A Finite Axioma tiza tion for Fork Algebras

Mar celo F. Frias , Armando M. Haeberer Paulo A.S. Veloso

e-mail:{mfrias,armando,veloso}@inf.puc-rio.br

PUC–RioInf.MCC13/97 May 1997

Abstract: Prop er fork algebras are algebras of binary relations over a structured set. The underlying set has changed from a set of pairs to a set closed under an injective function. In this paper we present a represen tation theorem for their abstract counterpart, that entails that proper fork algebras — whose underlying set is closed under an injective function — constitute a finitely based variety.

Keywords: fork algebras, relation algebras, represen tabilit y.

Resumo: As fork algebras próprias são álgebras de relações binárias sobre um conjunto estruturado. O conjunto base foi modificado a partir de um conjunto de pares para um conjunto fechado por uma função injetiva. Nesse artigo nós apresen tamos um teorema de represen tação para as fork algebras abstractas pelo qual se prova que as fork algebras próprias – cujo conjunto base é fechado por uma função injetiva – constituem uma variedade finitamen te baseada.

Palavras–chave: fork algebras, álgebras relacionais, represen tabilidade.

1 In tro duction

Prop er fork algebras (PFA’s) arose in computer science with the work of Haeberer and Veloso as a relational framework for expressing non–deterministic programs and reasoning about them. They were extensiv ely used for program specification, as well as for program development in relational calculi [1, 2, 4, 5, 6, 12, 13].

It is well known that relation algebras (RA’s), the abstract counterpart of the algebras of binary relations [3, 23], have weak expressive power, since their logical counterpart — denoted by L^× in [25] — is equipollent in means of expression and proof with a three variable fragment of first–order predicate logic (see [25] p.76–89 for a detailed proof of this). An example is shown in [25]: the formula

(∀x, y,z) (∃u) (¬ x = u ∧ ¬ y = u ∧ ¬ z = u)^1

from Tarski’s elementary theory of binary relations [23] cannot be expressed by any formula from Tarski’s calculus of binary relations^2. Such lack of expressiveness had its impact in programming, for first–order specifications of programs are not likely to have meaningful translations into the calculus of relations. Thus, a change was required. If we examine the above formula and analyze the reasons why it was not expressible, we will realize that by losing individual variables we also lose information which should be kept. In order to preserve such information, we considered having relations on a structured universe, rather than on a plain set.

From 1990 —when we created the first class of fork algebras— until now, we defined several differen t classes of algebras of binary relations, with the aim of finding a framework suitable for programming needs. PFA’s, as all these different versions were called, are algebras of binary relations on a structured set [7, 8, 27]. The underlying structured set changed from a true pairing structure —the objects were originally true set theoretical pairs in the first class defined in [26]— to a set closed under an injective function [10]. Whether or not PFA’s are finitely axiomatizable is a question that immediately arises because frameworks with few simple rules are avidly sought. Furthermore, such finite presentation should be single sorted over relations, much as most functional calculi have variables ranging only over functions. This allows their properties to be succinctly expressed.

Mikulás, Sain, Simon, and Németi showed in [18, 21] that some of the other versions of PFA’s [26, 9], on which the underlying domain was made of pairs, were not finitely axiomatizable. This was done by proving that the theory of natural numbers can be interpreted in the equational theory of PFA’s, and thus leading to a non–recursiv ely enumerable equational theory. In [10] we

1Notice that this formula has four variables ranging over individuals. 2See [23] for the presen tation of the calculus of relations.

presented a class of proper fork algebras wich we proved is finitely axiomatizable over complete and atomic Boolean Algebras, but the axiomatization contained a non–equational axiom. Furthermore, because Boolean completeness cannot be expressed in first–order predicate logic, the class as a whole remained non axiomatizable.

