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than in a @&wt@auﬁﬁr way of generating it.

The propesed methodology starts at & level where all

ground terms are taken s vepresentatives for states and gradual-

“

tevels until reaching

ly proceeds via a sarie Tntermediate

the desired level, e.g., one with & unigue representative for
esch state. Un the intermediate levels the specifications progress
towayrds swmaller sets of representatives by considering fewer se-

quences of updates. fs a consequence, the specifications gradually

shift their main ovientation from gueries to updates. Nevertheless,
each level specification 1s consistent and sufficiently complete.
methormwv at each level, we can employ three kinds of algebraic
farmm11wms to express the specifications: {conditional) equations,
systems of term-rewriting rulesg and proecedural notation, the
tatter leading to executable specifications.

The structure of the paper is as Tollows. The nexi section
reviews some math@mati@aﬁ'prmﬁ.wwnwwaﬁs in order to fix the ter-
minology and notaticn. Then secition 3 introduces an {llustrative
example to be used throughout the mayewﬁ This simpie exampie is
employed in section 4 to convey the basic ideéas of trace levels,
Section & formalizes trace levaels in terms of canonical term al-
gebras and presents some of their properiies. Section & illustrates
these ideas by presenting semi-formal specifications for variocus
trace levels of our running example, which are translated into the
procedural formalism in section 7. In ssction 8 we consider and
illustrate the methodology as couched in the context of systems of
term-rewriting rules. These ideas are further developed in section
9. where we outline the process ¢Ff deviving an eguational specific-
ation, again using our running ex mplv Finally. section 10 con-
cludes with some general vemarks. Th structure is modular in that

P

g

ane can skip sectieons and 5 on 2 firs& reading in order to getl

only the wain intuitive idess.
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to the advantage of

argumants, since

generally is what one nesds in the ﬁﬂﬁuﬁﬁ?vﬁ stap. Notice the

a
a subalgebra of the algebra of tevms T, bui we have

useful property:
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I 0 4s 5 cta and B 4s the denctation
g

C, Then b iz onto and ¢

h“{t}

B e = ¥

As said befure, a finitely genegrated algebra is charac-
terized by a congruence on T. In order to describe such con-

3

gruences we rasort to some specification Formalism, which con-
sists of finite number of schemas invgiving ferms with variables

and generating the desired congruence. .
es it is conventent to single out certain

the sort of interest TOI of
[GH1), viewing the cthers as, say, paramelers. In particular for

155

In many cas
serts as of special interest [c

5
data bases, a domain of special interest i3 that cons tsting of
data base states or isstances, Operations with values in thi
domain are updates, the others - with values in other sorts
are gqueries,

L5 1

H

This leads to the notion of hierarchical signature

Mo

which is a signature as before with a specified sub-signature

called basic sub-signature, consi sting of basic sorts and basic

operations whose profiles invelve only basic sorits. The terms

e

generated by the basic aperations are called primitive terms.

Notice that the set Fos of primitive terms of a basic sort s 4
& subset of T

5]

call an operation symbol whose target sart is
basic an external operation,

A hierarchics | data type consisz

of a hierarchical sig-

nature together with an slgebra, B, called basic algebra, for the
basic sub-signature. This basic algebra induces a congruence &y
called primitive congruence, on P,
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As a 5fme@ pxampie to Tllustrate the dizcussion we shail

et oa nompany, vsll 11 fome,

Acwe can B customer.

cases the sut oonty in the

case wWwill he i, 1 a3 wmachive has been leased

e may tater dﬂx*an ta buy it er else he may choose io

te Acme. For simplicity sake we shall assume that there is only
one kind of mechine and at any time a2 customer will have at most
ang machine.

The operation symbols herve are the words undertined in
the preceding pavagraph together with the usual update phi which

initializes the data bzse to an "empty" sitate. More s ifically,

we have 3 sorts customer And Bool{ean), the T8I being

shate,

and the other two being basic sorts.

Upevation symbel phi has profile (), it is a

constant for initialization. On the other hand leasse. sell and

veturn all have profile {customer state, statej, thus being up-

dates. Also, uses and owng Hayve p%ﬁ#l?ﬂ (customer state, Bool):

they are gueries, In addition the basic sorts have some basic op-
eration symbols

.

Bool has two constant symbols Truve and Palse and

customer 15 assumed to be supplied with operation symbols allowing

.

the generation of variable-free fterms as names of customers

Finally, we alsec have operation symbels = and # of profile

{customer customer, Bool] T Coupare these customers.

