rules shouid not be
overlooked. Firstly, this‘is what‘guaranteés the goals of

completeness and consistency. Secondly, cach rule can be



(»)

{T)

(F)

(¥)

(s)

(N) |

(M)

(c)

g P> !

Transformations

12

 ~enever ceC, deD, and

S true > true
* -
false - —> false
. . *
if - then = else - >
A BT v’
true if
: * -
same >
/ \ false if
c e
null ————> null
x
make ———> cons
c. c null
cons
C cons - S >

hic)

if

if

m

.

h{d))

i

A = true

A = false




(»)  append

equal

(E)

a9

>

=]

Figure

false

o s

5

if

m=n and

i

C.
J 3

otherwise

a3 = 1,...,n
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tested separaﬁaly for consistency, whereas for completeness
it is a set of_rﬁleé that has to be'éhecked powerful
enough.to achieve = transformafion; Thirdly, when some
candidate—rules f&i} to be sound or to achieve a desired
transformation genéfally,the véiy>test helpé piﬁpOintihg
the trouble-spots and suggesting épprgpriate corrections.

{Appgpdix 5 contains the proof of completeness for our runnihg.

example .)



Ruies
(p) assuméd given
(t) none necessary’
(f) none necessary
(it) if - then f else ~ — Y
true Y o
(if) 4if - then - else - — 8
false b4 o
(s) ~assumed given
(n) ncne necessary
(m) make | —>  cons
A A null
{c) none necessary
(an)  append > ¥
null - Y
{ac) . append ~——3> A - cons
cons 4 append

7\
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(enn) ‘ equal B
/ N ——> true
N\
null null
tenc) equal
/‘ \ > false
null cons— B
Y
{ecn) equal .
// ‘\\\ > false
A — cons null
x.
(ecc) - equal " if - then =~ else -
/N — /| )
A~ cons cons-B sane equal false
X Y A B X ¥

Figure 6
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EQUATIONS

Having checked the rewriting system T to be
consistent and ccmplete, in the sense‘of'(l)‘anﬂ (II) of
the preceding SeCtién, we already héﬁe a formal specifi -
cation for M. But, each'rul@'tﬁti”of‘rfcorrespands natural

ly to an equation t=t'. Thus it is straightforward to

transform T into a set A of equations (cf. Fig. 7).

This set A of equations obtained from I clearly has

the following properties

(1) for each operation symbol. f and all-rlyrg;yphgg-
fry,e..,x eR, £ rl""rnlg.F{rlf"°’rn}”tA}

(2) R satisfies every equation of A

(Here = [A]  denotes the congruence on T generated
by A)

These conditions are'sufﬁicient (and neéesggry)
for the cta R to be isombrphic to T/E[A]v ; accoiding\ to
theofemlg of [Goguen et al '77]. Hence, A is a (correct
and complete) algebraic"specifiaation'for M, in that

M = T/=LAD .

It should be clear that the above‘straightforward
translation of I' into- A is possible due to the context-free
nature of the rules. If a rule of T has some context -
.conditions then one has to try simula€iﬁg its effects by -

means of formulas more complex than egquations.



axK )

EVV)

eVk)
exv)

exk)
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Equations

" assumed given

if true then y else 8 =y

e

_iﬁy‘_false'thenfw else 6 = 8

assumed given -

- make (a) = cons(a,null)

append (null,y) = y

append (cons (a,x),y)= cons(a, apoend(x,y))"

equal (null,null) = true

equal (null,cons(b,y)) = false

equal{cons (a,x), null) = false

equalicons(a,x), cons (b,y)) = ;g'same(a,b)’
' then equal (x,y)

else false
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CONCLUDING REMARKZ

The method slogy proposed here for the algebraic
specification of an ADT, given by means of a (formal ox

informal) model M, proceeds via the following steps

. canonical term algebra R;
. term rewriting system T

. set of equations A .

Another way to descrihavthe methodology is by
regarding it as the process of obtaining variocus . inter -
mediate "consistent and complementary speéifisationsﬁ
[Donahue *76 ; Levy '771 for M, each one with its own
distinctive features.

| The cta R has the advantage_ofdbeing‘a*precisely
described_médel with well-stxructured syntactic domains,
the operations of which can be definéd without resoxrting

to formal variables ranging,over.thé sorts being specified.

