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Abstract

The basic guestion examined in this paper is &
understand by “related” is assertions such as
related to yvowrs ... ", Froblems can be related
depending on  the connexions hetween them. Eac

establishes relations betwsen the solutions of t
problems.  Hereg some  precise forsulations for
and  the corresponding relations are proposed

problem  is defined as a mathematical structure
heing functions satisfving the problem -

cannexions examined are  reduction, homomorpiyi s
similarity. The aim is geining a better unde:
important  notions by means of a precise invest
oroperties.
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1. Inmtroduction

The basic guestion examined in this paper is I What should
one understand by “related’ in assertions such 25 ° Here is a

problem related to yours... T This guoatation from FPalya [19712

reters to a powerful hewistical strategy in problem solving. The
aifm af this peper is proposing some . appropriate prec: se

formulations for this vague, bul eutremely useful, ides.

The structcre  of this paper is as follows. Im The e

)

section some ldzas from Hewistics and Program Specification  are

enployed  to give a preciss definition of a problem as  a

mathematical structw e ~ consisting of domains of data  and  of

a ralation the reguiremsnt, betusen theom - and of

certain functions.  Then, in section 3., we examine

raduction of a probiem to another one — an archetypical

bedng the method of Certesian coordinates. -~ as &

el ationst

1ip betwsen problems, motivated by the desire to

ransfter  solutions. Section 4, on

hand,

ancother kind of link between problems, motivated by ths

L

of homomorghiss as a structure—preserving map. Then, in section
we  pub these concepts and results into perspective, paving the

way for section &, where analogy and similarity are introduced az

generalisations of the previous concepts..

Our ernam of these concepts follows a gensral pattsrn. First,

a structural link is introduced, which induces a relation betwesn



the functions of the problems.  Then, we introduce a concept  of

i

preservation of reguirements, which sstablishes some behavioural

relatinn betwesn thse solutions of the oroblems The overall aim
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stigation is saeing when we can trancsfer  information

{ mainly concerning solutions ) about & problem to  ancbher
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2. Problems and salutions

—

e can savy, with Folya [12713, that a sroblem camnol really
Y Y : f ¥

be =aid to be completely specified until we have the folleowing

information @ what are the given data, whalt are the eipec
resullis, and what is the preblem condition, i. @&. which

correctly match which data. For instance, in wrder to gpe

aiobl em, it i1s not enough to enunciate it just as " finding
k = 3 -
rasts  of polynomiale "i one should be more definite aboub bz
Finds of polynomials are thaey., say, quadrabic or can they have

arbirtrary degree, do they have integral or real @ coefficient=i

aleo, what are the expected resulis, do we want integral roots or

comples ronbei and. finelly | a polynomial in general has more
than  ons roob, do w2 want all of them, any one of themn, o
perhans the emallest ons is the one we want.

The = =2in are bthus
results  and a condition or requirement  connecting Ll

cagbure this intuitive idea by defining & problem as

L VelosotVeloso 1981 17 a mathematical struture P = <D, R,p>

D iz a nonampty =s=et., the domain of datas
R ie a nonempty set, the domain of resultss

P is a binary relation from D to R ; the problem requiress

4
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fosmulation of the concept of problem can be regard:

as an  abstraction arising from  ideas related to program

T



ingly, much as a problem is

ification of a program, a

it of a program, namely  the  input-
cputnut transforeation effected by it. Thus, we define a solution

for 2 problem Poto be a ( tetal Y functiaon § from D o R

We  have defirad a problemn as a mathematical  structure. We

of the behavicw of a problem as consisting of all its

solutions. In order to state this more precisely we

duce the fallowing definitions. Consider

a probhles Po=

0L FLpy . Tthe function space of P is the set FP) of all the

functions from D to R ,and the splution space of P is the set

3Py of all its solutions, i. w. S(P) = { £:D-—3R /7 +Cp 2. Also,
we call a praoblemn P solvable iff it has at least one solution, 1.

2., ZP) # 8 .

As an example, consider the problem of " finding the center

of a triangle in the plane ". We can formulate it, according to

i3
b=
[N

fetfinition, as follows. Its data domain D consists of all the

triangles in the plane, its domain R of results consists of  all

puints  in  the plane, -and the problem requirement is a
reRiation posuch that for all triangles d in D and all .points r in

B =dyr> is in p iff v is the center of d . A solution for this

0

is a function assigning to.each triangle its center.
%, we are considering the general problem of * finding centers

i O all ) triangles ", rather than any particular problem, such



3]

as that of finding the center of this specific triangle ".