The above explicitation is & description of ocur hierar-
chical signature L. So far, we have a formal description of the
syntax of our example. The meaning of the operations has been
given onlty informally in natural language.

It is assumed that each state can be iddentified by the
results 1t yields te The gueries. Alse in The iniftial state all

gueries yield and the only way to reach a state wheve a

query yields s by applyinyg sowe sequence of updates,

S0, the effect of an update 75 to cause changes in the
answer to gueries. ﬂ&nﬁvr*a v certain answers to gueries may be
preconditions for an update; if the preconditions fail the ap~
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This spacification, together with the expiicitation of

the wnderlying assumplions TVCF] (swch as the well-known Trame

assumption: properties not explicitly mentioned ave preserved
under the application of an update}, constitute a Foarmal des-

r

cription of the semantics of our

It 15 not an algebraic

specification, though.



o

parti

that can

o

rather thap in &

sequet

1.

b

b

3.

4. customer £ buys a wachine,

~

o customer B buys a
6.
7
8. & machine i3

faw}

retirns a machine,
maching is

s

i3

The Tist of {the sywbols of) the above 9 updates (begin-

with phi and ending with the last

ain would be a Tog of

]

this sequence of . bt is often wmore convenient, how-

&

ever, to represent this trace in an “applicative" format as

lease{B,lease{A crn{l,sell{s,

(1)

sell{C,return{(D,lease{B,lecase

The execution of data base

to evolve from the initial empty state pioh 8 series of fnter-

mediate states, to & state P where cus A, B and U use ma~

S :
chines and B and € own machinas. This state can be represented by
the two sets UP = {8,B,C} and ﬁp « {B,C0}. Similarly. each inter-

mediate state s b, of custoemers using

machines and its owning

0. = US is a static integrity constraint of our axampie). The next

B "

table shows this evolution.



some points are worth remarking in conpection with thi
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tracve and corvesponding evolution.

:ta D oand U, are

Tete from trace

i3
ez
=
o
i

the updates return{c,.]
0

3RS we obtain the evolution:

return(D,.} {n} @

sell(C,.) {8,¢} {¢]

sell{B,.) {5,c} {n,c}

lease{a,.) fa,p,c} {B,c}

corresponding to the rapetition-free trace

“
@
0
o
i
-
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=,
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T
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gt
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T
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1@&3&(&,%&1{{%,sell{ﬁyreturm{ﬁ§leasa{ﬁﬁiszs

denoting the same final state P as {1).

{8,0} to

cancelled the effects of a previcus

IT we eliminate

these updates from trace (1) we obtain the following evolution:

(b} In going from state 2 to 3, the set O decreases from
{

¥
Bi. This is due te the fact that the update retﬁrn(ﬁﬂ,}
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LB,
LB,
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corresponding to the fol nan-de

tition-fres)

Same

lease{B,laase (A, vatur

{c) In state 2 we have B ¢ O because of the update

we have in state § both B ¢ U and
i

subsume those of the previous

{1} the first

o
i~
g
S—5-
3]
s
3
—
.
=

(B, .) by

lﬁaﬁeéﬁﬁlease(ﬁyrwturmﬁcysaﬂl{ﬁa

(4)

sall(er@turn{ﬁ,sail(Ejlwaﬁﬁﬁﬂwphis}}}}}i}

which is subsumption-free {hut neither repetition-free nouv non-

)

.

decreasing). The evolution corvesponding to {4) is the same ac

oy

1} except that stat 2 and 3 now have 0 = {B) and state 4 has

G = {8,0},

(d} We can view the aim of gxecuting the original se~
quence of updates as attaining a state P where Hpm 1A,B,¢) and
Op= {B,C}. From this viewpoint traces (1) through (4} achieved
this aim in 2 somewhat roundabout way.If we want o increase
(U,0) from {B,8) to ({4,3,0},{B,0}) via few intermediate states
we may consider the following evolution:

update i b

{
fu,0} B0}
ta.B,C} i {B,cl




of & into
the dnsevtion of ¢ intn I

the

the net effect of their arder belng

insert

of bBoth B andg ¢ dnte U. This gives us the freedowm of reordering

sccurrences of the same operation symbol sccovding to their cus

tomer parvameters, We can choose an order among customer

4 < B < ¢ < B} oand reovder adjacent occurrences of

(¥4
=51

opevation symbel so that 4 13 move external than B, ane

.