l Theirew}iting system 'T' can be viewed as a "genera-
tive~transformational specification”. Indeed by construc—
ting I' to be a finitely terminating Church ~Rosser system
[Huet, Oppen '801, R consists exactly of the irreducible
eleménts of I and each teT reduces to a unique reR. In
aédi%ion; by making the application of the rules of T
'deterministic,-we'eaSiiy obtaiﬁ-a ”proce&ur&lﬁspedifica -
tion™, which amounts t0~an'absﬁract‘implemenfation of the
ADT‘on-the type of ‘terms. Such procedural specifications
[Furtado, Veloso '81; Furtado, Veloso, Castifho *811 can
be simply translated into executable programs in a

symbol-manipulating language, thereby providing the
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0pportunity'for exxly usage amﬂ experimentation, without
the need to reso-:t to a specially designed syStéﬁaaé in
[Gannon et al '"80; Guttag‘et‘al"78: Goguen et al, Jan ‘771"

Another application ap@ears in [Remy, Veloso '81].

_This methoiology is apparently»verj heléful in
guiding the search'for'é formal specification. Of course
the cruciar=sﬁép'is'thefélecﬁion of a "good" canonical
form. Even though an initial cta is'known‘to exist
[Goguen et ai '77],‘the very form of its- terms heavily
influences the form of the resulting speciﬁibétidﬁﬂand‘
how ‘easy it is to obtain it. ' In this choice a ‘good in-
tuitive understanding of the’'model plays 'an important
rale. Besides,‘aVconﬁenient description of the canonical -
form may have to employ concepts (such as Iexicographidél

ordering of terms) not in the language.

Tt should also be apparent that the methodology is
applicable to parametric data types. In fact, only slight
 modifications are reguired to view our example as the '

parametric data type strings-of - [ 1-

Finally, it may be worth_menﬁioning that the
methodology presented is not intended to decide whether a.
finite (or effective, etc.) specification exists or not.

, It;jusg goes ahead trying to obtain one.
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APPENDIX 1
Hére we check thaﬁlR indeed satisfies the conditions

(a) and (b) required of the canonical“fépresehtativea;

First, ‘the restriction g of h to'R is.

“9a1oh ? C =+ Alph = A
c v ¢ {assumed given)
*9Bool : RBool > 8002 = {+,~-}
T q = LR
gBool [true] Boo .[truel thue
Ss00l [false]=" hBool [false] = galse = -
‘g : R > - Str = A
Str Str
ggEg_fbcns(ch,°,.,conS(cj,...;COnSKCi,nﬁli);ﬁ;).ﬁﬁ)1 =
= h Str [cons(a ,...,cons(cJ, ..,cons(cl,null)..,),,:13 =
= aan&(h §(C ),.;.,c(m/s(hA g(c ),...,coné( %
h, Str (‘null):s);ﬁ;g) ees) =
= con&féﬁ;;.,,honifd%;,.‘,cbnﬁfciyié‘> )5;;y§,;i -

= K C yeeesCagonaslay
n’ IJ! Il

(a) For each sort s, gs is a bijection

. Alph : g ... is assumed bijective.
Ipoo1 18 'clearly a bijection:
We check first surjéctive@§§§'then‘injeativaness,

im
ot
H
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(1) 9g¢, 4is surjective.
‘ L. *
Take an arbitrary element of Sth = A , say
< . ° @ > it O’.- L]
ayr ra, with ayr an:e A and ne N As
9a1oh ”%s,assumed_sur;ect;ve,we;have CyaseerCp € c

with 91 h‘(cj) = hAi hv(cﬁ):=raj £0r j=1,...,n .

Now take r = COns(cl,...,cons(cn,null)...).4The de

finition of g gives Jg,, [r] = < al'f"fan >,
(i;)gStr is.injective

Let  Cyre-esCpy dl,...,ﬂn ¢ C and assume

Istr ﬁcoﬁs(cl,..;;cons(cmggull).,@%}'ﬁ

= gStr[..c_g_rlE(dlf o0 pgg_lls__(dn,null) .o . Y3 ,

i

The definition of g then gives fgl,,,:qmﬁ kdl,n.:dn>.

Whence m=n and for j=1,...,m ces=dl s
Thus, for each j#l,;,quL9ﬁi h{(cw) = Qo =

= dy37%p

yields cj=dj. TherefqreLconchl,...,cons(cm,null)...)1=

hf(dj)',and the assumed injectiveness of % alph

= cons(dl,...,cons(dn,null).,.).

(b) Whenever gﬁl...tn 1s}1n R then so are tl,...,tn.

. Alph : assumed -

. Bool : clear.

‘ . ST e R :
. Stx : If gtl, tnti St then

‘either -~ £ = null and n=0;
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In the latter case, we have

£t tz = ccns(cm,cons{cmwl,;ﬁn,cons(cl,null)...))