As  another enample we can formulate the problem of "finding
a émmp]ex root of a polynomial  with resl coedficients and
arhitréry degree " as follows. Tte data domain E consists of all
such  polynomials, its result domain.5 is the set of complex
nurbers, and the problem requirement is the relation q defined by

Tple),or o is = 0 . A solution for this problem @ is

a’ function

igning to each polynomial ane of its
complex  roots., Thus, & problem may very wall have several

splutions.,
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%. Reduction of problems

Feduction embodies  the parhaps most  intuitive idea of

transfering solitions, namely the soc-called "transform—solve-—

irvert®  technique ©[ Eves 1983 1 . A very familiar example is
provided by Descartes’s analytic gsometry @0 ociven an instance of

2tric prablem, we First bransform it into corresponding

raic sauations, these are then solved for a result which is

fquently  translated back into a result for the original

tric problem instance.

I crder to give a more precise description of the concepts

uritlzy lying these intuitive ideas, et us consider twg problems P

= Zh,R.p>x and @ = JE.85,9* . A reduction link from P to 8 is a

pair. of functions, a forward transform a:D-—3R , and a backward

transform  bIS3-——:R . By means of this pair . of  functions any
function giE-—>>5 can be transformed inta the composite
b.g.a:D-——*R . This assignment g -——* bh.g.a defines a mapping t :

Fily ———» F{P), called the induced retrieval from @ to P .

Motice that the above retrieval mapping is obtained by mere
functional cgmpositimh, with - no regard to the problem
reguirements. Né sti1ill have to examine when the basic aim of
reduction, transfar mf salutions, is éctual}y achiﬁveq" Far this
introduce the following concept of preservation of

s [ Veloso 198G ]




above. lds

w
Y
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Consider a reducticon link <a,.b> from P to &
caell such a link a reduction iff for all d&D and sB5 if <aid),s>
E g then <d,b{s)> € p . The next propeosition shows that this

concept of preservation of requirements is what we nesd in order

to bhe able to transfer solutians.

Prcpcsitinn; Consider a reduction <a,b* from P to & with induced:
retrievel t . Let f:D-—>R and grE-——5>8 be functicns such that & =
t(g) 3 then, i+ g & S( then f B S(P) . In other words, tiS(@3

C S . In particular, if @ is =seolvabhle then so is P .

Given d & D ,as g € 5(0), we have <ald),gla(d)l> E g
whence by preservation of requirements, <d.b{gla(d) > € p

Hence ¥+ = b.g.a € 8Py .GQED

~4



4. Morphisms between problems

Froblems have been defined as { two-sorted ) mathematical

ez and from 2 mathematical npoint of visw homomorphisms,

S0 owe now bt o pxamine

isns between problems.
Consider problems P and @ as before. A morphism link from P

o B consists of a3 pair of functions a data map i:D——>FK and =

result map jiFR-——>3 . We have seen in the preceding section that

dotion link induces naturally a mapping between the function
spaces of the praoblens involved. Now, a morphism link will induce
raturally a relation betwesn the funchion spaces, . instead of &

manping, as made explicit in the nest definition.

Consider a morphism link <i,37 from P . to @ . Wa shall  say

#& functien g:E---35 is conjugate to a function f£1D0-——:R

dorn by £ k g . 1f+F g.i = j.f i. e. the natural diagram
invelving  these four functions commutes. Since conjugacy is  a

ton from F(PY to F{@) , rather than a function, two natural

Lons concerning  its domain and image, are examined in  the

bt

2MMnmAa .

it

Lemma. Consider a morphism link <i,i>* from P to @ ard let k be

induced coniugacy relation. If i:D--—3E is injective then for

each £ £ FI(P) there exists g € F() such that §f kg . If



jiR———>5 15 surjective then svery g in FI&! has a conjugate £ in
FOP)
Froof. Immediate Fraom the fact that in this case i has a left

inverse and j has a right inversa. 9D

The relation of conjugacy cancerns only the domains of the
J = F

problems, a

i

in the case of reduction link, and not their
reguirenents. e now have to iontroeduce appropriate notions  for
preservation of requirements. It will be seen that we have more

than one such motion.