In this paper we propose another version of proper fork algebras which is shown to be a finitely based variety. From our viewpoint, proper fork algebras originated as a framework to model the input/output semantics of specifications and programs. In such setting, the finitization result gives us a new tool: the abstract fork algebras which, with their lack of individual variables, are the relational counterpart of functional calculi.

In Section 2 we define a new version of PFA’s, new because it differs from the previous ones [1, 2, 4, 5, 7, 8, 10, 12, 13, 26, 27] which are slight variations of the one originally introduced informally in [14]. This new version originated from remarks by Roger Maddux in [17], and also at the Dagstuhl RelMiCS encounter in Jan uary, 1994, later discussed during a meeting in Rio de Janeiro held in August, 1994. The obvious reason for introducing this class of fork algebras is to elude the previously mentioned Mikulás, Sain and Simon negativ e result [18]. The latter result was specially devised to show the non–finite axiomatizabilit y of pairing algebras in general, and of the version of PFA’s presented in [13] in particular. This negativ e result was also avoided in Németi [19, 20], and Saín–Németi [21] in such way that they did not change the original definition of PFA’s, but instead used non–well–founded set theories. In Section 3, by using as a central result a theorem due to Tarski on the represen tabilit y of quasi– projective relation algebras, we present the finite axiomatizabilit y theorem for fork algebras.

2 Prop er Fork Algebras

In order to define PFA’s^3, we will first define the class of powerset ⋆PFA’s by

Definition 2.1 A powerset proper fork algebra (noted by ⋆PFA) is a two sorted structure with domains P (V) and U

< P (V) ,U,∪ ,∩ ,’,∅ ,V,|,Id,^∼ ,∇ ,⋆>

such that

1. V is an equivalence relation with domain U,

3It is imp ortan t to remark that PFA’s are quasi–concrete structures since, as was pointed out by Andr éka and Németi in a private comm unication, concrete structures must be fully characterized by their underlying domain, something that does not happ en with prop er fork algebras because of the (hidden) operation ⋆.

2. |, Id,^∼ and ’ stand respectively for composition between binary relations, the diagonal relation on U, the converse of binary relations, and set complementation (with respect to V), thus making the reduct < P (V) ,∪ ,∩ ,’,∅ ,V,|,Id,^∼ > an algebra of binary relations,

3. ⋆ : U × U → U is an injective function when its domain is restricted to V,

4. whenever xVy and xVz, also xV ⋆ (y,z),

5. r ∇ s = {< x, ⋆ (y,z) > : xr y and xsz}.

Definition 2.2 The class of PFA’s is defined as S Rd [⋆PFA], where Rd takes reducts to the similarit y type < ∪ ,∩ ,’,∅ ,V,|,Id,^∼ ,∇ > and S takes subalgebras.

In Defs. 2.1 and 2.2, the function ⋆ performs the role of pairing, encoding pairs of objects into single objects. It is importan t to notice that there are ⋆ functions which are quite distinct from the function of set–theoretical pair formation, i.e., there are models in which ⋆(x, y) is not the same as (x, y).

Finally, we define the class of represen table fork algebras, which is the candidate to be finitely axiomatized.

Definition 2.3 We define the class of represen table fork algebras as RFA = I PFA^4.

3 Finite Axiomatizabilit y of PFA’s

In this section we will present a theorem ensuring the finite axiomatizabilit y of PFA’s. In order to prove the theorem we will define the class of abstract fork algebras (AFA’s) as the models of a finite set of axioms Ax. After doing this, we will prove a represen tation theorem establishing that Mod (Ax) = RFA. AFA’s are an extension of RA’s^5 by means of a new operator called fork — and denoted by ∇ — which, like the relation–algebraic operators, is axiomatized by equations whose variables range over relations.

Definition 3.1 An abstract fork algebra is an algebraic structure

< R,+ ,•,–,0,∞ ,;,1,^⌣ ,∇ >

satisfying the following set of axioms

4Here I stands for the operator of taking the isomorphism class of a given class of algebras. 5For arithmetical prop erties of RA’s refer to either of [3, 15, 23].