PRV

For instance, trace (2} is already ovdered according to

sommute

o

lie same

terion. Ordered traces corvesponding to the ather ones are:

- corvesponding to {1}

lease(d,leagse{B,return{l,sell1{(R,sell {0,

IBNY

returnib,lecase(B,1

rase (I, pt

-~ corresponding to {3):

laaSﬁ{ﬂﬁLe&se(ﬁﬁratqﬁgiﬂﬁsali(Bﬂs$11{0$

5

lease(B,phil)) il

- corresponding to {4):

lease(d,lease{B,retura{l,sell(B,sell{C,

'returniﬁﬂsall(B,Eeﬁs&{ﬁgphi}}}}})})

- covrvesponding to {(H):

-,

leagsefd,sell{B,seli{C,phi}})

{6}

———
W
st

() Sti11 other possible trace Tevels arve combinations

——dn

of the preceding ones. For iastance, an
repetition~free and non-decreasing) is:

lease{A,sell(B,5ell{C,lease(B,phi) )}

causing the evolution:

e
nereasing trace

{i.e,

(10)

g torth.



wheyve each transition cauvses a sirict increment in 0 ov 4.

are trace Tevels where sach state

fa) OF special

has a unique representative, for then we have a one-Lo-one corres-

pendence between states and fracesg dencting them. A systematic way

to achieve this unigueness consists of preceeding via a servies of

traces, each one "closer” to uniqueness than the preceding one.
For instance:

- Gtarting at the actual trace Tevel, containin

such as {1},
- pass to the repetition-free level. with traces as {2},

. then move on t{o the increasing level, with traces as

)

. and proceed to “"move definite” levels by adding sue-

cessively the conditions of being subsumption-free,

reduced, etc. and firally ordered.



ponding to trace {5}.

Soe it is paturel to define a as a canonical

a cancnicel term algebra {cta}. Thus,

representatives for the congruence

classes of the corresponding trace algeby

o

o

can be naturally ordered by dnclusion. Also,

1

it 1s easy to see that the property of being a canonical form is

-

closed under arvbiftrary unions and intersections. Thus we have

{see Fig. 2)

sitton  The set of a1l trace levels of & signature

L, undevr inn?uw1un” forms a camp}@tﬁ ltattice. Its Tub {supremum)
is the actual trace Tevel and its glb (infimum) is the empty ca-

nonical form.

Notice that we have adwmitted an empty canonical form but
it corresponds to no cta. The Teast trace leveis corresponding to
cta’s are those comsisting of a single term for each sori. More-
over, a given congruence can have in general many sets of re-
presentatives. Im fact the proof of

Wt

Lemma [GTW] Any finitely generated algebra is isomorphic
to a cta.

ndicates some ways of chooesing canonical vepresentatives. In ad-

sen

dition this Temma shows that we can always work with trace alge-
bras without Tosing any finitely generated algebra.

in wsing trece levels as a tool for methodical specific-

a2

atiocn we ave inferested oniy in cancnical Forms that can be refined
50 as to repr&sﬁnt a given algebra A. In other words, we are ipn-

terested in cta's € with =[A] 2 Now the hGPVE$ﬁﬁﬂ@1ﬂ9 cano-

nical forms are no longer ntersection. But we still

have {see Fig. I3}
Theorem The set of trace levels of cta’s with congruences

ete upper sub-g

included in a given congruence & on T is & compl



i ace devel s the camonical ferm con-
sisting of correct) (ground) terms without any

Further vestriction. It corresponds to the term algabra 7.

i

Tevel deserves fupther clavification,

clearly stressed

from adiace

feve repetitions s an °

that whﬁma er o ty.oto o .t ¢ P oand t, ¢ B
i b il b i B
o

» 3 » " # : A £ - §
the given algebra A are distinctot,”™ # P‘Lt} seevaty 1o & trace

i
Tevel free from {arbitrary) repetitions is an s-set § satisfying

the st ronger requirement that whenever a term t o G, has one of its
"qt @ ?k -

£
proper subterms t also in §_ then t" 3 [/,

<+

Now a trace Tevel R 95 said ta he y‘lufp iff whenever a

erm t s in R and one of its subterms t' has ﬁhﬁ Form o t
” ‘ A, oo A
then t™ ¢ £y

L,@naakﬂ i ’]\h E] & E{ﬁ

inally, a trace level U is said to be on the unigue-

=13

representative Jevel 1Ff for each acd there exists exactly one

'''' . . . A
trace t«l denoting a, i.e. with & = & .

The following implications are easily seen to hold:

unicue~-representative = reduced = free from adjacent repetiti
Moreover, they cannot be reversed, in general. Als so, notice fhat
while the property of peing a canonical form ig purely syntactical,
this is no longer true for trace Tevels. A trace level is free from
adjacent repetitions, reduced, etc. only with respect to a given
algebra 4.