We call & morghism link <i,i: from P ta 8 =& homamorphism

froin P. to G 16+ for =11 g in D and r in R if dd,rx € p  then
{i(d),j(r)b'Eiq - The next proposition establishes transferal of
salutions along conjugacy. We émpl@y the following notation,
which will be used often ¢ givern a relation m fram A to B and

subsets ¥ of & and Y of B then

Kmo="{ h BER / <x,br Em o for some ¥ 8 X 2,

If

my {a & h /7 da,v:xEBm, for some v & ¥ ¥ .

e =

Praoposition. Consider & homomorpbiss {iﬂj} from  to @ wi
surjective data map i and let Kk he the inducéd conjugacy relation
 from FAP) to F{B) . Let f k g , then if £ € S(P) then g E SN .
In other words, S{PYk £ S(8) .

Froof. Given & in E, as 1 is onto, there exists d in D such that
e = iid) . Since f E 5Py , <d,f{dh)> E p , whence, hy ths
deftinition of hmsn:tm(:n;phisr.m:E {i(d),jff(d)]} =] q - Thus, as ¥ k g .

we have {i(d)?gii(d}]ﬁ E g . whence “e,gie)» E g . RED



Another somswhat natural candidaste for an appropriate notion

of  reguirements iz obtained by reversing the

i in the definiticon of homosmorphism, as follows.

A morphism link <i,4% from P to @ will be called a
conformism from P to B iff for all d in D and + in R 2 if

Ay 3irrr B g othen Ji,3 Ep . A conformiem will alsa  allow

made explicit in the next

]
in
.
3

only in the reverse direction when compared with a

Proposition. Consider a conformism <i,§% from P to @ with induced
conjugacy relation kK . Let £ k g , then if g & S{E) then f &

SIPY . In other words, kSR O SP)Y .

fo Given d in D , as g € S(@ , <i(d),gli(d)l> & g s

whETCe ., as f k g , Sid), )3 B g, so <d.f(d) > & p

z

by the definition of conformism. GED

A concept often found in the literatwre is the combination

- s

ot nomomorphiso and conforeism. A morphism link iz a stron

|
in]

homogmorphism iff it is both a2 homomorphism and a contormism.

Corollary. Consider a strong homomorphism “il.3% from P to B with

ctive data wmap i and let k he the induced Conjugacy

hion. I+ ¥+ kg then £ € S(PY iff g 8 5@ . 1In other words,

the conjugacy relation k refines the relation of equisolubility.

PFutting the preceding resulte together we obhtain the
following theorem, which is stated so as to emphasise transferal

vabkility.

10



Theorem. Consider a morphism link Ji,3> from P to Q.
‘ -1
£ <di.3> is a homomorphism with bijective i then j.f.1 =

~—

{(a
S whenever £ E S(P) . In particular, i+ P is solvable
then so0 is & .

(b} If <i,j% is a conformism with surjective ;3 then every g in
S is conjugate to some £ in SPY . In particular, if
Q iz solvable then so is P .

(o) I+ <i,4i> is a strong homomorphism with bijective i then

-1
€GP iff j.f.d € s . In particular, P is solvable

iff @ is so.

11



3. General relations between problems

Let us briefly put into perspective the contents of the
preceding sectiapz. We have been considering a pair of problems P
= 4D,f,p>» and @ = <{E,5,qg* related in =some way. The way. these
probleas are related is via some “"structural 1ink” 1 from P to 0.
We have been considering structural links consisting of pairs of
functions. Each such structural link induces a link L between the
cérregpcnding function spaces, i. . L is a relation from
i to FR) | induced by the structural link alone, withiout
censidering  the problem reguirements. Then, we introduced émﬁe
Céncept of preservation of requirements, which allows the
relation L to induce a "behavioural link" B between the _SDlutiGn
spaces, In this context we have been examining two Lkinds of
guestions, aiming at trans%efal of solutions.

1) Given £ in F{P) can we find g in F s0 that f L g . or vice—

2} Assuming that §F L g ., from the fact that f is a solution far P
{ under what conditions ) can we conclude that g is a solution
for @@ , or vice-versa 7
Each kind of link we have considered so far consists of a
pair of functions, the difference lying in their ‘“directions®.

Alzn, the various  concepts of preservation of requirements

o

each other, - appearing to be variations on a common
theme. O next step will be to examine this  common

gensralis=ation. Since the difference between the links is due to



the directicons of the functional arrows, a natural way to get
carcund this consists of replacing the functions by relations. For

this purpose we will have to recall some concepts and notations

pertfaining to relations [ Tarski 1941 31 .