1. Axioms stating that < R,+ ,•,–,0,∞ ,;,1,^⌣ > is a relation algebra^6 where < R,+ ,•,–,0,∞ > is the Boolean reduct, < R,;,1> is the monoid reduct, and^⌣ stands for relational converse,

2. r∇ s = (r; (1∇ ∞ )) •(s; (∞ ∇ 1)),

3. (r∇ s) ; (t∇ q)^⌣ = (r;t^⌣ ) •(s;q^⌣ ),

4. (1∇ ∞ )^⌣ ∇ (∞ ∇ 1)^⌣ ⪯ 1^7.

In the next lemma we will prove some properties of the objects (1∇ ∞ )^⌣ and (∞ ∇ 1)^⌣ , which show that they form a pair of quasi–pro jections, as defined in [25] p.96.

Lemma 3.2 The objects (1∇ ∞ )^⌣ and (∞ ∇ 1)^⌣ are functional^8. Moreover, the equation (1∇ ∞ )^{⌣ ⌣} ; (∞ ∇ 1)^⌣ = ∞ holds in every AFA.

Pr oof Let us prove first the functionalit y of (1∇ ∞ )^⌣ .

(1∇ ∞ )^{⌣ ⌣} ; (1∇ ∞ )^⌣ = (1∇ ∞ ) ; (1∇ ∞ )^⌣ [^⌣ is an involution ] (1∇ ∞ ) ; (1∇ ∞ )^⌣ = (1;1^⌣ ) •(∞ ;∞^⌣ ) [by Ax. 3 in Def. 3.1 ] (1;1^⌣ ) •(∞ ;∞^⌣ ) = (1;1) •(∞ ;∞ ) [by properties of RA’s] (1;1) •(∞ ;∞ ) = 1•∞ [by properties of RA’s] 1•∞ = 1 [∞ is the Boolean unit ]

In a similar way we have the functionalit y of (∞ ∇ 1)^⌣ .

(1∇ ∞ )^{⌣ ⌣} ; (∞ ∇ 1)^⌣ = (1∇ ∞ ) ; (∞ ∇ 1)^⌣ [^⌣ is an involution ] (1∇ ∞ ) ; (∞ ∇ 1)^⌣ = (1;∞^⌣ ) •(∞ ;1^⌣ ) [by Ax. 3 in Def. 3.1 ] (1;∞^⌣ ) •(∞ ;1^⌣ ) = (1;∞ ) •(∞ ;1) [by properties of RA’s] (1;∞ ) •(∞ ;1) = ∞ •∞ [1 is neuter regarding ;] ∞ •∞ = ∞ [∞ is the Boolean unit ]

We will call (1∇ ∞ )^⌣ the first quasi–pro jection and (∞ ∇ 1)^⌣ the second quasi–pro jection of an AFA. We will denote the first quasi–pro jection by π and the second by ρ. Relation algebras with projection elements have been widely studied. In [24] and [25] relation algebras having functional elements A and B satisfying A^⌣ ;B = ∞ are called by Tarski quasi projective relation algebras (QRA’s), and Maddux, in [16], calls structures < R,A,B> (R a relation algebra), pairing relation algebras (PRA’s). From Lemma 3.2 we immediately obtain the following corollary.

6Equational axiomatic systems for relation algebras are given in [3, 22, 25]. 7We use ⪯ for the partial ordering induced by the Boolean structure. 8A relation r is said to be functional whenev er it satisfies the inequation r^⌣ ;r⪯ 1.

Cor ollar y 3.3 The relation algebra reduct of any AFA is a QRA. Moreover, if we call R the RA reduct of a given abstract fork algebra, then any structur e < R,π,ρ> is a PRA^9.