The preceding discussion of trace Tevels and trace al-

gebras concerns finitely generated algebras in general., Ia the
of hierarchical data types we ave given a bhasie a%gﬂbrﬂ B. We can
then relativize our concepis to the non-basic sorts, as Tollows.

For the basic sorts we choose one primitive term to represent each

equivalence class of the primitive congruence. For the non-basic
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Covresnondence between the Tattices
of Tinitely generated algel



Fig. 3: Sublattice of COnYryeng

included in ® and corresponding
upper sub-semilattice of trace Tevels



b. Trace Level

TOW 5o

Tevel

~Formal way., the Tollowing ¢

T B N R v By 3 oo s
acbuat (hi a:s‘muw,u -] !‘ trace tavels:

epatition-

~ the cta P af iLhe
- the ¢ta ¥ of the reduced haurd&lhuﬂai‘ ievel;

A8y

e cta o

s

the unigque-representative fhierarchical) leveld.

It will become clear that what we cali, for short, repe-
tition~free level should more properily be called "free from adja-
cent repetitions™, as defined in section 5.

6.1. Actual {hierarchical) trace level

bn this level, the traces of sort customer are all (syn-
tactically correct) terms, rvepresenti ng the actual ssouence of all
the updates actually invoked in their chronological ovrder. This
reminds one of the so-called audit trails. Indeed, for auditing or
for statistical purposes these aciual traces may be useful. As an
example consider:

lease{C, return{A,recurn{B,lease (¢,
s ) , e a s 113
*aii(Eyl@aae(A,lﬁasm{E”phx});j}}) (11)

A semi~formal specification for this level consists of:

lwm‘e fc,t]

gell [c,t] =

otherwise

OFf course, this specifies the cta T of all terms of sort
(Bool{ean} is assumed to have the constants True and

"

traces and the zort comey 15 assumed to have constants

as representatives for customers.) Notice that the specification is
sufficiently compliete (one can determine the results of queries;

for instance, with t denoting trace (11), as

z.‘;

we have owns LB, t1 =

ue}, and correct with respect to the intended




mode |

ohher

g this

Here, a trace consistg only of ithe operation svmbols that
ctually caused state chanaes. For dnstanc

i
trace corresponding to {1ty is

return{d,iease(C,se1]

Again, this level reminds one of logs kept, in this case,
for recovery purposes.

A semi-formal ification for this level 45 as follows:

W

=]
el
o
=3

pl

lease{c, U} 1Y uses [o,1] =

t oltherwise

r - ERr :D -
; } retura{c,t} T uses {c,t]
- e i

return and owns [o,t]

t gthorwise

-nnae-umw-»c«qiv»nvmnnv«'v(-vra

¢« True

then

ci% I

ctherwise

P { frue Tf ¢ contains sell{c,...)
P e . h oo E
owns Le.t] = )

Faise ctherwise

Again, this is a sufficiently complete specification,

3
o
L
s

vect with respect to the intended mode! and it is a refinement



ERPT. k] LN g 3 - oo b Loy o A g §% Ty W y b,
tevel, the walue of ths oy {12% 4s {1
-
. 43 o=
I
~ o n - I ¢ ST SRR B b . o, vy I
as can be seen from tha above +f

trace {11} can be obtained as follows.
gives

P 11 . P
lease [0,sel Ihﬂgemav L&,.Luow

c(d,lease (B, phi) )]

lease(C,sel] L(B,1e

Call this term ©'. First, as t° contains L1{B,...). we have

whencs

P - )
owng [B,t'7 = Now, as ©' contains

lease(A,...) wwi& no later return{i,...), we have use ‘3 =
P , . . T .
True . ﬁlao owns [aA,t°] = 50 return iﬂqf 7 = A

Now uses EC return{a,t*)]

= retuvrn(A,t'), Hence the value of trace (11} on this Tevel is trace

). As this equality could not be derived on the actual trace
Tevel, we new have a propey vefinement, i.e. =[P] g =LT1].

©.3. Reduced {hierarchicall trace JTovel

Un the preceding levels the Tength of the traces increased
with time. Now we keep only those operation symbols whose effects
were not Tater cancelled or subsumed by others, iln th

is xampﬁe
this 1s enough to guarantee that the trace is educed. ) A reduced

trace corresponding to {12) is

lease(C,5el2{B,phi)) {13}

A semi-formal specification for this Jevel is
ti{c,t"), where t
the result of removing

. . P - o
"is o if swns [c,t] = False

any oeccurrence of
lease(C....) from t

t oltherwise

¢, which implies lease [C,return(a,t’

[
3
H
£

¥
i
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et ng

cadural are as follows, E

prﬁc&ﬁur@ iy, Within the latter,

;
Py

statements are seguenti cturned s

that of the Tirst expression on the wighﬁ of a "= ' whose

stde has tne value Tr The wal statement is a

truct Tor pattern-matching, its value bef ing that of the right-hand

side of the expression whose Tefi-hand side matches the trace.