1
me m>0 and Cy,..- c C.
fgr some m> 0 and 1° rCre17%y €

Then tl= Cm e C= RAl h

and t2=‘cons(cm_l,..,,cons(cl,null),..)e RStr

Notice that condition (b) is purely syntactical and all

that was used in checking it was the definition of R. On the
other hand, condition- (a} reférs to the model M and someiof its

properties were used in éheckimg condition {(a).
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. APPENDIX 2

' Operations induced on R by g

TRUE - = g~} [thuel = g+ [+] = true
Bool ool
FALSE = g-"'l [false] = g_l [-1 = false
Bool ' Bool
o g .
IF A THEN p ELSE v =g (i4 g (A1l then
Bool Bool
,gB.oo_l[“] e{»se‘ vgBool[u])-t
gBodi,[FJ i 9Bool [Aj:: F
Bool
9poo1 [V if 9poor LM = -
g if A = true
lU if A = false
-1 ' =
SAME [c,d] = 9 [same (9 [cl, g ANl =
v Bobl Alph Alph"®+’
+ if  9p1onfCd = 9p10n FQ]
-q~1 :
"I Bool | |
- if  9pmpnt®l # Ip1pn 14
= d

true o if ¢

false if ¢ # 4
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. 'MAKE [c] = g

n

1 y =
o ;Jake(géighfcl)]

1 _ . : N
= g§E£[make(C)] = gggnb<e>1 = cons(c,null)

CONS[c,cons(cm,...,cons(cl,null).,.)D =

#

-1 . r » -
gStrLconé(gélanc],gstrEcons(cm,...,con§(cl,null)..f)j)]w

o1 , : S | )
= gStr[Coﬂéfﬁ, <cm,---cl>)3 g§2£[< c’cm’f"'?1>}

i

cons(c,cons(cm,...,cons(cl,null),..))

APPEND [cons(cm,..,,cons(cl,null)»..)j,

pons(dn,...,cons(dl,null)...)1 =

= ot | _ .
= 9gpy L@ppendlgg, [cons(c ,...,cons(c;,null)...)1 ,

}gStr[cons(dn,.«.,cons(dl,ﬁull).,.)])l =

-1 , , _
= i [append( CCpreeerCy> <dn,...,d1>)] =

gStr[ .<Qm'ooa’cl,dn'(oocdl> ]=

it

cons(cm,...,cons(cl,COns(dn,...,cons(dl;null)..,))...)
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APPENDIX 3

Strategies and subgoals for the transformations

P)

T)

F}
I)
5)
N)

M)

C)

A)

‘Assumed given,

Ncﬁe‘necéSSa;yf

None n@céséary.

Decémpoée into two cases: A= true and A= false .
Assumed given.

None necessary.

Immediate, as the transformationuitself can be made into
a rule.

None necessary .

The transformation calls for putting'thé block

CONg = .... = CONS ~

“n €1 on top the block

consg ~ ... = ¢cons - null

- (
. ‘ d,

In other words, we are regquired to move . dll the cf;(respecting

, their relative order) to the top the right subtree.

possible strategy for this consists of

first, repeatedly moving the top c, to the top of the right

subtree;

ﬁthen, treating the case of no ci's remaining in the left

sﬁbtree.
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This sSuggests decomposing the transformation (A) into two

as follows

' o 4 w
0 © o {
L | |
i 1
c i “
. o nj - 0 ~
O - b o o pa— “
§ "0 o &l !
D e e e e e e L.
-
o~ ©
o / 15 .
Pl u i
= Y| I
8] 0 =3
4] o
=3 —
A 4] U
* R H
T — i
19 i i
i i
1 _ i
1 i
bow W ~
I [l & ~4 i
H [« B e 1 B e} i
0 3] el
I : !
ko) “ i
[ = e s e e e o s s . S S e o e
1]
0
e
0]
w 0 u -
= & = —
Qf ~—t-Qfmtvms — 0 —
0 O Q =
T
=1 £ ~—
0 6] O

‘Al)

R S e ke e s s D e w2 e e WS s e 2

end

a

A2)

i

i

I

! ;

] ko) T

i

1

1

f i i

i

“

i n 0 r~

| B = o =i

1 Qf — 0 b 3] Y

“ U 4] [+

1

o s s s v e S——

A
L3

-

i

§

i o —

" e} e}

T

1 1 1.

“

1} - U 9] ~
. i = ot ~.