As the next step we will prove that the axioms characterizing AFA’s are satisfied in any PFA, thus establishing that RFA ⊆ AFA. Theorem 3.4 RFA ⊆ AFA. Pr oof By the definition of PFA’s the reduct of any PFA to the similarit y type < ∪ ,∩ ,’,∅ ,V,|,Id,^∼ > is an algebra of relations, thus satisfying the axioms characterizing the RA reduct of AFA’s.

In order to show that Ax. 2 in Def. 3.1 holds in every PFA, we will prove that for any relations r and s, r ∇ s = (r |(Id∇ V)) ∩ (s|(V∇ Id)).

We have < x, y> ∈ r ∇ s iff for some v,w ∈ U

< x, v> ∈ r , < x, w> ∈ s, y = ⋆ (v,w) and < v,w> ∈ V, iff (since < v,⋆ (v,w) > ∈ Id∇ V, < v,w> ∈ V and < w,⋆ (v,w) > ∈ V∇ Id are equivalent), for some v ∈ U < x, v> ∈ r and < v,y> ∈ Id∇ V, and for some w ∈ U < x, w> ∈ s and < w,y> ∈ V∇ Id iff < x, y> ∈ (r |(Id∇ V)) ∩ (s|(V∇ Id)) .

In order to prove that Ax. 3 from Def. 3.1 holds in every PFA, we will prove that for any relations r , s, t and q (r ∇ s) |(t ∇ q)^∼ = (r |t^∼ ) ∩ (s|q^∼ ) .

We have < x, y> ∈ (r ∇ s) |(t ∇ q)^∼ .

iff for some z ∈ U < x, z> ∈ r ∇ s and < z,y> ∈ (t ∇ q)^∼ ,

9PRA’s are presen ted in [16] p. 327.

iff for some z, a, b, c, d ∈ U z = ⋆ (a, b) , < x, a> ∈ r , < x, b> ∈ s, < a, b> ∈ V (1) and z = ⋆ (c,d) , < y,c> ∈ t , < y,d> ∈ q, < c,d> ∈ V. (2) Since by hypothesis ⋆ is injective we have that 1 and 2 hold iff for some a, b ∈ U with < a, b> ∈ V < x, a> ∈ r ,< x, b> ∈ s,< a, y> ∈ t^∼ and < b,y> ∈ q^∼ .

iff (since r^∼ |s ⊆ V) < x, y> ∈ (r |t^∼ ) ∩ (s|q^∼ ) .

In order to prove that Ax. 4 from Def. 3.1 holds in every PFA, we will prove that (Id∇ V)^∼ ∇ (V∇ Id)^∼ ⊆ Id.

Let us have < x, y> ∈ (Id∇ V)^∼ ∇ (V∇ Id)^∼ .

Then for some v, w ∈ U,

y = ⋆ (v,w) , < v,x> ∈ Id∇ V, < w,x> ∈ V∇ Id and < v,w> ∈ V. So for some v, w ∈ U, y = ⋆ (v,w) , for some a, b ∈ U x = ⋆ (a, b) , < v,a> ∈ Id, < v,b> ∈ V, < a, b> ∈ V and for some c, d ∈ U x = ⋆ (c,d) , < w,c> ∈ V, < w,d> ∈ Id, < c,d> ∈ V.

Thus, since ⋆ : V → U is injective and Id is the diagonal, for some v, w ∈ U x = ⋆ (v,w) = y as was to be proved.

Pr oposition 3.5 Consider A ∈ AFA with RA reduct A^′. Given an RA homomorphism H : A^′ → B into a proper relation algebra B, there exists an expansion of B to B^∗ ∈ PFA so that H : A → B^∗ is an AFA homomorphism.

Pr oof The algebra B consists of relations over a set U, with unit element V ⊆ U × U.

Since the quasi–pro jections π, ρ ∈ A^′, we have H (π) , H (ρ) ∈ B. By Lemma 3.2, A^′ satisfies π^⌣ ;ρ = ∞ , π^⌣ ;π⪯ 1 and ρ^⌣ ;ρ⪯ 1. So H (π)^∼ |H (ρ) = H (∞ ) = V, and H (π) and H (ρ) are functional.