7.7. Actual (hierarchical) trace tevel

For the actual irace T@W&Eﬁ the symbol sopntian of an

update is frivial; it suffic to add to the trace the symbol of
the wnew operation. On the cther hand, in order to know whethar &

;

uses a machine a3t the state

bl it is not enough to

Tind return{(B,...) {and answer ither can we answer

simply because we found 1 15 necessary

whether the corresponding updates state changes

not later cancelled.
A procedural specification for this level consists of
procedures as the foliowing:

L R I S R S A

. blstate} 1 s

op s2il{cicustomer




J= if ¢ = ¥ then oswns{c,s)

L I N R

7.2. Repetition-free {hierarchical) trace level

Now the sxecution of updates is stil) relatively simple,
i i

P

d of the trace; we onty

for any addition will be at the left e
have to take care in adding only those operation symbols whose
preconditions for state change are satisfied. The axecution of

queries becomes slightly simpler than on the actual level. For

ain

i

instance, if the trace contains Y without later oc-

currences of lease{i,...) or can guarantee that

at this state customer a does not use & machine,

"y

A procedural specification for the repetition-free level
consists of procedures with the Tollowing aspect:

op sell{c:customer , Tistate] :

owns{c,t) = ¢,

R T T T S S S



R
Notice thai the body of the precedure sell has a pre-

condi tion.

7.3. Reduced (hieravrchical) trace level

Now the exscution of updates becomes somewhat move com-
plex, as some manipulation within the trace may be necessary. On
the other hand, the execution of quevries becowes simpler as
traces are move “compact" and contain no "negative" updates.

Procedures for the reduced trace level have the follow-
ing aspect:

op sell{cicustomer , t:

i

rate) : stare

VAT Xicustomer

» SiSt:

owns({c.t) = t:

cuses{c,t) = seillc,t);

match 1

lease{x,s] =

aelse

ERERIDANGLS et

sell{x,seli{c,s))

&

namatoh

TR

O T T

uses{c:icustomer , fistate) : Bool

var Xicustomer Sistate

match €
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2l return{a, return(s,lease

£
%,
{a lease{B, phiy)iyys)
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1T we execute expression (15} with the procedu

result trace {(12),whe
ot the reduced trace level vieids trace {13},

result of executing

return(s, lease(o,sellirg Tease(n,p

on the unique-representative level is

Some remarks concerning these specitications are in order.

First, notice that, as we progress from the actus] trace level to

that of unique rep resentatives, the syntactical complexity of the
procedural specifications shifts from gueries towards updates,

Also the cluster-iike module of a given level will generate exactly
the traces of this Tevel.

It is worthwhile mentioning that a ﬁrwcedur&? specification
is not only formal but alsoc executable. This allows the designer to
experiment with the specification o see whether the original in-
tentions were actually capiured before commitiing to the costly and
arduous task of machzﬁe tmplewentation. Besides, it is relatively

tratghtforward to transiate a procedural specification into actual
programs written in seme symbol-man ipulation Tanguage such as
SHOBRGL [FV].
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These rules correspond to two pessible paths in the execution o
the proceaduy uses on the actual ITrade Tevel, the first one

amwrﬁﬁpmndiﬂg to the path where t wmatches {y,.s) and y is

ferent from the customer parameter.

o

Notice that rule {16) has & precondition, which may be
incorporated into the rule if we assume the Boolean sort eguipped

with an 1f-then-else, together with its natural specification.
Then, (16} would be merged with its companion rule into:

ot
)
T
!

» %, e . ‘!
uses (X,lease{y,.s} ¥ then True else usges{%,5)

We shall not pursue herve the examplie, a3 it s very si-
¥ k3 ot
mitar to the equational one, treated in the next section. Some
general remarks, however, are in order
Consider a system R of rewrite rules and sets of tevms

. ‘ I Wb ., R . "
VoW < T. MWe call V Re-contralliable to W, noted ¥~»= W, iff for

every v ¢ ¥ theve exists w ¢ W such that v «== w. Here we employ
the usual notation v wgﬁ*w to denote that v car bs rewritien as w
according to the rvules of R. fiven an algebra A,

-

V with respect to A iff whenever v ~== t with v
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