1 Of == s 50— —rF
—TT0 o =

i

i
i
i
i
I
|
!
i
H
i
I
|
|
i
H
!
i
1
i

null

ST D S W4 oy do St ot S e G Wil . A o

ot s 4208 ey (ot e B St o S S it o

Y
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E) The transformation is to give true if the left and right
subtrees are identical, and false otherwise. In other words,

we are required to compare both subtrees. A possible way of
achieving this consists of

. first, repeatedly comparing the top oy with the top &j, deleting

both;

. then, treating the cases of no ¢, 's or mno dj’ﬁ remaining .

This suggests the decomposition of the transformation (E) into

three as follows

EL) equal { false if e A4,
/ \ % J
>
Ch ccgrxs glzons - d 1 //egua:i\ otherwise
vy I o | [eoms —a
Cpm1 " CODS ;cons — -1 ; C-1 cons con -1
i o ! ! |
: ] : ! :
N BN .
¢, —cons ;ccms —dy : Sy cong cons: 1
RN | ]
null ! nuall. | null null
| S g




E2) '~ equal
null cons - d
¢
N
l )
cTns 1
null
E3) equal ‘
cm - cons nul
|
|
¢, — cons
null

- Now, E2 subdividies into

31
false

true

true

>

_false

cases.n # O and n

if n# o
L if n = o

if m =0

if m=0

= 0 and E3 splits

into cases m = O and m # O . .8ince n = 0 in E2 coincides with

n =0 in E3, we have 3 cases after all, all of them simpleg
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APPENDIX 4

Congistency of the set T of rules
@ibFor avery‘u,é ¢ BOOL we‘havﬁ,‘by the definition of the
operation IFwTHE;ELSEﬂéﬁ R (cf. Fig. 4)
IF true THEN u ELSE v =
{if) Similarly, fér U,V & BOOL
IF false THEN y ELSE u = vu

(m) For every ceALPH, we have, by the definition in Fig. 4

MAKE[c] (M) cons {c,null) and

GONS[c,SULL](g) CONS{c,nulll () cons (c,null)

(an) For‘évery séSTR, s is of the form s =

= cOns(&h,;..,cons{@l;null}.‘.), wiﬁﬁfdl,..;dngjc (ct.
Fig. 3). Thus

APPEND[NULL,s] = (by N)

il

APPENb[null,cons(dn,o.a,ccns(dl,nhll}..,)l = (by )

Hi

cons(dn,...,cons(ﬂl,null).,.) = 8

(ac) For every r,s ¢ STR, we have, say

r = cons(cm,..,,cons(cl#null}..,)

s = cons(dn,.e.icohs(dl,hﬁll).f.i
So, fot'évery c € ALPH, the lefthand side gives

APPEND [QONS Ec,r],s3==_

APPEND [CONS [c,ggg§(cm,...,cons(cl;null)..ﬁ)],s} =(by C)

i

APPEND [cons (c,cons(c ,...cons(cy,null}...)),

cons (dn,..,,cons(dl,null)...}} = {by A)

il

cons(c,cOns{cm,...pons(cl,cons(dn,at.,gggg(dl,gg££}...)),,.))
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' Now, the right hand side gives

CONS[c, APPEND[x,sl] =

W

CONS{¢c, APPEND Econs(cm,...,cons(cl,null)...) ;

cons(dn,,..,cons(dl)npll)...)] = (by A)

L]

CONS[c, cons(cm,...,cons(cl,cons(dn,...,conskajnull)“.))...)l by C.}

i

cons(c,cons(dn,...,cons(cl,cons(dn,;.;,cons(dl,null),,.))...))

Thus, both sides agree.

(enn) Clearly

E
lhs = EQUAL[NULL,NULL](g)-EQUALEQull,nullJ(=) true
rhs = TRUE ) true

(enc) For every deALPH and every s =

= cons(@n,...,cons(dl,null)...)e STR, "we have

'Ihs = EQUAL [NULL, CONS{d,cons(dn,e..}dons(dl,‘null)...)]]=

EQUALEnull,cons(d,cons(dn,.,.,coqs(dl,null).;-))]?;V

i

false

‘rhs = FPALSE = false

(ecn) Similarly to (enc) ,.we have

EQUAL [CONS[c,r], NULL] = false = FALSE

(ecc) Given c, deALPH and r, s<STR, say

r = cons(cm,...,cons{cl,null).;.)

s = cOns(dny..,,cons(dl)nulli.Q:)

we have
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lhs = EQUAL[CONSEﬁ,cons(cm,...,cons(cl,null)...)] ’

CONSEd,cons(dn,...,cons(dl,null).;.)]3='