We define the relation F ⊆ (U × U) × U by

< < a, b>,c> ∈ F ⇐ ⇒ < c,a> ∈ H (π) and < c,b> ∈ H (ρ) . 1. V ⊆ Dom (F ).

Given < a, b> ∈ V ⊆ H (π)^∼ |H (ρ), there exists c ∈ U such that < a, c> ∈ H (π)^∼ and < c,b> ∈ H (ρ), so < < a, b>,c> ∈ F .

2. F is functional on V.

Let < < a, b>,x> , < < a, b>,y> ∈ F . Then < x, a> ∈ H (π), < x, b> ∈ H (ρ) and < y,a> ∈ H (π), < y,b> ∈ H (ρ). So, < x, y> ∈ (H (π) |H (π)^∼ ) ∩ (H (ρ) |H (ρ)^∼ ). But, by Axs. 2 and 4 in Def. 3.1, A^′ satisfies (π;π^⌣ ) •(ρ;ρ^⌣ ) ⪯ 1, thus (H (π) |H (π)^∼ ) ∩ (H (ρ) |H (ρ)^∼ ) ⊆ H (1) = Id.

Hence x = y. 3. F is injective on V.

Consider < a, b>,< c,d> ∈ V such that < < a, b>,z> ,< < c,d> ,z> ∈ F for some z ∈ U. Then < z,a> ,< z,c> ∈ H (π) and < z,b>,< z,d> ∈ H (ρ). Since H (π) and H (ρ) are functional, we have a = c and b = d.

Hence, the restriction of F to V gives a well defined injective function ⋆ : V → U such that

⋆(a, b) = c ⇐ ⇒ < c,a> ∈ H (π) and < c,b> ∈ H (ρ) . We expand B to a PFA B^∗ by

R∇ S = {< x, ⋆(y,z)> : < x, y> ∈ R, < x, z> ∈ S, < y,z> ∈ V}. In order to show that ∇ is well defined, let us prove that

H (R) ∇ H (S) = (H (R) |H (π)^∼ ) ∩ (H (S) |H (ρ)^∼ ) . (3) We have < x, y> ∈ H (R) ∇ H (S) iff for some v,w ∈ U y = ⋆(v,w), < x, v> ∈ H (R) , < x, w> ∈ H (S) and < v,w> ∈ V, iff for some v,w ∈ U with < v,w> ∈ V < x, v> ∈ H (R) , < v,y> ∈ H (π)^∼ and < x, w> ∈ H (S) , < w,y> ∈ H (ρ)^∼ iff (since H (R)^∼ |H (S) ⊆ V) < x, y> ∈ H (R) |H (π)^∼ and < x, y> ∈ H (S) |H (ρ)^∼ .

We now wish to show that H is an AFA homomorphism from A into B^∗, i.e., that H preserves fork.

Consider r,s ∈ A. By Ax. 2 in Def. 3.1 r∇ s = (r;π^⌣ ) •(s;ρ^⌣ ). So H (r∇ s) = H ((r;π^⌣ ) •(s;ρ^⌣ )) .

Since H : A^′ → B is an RA homomorphism, we have

H ((r;π^⌣ ) •(s;ρ^⌣ )) = (H (R) |H (π)^∼ ) ∩ (H (S) |H (ρ)^∼ ) which by 3 equals H (r) ∇ H (s).

In the proof of Thm. 3.6 we give below, we use the result announced by Tarski in 1953 [24], on the represen tabilit y of QRA’s. This theorem is one of the central topics in Algebraic Logic, and differen t kinds of proofs for it can be found in Thm. 8.4(iii), p. 242 of Tarski–Giv ant [25], Maddux [16] and elsewhere. Theorem 3.6 Every AFA is isomorphic to some PFA. Pr oof Given A ∈ AFA, its RA reduct A^′ is a QRA by Cor. 3.3.