Consider ( binary ) relaﬁiong m from A to B and n from B to
cC . é5 u5ua1 we write xﬁy to mean <x,y> € m . The converse of m
is the relation & from B to C defined by
o= { dy,ux E Bu@. /7 umy T .
The { relative ) product of m by n is the relation min from & o
C defined by

~

min = { <x,2> & AxC / for some vy € B xmy and ynz

o]

We also have a special relation, the identity relation on &
denoted by 1(AY . Some properties [ Tarski 1947 1 of thece concepts

are given in the next lemma.

Lemma. With the above notation =

(a) the domain of m is all of & ( Doma = 8 ) iff 1 (A} C msid 3

¢

(b)Y the range of m iz all of B { Imm = & 3 ifFf 1(® C thim 3

is a2 ( partial' ) function from some subset of 4 inta B iff

h
e

We recall that we can regard ( the agraph of ¥ a furnction as
& { special } relaticns then the relative product fég af two
functions is ( the graph of )  their functional compesition g.§ .
This enables us to restate in the language of  relations the
concepts of pressrvation of réquifements previcusly introduced ,

which is the content of the next proposition.

Juak
[



Froposition. Consider problems P and B as befors.
ia)Y A reduction link <a.b> from P to @ is a reduction from P to O

i

by

¥ bigia C p .

.o

& morphism link i, from P o @ is

N
o
'

a homomorphism iff pij € idg , and

a conformism ifFf iicg C p3j .

{al We have d p bis) whenever ald! g s it d p bis) whenever
d aiq s iff whenever d asgqib r then d p v { since biS—3R ).
(b} For the first case, we have i{d) g ji{r) whenever d P iFF
d‘i:q iir) whenever dp v iff whenever d n:i s then d i5g s
{ since jiR-——>5 ) . The cther case follows from the same lind

of reasoning. GED

14



6. Analogy and similarity of problems

He can now introduce the generalised versions of ow notions

of “relatedness” between problems.

Consider problems P = <D,R,p» and @ = <E,S,q* , as hbefaore.

An  analogy 1link from P to 8 consists of two relations, a data

relation v from D to E ., and a result relation w from R to S .

An  analegy link induces a relation between the function

problems involved. We call g & F@) functionally

if

spaces - of th
analogous to £ B F(P), dencted by f h g , iff fiuw £ vig . One way
to =zee that this definitien is a reasonable generalisation of the

preceding ones is by seeing whether it does specialise as

enpected. This ig the content of the next lemma.

Lemma. Consider an analogy link <v,w: from P to @ as above.

(a) I¥f v and w are functions then VLW 1S a morphism link, and
in this case £ h g iff f k g .

(b} I+ v and & are functions then <v.#>* is a reduction link, and
in this case f h g iff £ = (g} .

Proof.

{(a8) HWe have + h g iff fiw C vig iff fiw = vig iff w.f = g.v ifF

+ kg .

(b) I+ f h g then fiw C vig , 50 f5w = vig . Thus, vigid = Fiwid

i

€ F . so vigid = f ,  whence f

#.g.v . Conversely, 1if f

o
L



#.g.v then f = vigid , so fiw = vigidsw C vig , whence

We now  introduce ocur generalised version of preservation of
requirensnts. An analoay - link <v.w? from P to 8 is called an
analogy from P to @ iff vig C piw . Again we can see that this

concept specialises to the previous ones as expected.

Proposition. Consider an analogy 1inE Tv,wr from P to @ .

{a} If both v and & are functions then <v,w> is én analogy 1iF¥f
TvaRrF is a reducticon from P to @ .

thi I+ bath v and w are functicens then <v,w> is an amalogy. if¥F
it is a conformism from PrtD 2 .

tcy If both ¥ and @ are functions then <v,w> is an analogy i+f

is a homomorphism from @ to P .

(a) Assume that v and & are functions.
(==X} I+ viq € piw then vigi® C p3wite © p .
{= C vigimwiwm C piw .

=) If vigqid C p then vig
{h) Immediate. |

{c} fAssume that ¢ and & are functions.

==X} First, as Dom¥ = E , qi& C Viviqiv . But, since <v,w>

is an analogy, vigq C piw . Hence, g5t C Yipswid

L vip , since & is a function.

First, since Domd 5 » vig C vigidisw . But, since <¥,éx

is a homomorphism, gi®% C ¥ip . Thus, vig Oowv

8y

-

C piw , since ¥ is a function .° QED

These results suggest  that the concept of analegy 1is  an

appropriate common generalisation of reduction, homomorphism and

14



conforml sm. A result pertaining to analogy per se iz the neut

One.

Theorem. Consider an analogy <v,.w> fram to 8 such that & is &
partial Afunction with image R - Bo, if £ h g then + £ S(P
whenever g € S . In other words hS5(E) C S(P) .