(g) EQUAL[cons(c,ccmsfch;,..,cons(clfnull)...)),

conS(d,coﬁé%dn;...,éons(dl;null)...))l

true : }f m o= p‘andﬂcl f dl’f"'cm»m ., ¢c=d
(E) ' ‘

false otherwise

On the other hand

rhs = IF SAME{c,d]THEN EQUALI[r,s] ELSE FALSE

i

1F true THEN EQUAL [r,s] ELSE FALSE if c=4d
(8) |
IF false THEN EQUAL[x,sJELSE FALSE 4if c # d

EQUAL [9_9_9_:5_ (C_m re e d pCQONS (cl, null) . ..) .

if ¢ =4

(1) ,cons(dn,...,cons(dl,null)...)3

ALSE" ‘ ' “AE o #d

true if m = n and Cj#dj(j=l,.;;n¥
. L +if ¢ = d

(EX false otherwise

FALSE if c#F A .

true if m = n and. Qlﬂf-dl'f"f?m = dmj o=d
(E){ v

false otherwise



APPENDIX 5

Completeness =f the rewritihg system T

We have to check that I' is powerful enough to achieve the
transformations (I, (M), (A) and (E), since (P) and (S) are

assumed achieved and the other transformations are trivial.

(I} For A= true, .we have

if ~ then - else % Ait)

/T

true H U

>

and for A = false , (if) will do the

(M) Clear, by (m) .

(A} We will show

append
c, - cons \\:an - dn A
| 1
cl - c&ns c&ns - dl

by indﬁction on : m.

job.
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Case m = 0O

pro ™
1 u
¥ i
i o s t
I o] I
H i
! {
4 i
1 H H — )
1 H
] . i
LI = | E S =1 U e | I |
[ B O =i
HE B =) m
b e o e ot e s et o s o s o
A
o
]
P v
| B =1 4t ]
[ 3o e} 1
! t
ot I §
H 1
Yl A& al ol
& [ e} l.-«:a!O =i
@ \W\A 8] (5] ol
© e — s . P e ot
o ////
l
o~
=
fo

Case M > 0; assuming, as IH, the result for m-1

cons

d

end

D s s 5 G s o 1 G S S i R A R O S O 2 L e

=

o e e e
- d

cons
. .
¥
cons
null

o e ot v e e e s e e e v

o am> o

TETT T e ———

.dl

e e

null

 Srceyacusy BN,

null




37

c. = cons

(18) c._,- cons

(E} We will show, by induction on m,

equal
/,//, \\\\\ ’EEEE if m = n and
C, ~ cons cons ~ dn ‘ Cj:dj'.jzlv-‘;,m
| | (r) |
g . [
: )
: ; _ false otherwise
| .. | |
c. - cons cons - d

e}
o
=
e
=}
=
e
=

. Casem = Q

~ subcase n = 0. Herem = Q = n- and
equal (enn)'> - true

/

null - null
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- subcase mn » . Here m= O ¥ n and
equal : .
/ \ © leme),  false
null cons - dn
S S .
y cons - dn~1!
' { .
o ]
§ % )
; v
i f : 1.
{ cons - dl ,
i ' I
i ¢
§ '
¢ null ,
] 4
Bt sms 00 o 1 e w0 o st e . v e S v
Y
. Casem > O ; assuming, as (IH) : for each - k
equal

////' \\\ | ' true if m-1 = k' and

cm—l - cTns cTns - dk (T) : : cj=dj, 3=1,...,m~1
E : false otherwise
t |

cy - Cons cons -~ dl




.

- subcase n = ., Herem # O = n ~ and
eguai (ecn)>' false
/ N\
c@ - cons null

subcase n > O. Here both m # 0 and n # O.

We have
equal
c_ - cons cons ~ d
m —— n
€ _q .~ cons | cons - 4 1
. 3 y
s 3 f 4
] } ‘ 1
! T 'y
| ; | i
c - cons i cons ~ d !
1 i 1 H
[ ’ r
! :
null g null :
e e e e et v 33
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lecc) if -  then gr elge -
equal
same ‘ yd J\( ___________ ’
C d c cons cons — d

null null
X Y
-
if -~ . then - else -
true equal false.
' X Y
(S) . ¢ :
if ~ then - else =~
false equal - false
X Y
L :




{(it) o
(if)

(IH)

41

[ egual if = g
: //2TWWT:\\\ m n
X ¥

false if Cn # dn
ré'
r‘
true if m-1 = n-1 and

cl= dl”"' cm”1= d

false if n-1 # n-1 or

for some j<m, cj#dj