So, by [25] p. 242, we have an RA isomorphism H : A^′ → B onto a proper relation algebra B.

By Prop.3.5, B can be expanded to a PFA B^∗, so that H : A → B^∗ is an AFA isomorphism.

Theorem 3.7 AFA= RFA. Pr oof By Thm. 3.6, AFA⊆ I[PFA] = RFA, and by Thm. 3.4, RFA⊆ AFA.

4 Conclusions

Classes of proper fork algebras (PFA’s) as well as their abstract counterpart (AFA’s) have been found useful for deriving programs from specifications [1, 4, 5, 6, 12, 13]. The represen tabilit y was established for the complete and atomistic classes introduced in [10, 8]. In this paper we defined a differen t class of PFA’s and AFA’s by removing previously used assumptions. We have shown that this class has the following properties

• represen tabilit y: every AFA is isomorphic to some PFA,

• finitely based variety: the closure of PFA’s under isomorphism is axiomatizable by a finite number of equations,

• proper abstraction: every PFA is an AFA.

5 Ackno wledgmen ts

Thanks are due to Hajnal Andréka and Istvan Németi for precise remarks along the Tempus Summer School in Algebraic and Categorical Metho ds in Computer Science held at Budap est, from July 11th to July 17th, which led to these results. Also Roger Maddux, in [17] suggested to use the QRA–theorem (Thm. 8.4(iii), p. 242 of [25]) in order to get the represen tabilit y of the relational reduct of abstract fork algebras. Marcelo Frias wants also to thank Prof. Rosa Wachenchauzer, who conducted his first steps in research.

References

[1] Baum, G.A., Frias, M.F., Haeberer, A.M. and MartínezLópez, P.E., From Specifications to Programs: A Fork–algebraic Approach to Bridge the Gap, in Pro ceedings of MFCS’96, Krakow, September 1996, Springer–Verlag.

[2] Berghammer, R., Haeberer, A.M., Schmidt, G., and Veloso, P.A.S,. Comparing Two Differ ent Approaches to Products in Abstract Relation Algebras, in Pro ceedings of the Third International Conference on Algebraic Metho dology and Software Technology, AMAST’93, Springer–Verlag, 1993, pp. 167–176.

[3] Chin, L.H. and Tarski, A., Distributive and Modular Laws in the Arithmetic of Relation Algebras, in University of California Publications in Mathematics. University of California, 1951, pp. 341–384.

[4] Frias, M.F. and Aguayo, N.G., Natur al Specifications vs. Abstract Specifications. A Relational Approach, in Pro ceedings of SOFSEM’94, Milovy, Czech Republic, November 1994, pp. 17–22.

[5] Frias, M.F., Aguayo N.G. and Novak B., Development of Graph Algorithms with Fork Algebras, in Pro ceedings of the XIX Latinamerican Conference on Informatics, 1993, pp. 529–554.

[6] Frias, M.F. and Gordillo, S.E., Semantic Optimization of Queries in Deductive Object–Oriente d Database, in Pro ceedings of ADBIS’95, Springer– Verlag, 1995, pp. 55–72.

[7] Frias, M.F., Haeberer, A.M. and Veloso, P.A.S., On the Metalogical Properties of Fork Algebras, in Abstracts of the Winter Meeting of the ASL, San Francisco, California, Jan uary 1995, The Bulletin of Symbolic Logic (1)3, 1995, pp. 364–365.

[8] Frias, M.F., Haeberer, A.M., Veloso, P.A.S. and Baum, G.A., Representability of Fork Algebras, in Pro ceedings of the Logic Colloquium ’94, July, 1994, p. 51. Also in The Bulletin of Symbolic Logic (1)2, 1995, pp. 234–235.