-y -~

rogf. Consider f h g , so fsw £ vig . Let g € 5(8 ., then

1"

C g . Thus, fiw O w3 " whence 3w L psw 25 TV, WF 15 ar
Lr 5 L E =k = 3

analogy. So, fiwi®d C piwi® o Now, as Ime = R , £ C fiwid and as

is a function, piwiw C p . Therefore + Cp , 1. ., £ € S(P) .GED

Thus, we have seen that the concept of analegy is indeed =
common  generalisation of those introduced in 'the previaus
sections. Thé reduction link we have considered consists of
functions a:D-——-*E and b:S———>*R and wmiaht be called an "ungmupled

link". However, in some contexts it may be of interest to employ

masrE powerful versions of reduction link. One such possihility is

"

the  so-called "loosely caupied"']ink? "with maps arD-———3E

s as
before , but bIiExS—-rR, meaning the backward transform can
also use information ahout a data, in addition to a3 result it

beog

tranzlating hack to the original problen [ Velose+Martins 1984 3.

In order to encompass the above cases of reduction as  well

as  other ones we may consider a more general link between
problems. fAs a tentative definition we suggest considering &
similarity link from problem P to probles @ to be a guaternary

relation u € DxRxEx8 .. It is clear then that an analogy link

ivew> is just the special case when we have <d,r.e,s% in wu iff

=1

E v and <r,s* E.w . However, this notion of similarity, in



art due to its generality, i=s still in a preliminary stage of
devel opaent. In particular, it i= not very clear what is a

natural forinulation for  the concept of areservation of

wirzments in this cass.,

ig8



7. Conclusian

We have examined various possible ways to make precise  the
vaguesa,  but =xtremely fruitful, notion of "relatedness"  betbwesn
problems, which were precisely defined as mathsmatical { two-
gﬂrted } structures.consisting of dDmains of date and of result
and a relation of recuirement between them. The hasic idea ics
that. twq problems are related wheﬁ there iﬁ-gomﬁlgtructural linis
hetween them. This structural Tink then induces a relation
betwaen the corresponding ¥unctimﬂ zpaces.  We then intreoduce the
concept of a structural link presecving problem requirements, in
order  to see  when the above relation vielde one between the

solution spaces of the problems.

We have examined first two functional links. The fisst o,
ielding reductions, carresponds to the Iintuitive idea of
transfering - the solution of a problem $o another one related o

3]

Lﬂ

it: in this case we actually obtain 2 function sapping =

searnse  inta the cher onsa. The second functional link. examined,

vielding homomorphism and variations therecf, corresponds to the
idea of structural similarity. A common generalisation of

concepts  was  then introduced - analogy — via a2 relational link
aridd %1e previous LﬂPCﬁptS wars refornuls 2ted and generalised to the
realm of felations, in lieu of functions. Finally, an even aors

general hind of link — similarity — was tentatively introduced.



e overall aim iz gaining a better, and more precisse,

retanding of thess notions, in grder to establish more

i,
r«'—
puyg
i
by
i
a
a
it
[~y
3
n
u

L,

7

el
aad
jute

n
7]
or
b
p—y
"

;,‘,::

"

2



References

Eves, Howard - Great Moments in Mathematics @ before 1650. Tha

Math. Assoc. of Amarica,Washington DC, 1983,

Manna, Zohar -~ The Mathematical Theory of Computation. McGraw-

Hill. New York, 1974,

Pblya; G. -~ How to solve it *@ a new aspect of the mathematical

method. Frinceton Univ. Fress, Princeton, 1971.

Tarski, A. - " On the calculus of relations ". J. of Symbolic

Logic, voi. &. 1941, p. 73-89.

Yeloso, F. A. 8. - " Divide-and-conquer via data tyvpes ".Proc. VII

Latin—-Amer. Conf. Informatics, Caracas, 1980,

p. S30-539,

Veloso, F. (. 8. + Martins, R. C. B. - ® A logical hierarchy of
reductions of probleas ".Proc. &6th Intern. Congr.

Cybernetics and Systems, Faris, 1984, p. 731-773&4.

o

Veloso, P. QB.S~A+ Veloso:. 5. R. M. — " Problem decompositioh and

i

reduction @  applicability, soundness, compleisness
R. Trappl, J. Klir, F. Pichler (eds.} Progress in
Cybernetics and Systems Research, vol. VIII,

Hemisphere, Washington DE, 1991, p. 199-203,

fl
Py