[9] Frias, M.F., Baum, G.A., Haeberer, A.M. and Veloso, P.A.S., A Representation Theorem for Fork Algebras, MCC. 29/93, PUC-RJ, August 1993.

[10] Frias, M.F., Baum, G.A., Haeberer, A.M. and Veloso, P.A.S., Fork Algebras are Representable, Bulletin of the Section of Logic, University of Lódź, vol.24, N.2, 1995, pp. 64–75.

[11] Gyuris, V., A Short Proof for Representability of Fork Algebras, Journal of the IGPL, vol 3, N.5, 1995, pp. 791–796.

[12] Haeberer, A.M., Baum, G.A. and Schmidt G., On the Smooth Calculation of Relational Recursive Expressions out of First–Or der Non–Constructive Specifications Involving Quantifiers , in Pro ceedings of the International Conference on Formal Metho ds in Programming and Their Applications, LNCS 735, Springer–Verlag, 1993, pp. 281–298.

[13] Haeberer, A.M. and Veloso, P.A.S., Partial Relations for Program Derivation: Adequacy, Inevitability and Expressiveness, in Constructing Programs from Specifications – Pro ceedings of the IFIP TC2 Working Conference on Constructing Programs from Specifications. North Holland., IFIP WG. 2.1, Bernhard Möller, 1991, pp. 319–371.

[14] Haeberer, A. M., Veloso, P. A. S. and Elustondo, P.: Towards a Relational Calculus for Software Construction , Document 640-BUR-5, 41st Meeting of the IFIP Working Group 2.1 “Algorithmic Languages and Calculi”; Chester, England, 1990.

[15] Maddux, R., Topics in Relation Algebras, Ph.D. Thesis. University of California at Berkeley, 1978.

[16] Maddux, R., Finitary Algebraic Logic, Zeitschr. f. math. Logik und Grundlagen d. Math., vol. 35, 1989, pp. 321–332.

[17] Maddux, R., Referee’s report on [2], July 1993.

[18] Mikulás, S., Sain, I., Simon, A., Complexity of the Equational Theory of Relational Algebras with Projection Elements. Bulletin of the Section of Logic, University of Lódź, Vol.21, N.3, pp. 103–111, Octob er.1992.

[19] Németi, I., Representability of Fork Algebras depends on your Ontology, Journal of the IGPL, to appear.

[20] Németi, I., Strong Representability of Fork Algebras, a Set Theoretic Foundation , Journal of the IGPL, to appear.

[21] Sain, I. and Németi, I., Fork Algebras in Usual as well as in Non–well– founded Set Theories, Studia Logica Library (a special volume dedicated to the memory of H.Rasiowa), to appear; extended abstract appeared in Bulletin of the Section of Logic, University of Lódź, Vol. 24, N. 3-4, 1995, pp. 158–168, pp. 182–192.

[22] Schmidt, G. and Ströhlein T., Relations and Graphs, EATCS Monographs on Theoretical Computer Science, Springer–Verlag, 1993.

[23] Tarski, A., On the Calculus of Relations , Journal of Symbolic Logic, Vol. 6, 1941, pp. 73–89.

[24] Tarski, A., Some metalogical results concerning the calculus of relations , Journal of Symbolic Logic, vol. 18, 1953, pp. 188–189.

[25] Tarski, A. and Givant, S.,A Formalization of Set Theory without Variables , A.M.S. Colloquium Publications, Vol. 41, 1987.

[26] Veloso, P.A.S. and Haeberer, A.M., A Finitary Relational Algebra for Classical First-Or der Logic, Bulletin of the Section of Logic, University of Lódź, Vol. 20, N. 2, 1991, pp. 52–62.

[27] Veloso, P.A.S., Haeberer, A.M., and Frias, M.F., Fork Algebras as Algebras of Logic, in Pro ceedings of the Logic Colloquium’94, July, 1994, p. 127. Also in The Bulletin of Symbolic Logic, (1)2, 1995, pp. 265–266.