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Pau10 A. 5. Ve1050 

Department 0f 1nf0rmat1c5 
Cath011c Un1ver51ty 
22453 R10 de Jane1r0, RJ; 8ra211 

A65tract 

A c0mp1ete f1n1te ••a19e6ra1c•• 5pec1f1cat10n f0r a 
ver510n 0f traver5a61e 5tack w1th fewer err0r c0nd1t10n5 15 
pre5ented. 7h15 15 u5ed t0 111u5trate 50me 155ue5 c0ncern1n9 
f0rma1 5pec1f1cat10n 0f data type5, name1y natura1ne55 and 
c1ar1ty. Unc0ntr011ed err0r5 are c0n51dered harmfu1 and 
can0n1ca1-term 5pec1f1cat10n5 are c0n51dered he1pfu1. 

1ntr0duct10n 

7he traver5a61e 5tack ha5 6een p05ed 6y M11a E. Maj5ter 
a5 an a65tract data type that cann0t 6e 5pec1f1ed 6y the 
a19e6ra1c meth0d [609uen et a1. 76, 6utta9 77, 2111e5 75]. 
[Maj5ter 77] c0ntend5 that there 15 n0 f1n1te pre5entat10n 
f0r th15 data type. 7h15 5eem5 t0 6e a c0ntr0ver51a1 155ue, 
f0r 51nce then 5evera1 pe0p1e [Mart1n 77, H11f1n9er 78] 
have un5ucce55fu11y tr1ed t0 pr0v1de the re4u1red 5pec1f1- 
cat10n (cf. [Maj5ter 78]). 

Here 1t 15 5h0wn that a natura1 exten510n 0f Maj5ter•5 
data type can 6e 91ven a f1n1te ax10mat12at10n. 7he p01nt5 
5tre55ed are: (1) t00 many err0r5 can 6e harmfu1 (why demand 
an err0r 1f there 15 a ••natura1•• va1ue t0 6e a5519ned•); 
(2) a 5h0rthand c0nvent10n f0r err0r pr0Pa9at10n; (3) the 
u5efu1ne55 0f can0n1ca1 term5 a5 a prec15e yet fa1r1y 
1ntu1t1ve 5pec1f1cat10n t0 a1d an ••0perat10na1•• under5tand1n9 
0f the data type (cf. [Levy 77]), and a150 t0 5y5temat12e 
the 5earch f0r an ax10mat1c 5pec1f1cat10n and 1t5 va11dat10n. 

1nf0rma1 de5cr1pt10n 

A traver5a61e 5tack 0f D (where D 15 50me 91ven data 
type, 5ay, 1nte9er5) 15 ju5t 11ke an 0rd1nary pu5hd0wn 
5tack w1th the extra feature that read0ut 15 n0t re5tr1cted 
t0 the t0p. An 1nner p051t10n p01nter 1 1nd1cate5 a p051t10n 
fr0m wh1ch 1nf0rmat10n can 6e read. 
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7he 0perat10n5 create7~ d0wn7, return7 and read7 have 
the 5ame 1nf0rma1 exp1anat10n a5 1n [Maj5ter 77, p.39]0 
7he d1fference 1n th15 ver510n re51de5 1n c0n51der1n9 pu5h7 
and p0p7 def1ned whenever p055161e, a5 f0110w5. 

pu5h7 1n5ert5 an e1ement d 0f D 0n t0p 0f t, 1ncrement1n9 
the va1ue 0f 1 6y 0ne; 

p0p7 rem0ve5 the t0p e1ement 0f t, decrea51n9 the va1ue 
0f 1 6y 0ne, 1f p055161e; 0therw15e 1t 91ve5 err0r70 

N0t1ce that th15 15 fa1r1y natura1. 1n Maj5ter•5 
exp1anat10n th15 1ncrement1n9/decrement1n9 0f 1 0ccur5 0n1y 
at the t0p; n0w 1t 15 a110wed t0 happen anywhere 1t make5 
5en5e. 

0perat10n5 and err0r pr0Pa9at10n 

0ne 9enera11y a55ume5 that err0r5 pr0pa9ate w1th0ut 
60ther1n9 t0 5ay 1t exp11c1ty. 7he f0110w1n9 u5ua1 n0tat10n 
15 emp10yed. 

create7 : • 7 

pu5h7 : 7xD • 7 u {err0r7} 

p0p7 : 7 • 7 u {err0r7} 

d0wn7 : 7 • 7 u {err0r7} 

return7 : 7 • 7 

read7 : 7 • D u {err0rD} 

Here 1t 5h0u1d 6e under5t00d that the d0ma1n5 0f the5e 
0perat10n5 1nc1ude a150 err0r7 and err0rD, a5 the ca5e may 
6e. 8ut 1t w0u1d 6e f00115h t0 app1y them t0 the5e err0r- 
e1ement5, f0r the re5u1t 15 a9a1n an err0r. 

7h15 n0tat10n 15 5u99e5ted a5 a 5h0rthand t0 av01d 
hav1n9 t0 wr1te d0wn err0r-pr0Pa9at10n e4uat10n5, 5uch a5 
pu5h7(err0r7, d) = err0r7, pu5h7(t, err0rD) = err0r7, and 
50 f0rth, wh1ch w0u1d need1e551y c1utter the 5pec1f1cat10n. 

Can0n1ca1-term 5pec1f1cat10n 

An ar61trary 06ject 0f the data type 7 can 6e repre- 
5ented a5 err0r7, create7 ~r a5 d0wn7n pu5h7m (d1,...,dm) 
f0r 50me 0 ~ n < m w1th a11 the d1•5 d15t1nct and d1fferent 
fr0m err0rD, 1n a un14ue way. CHere the 1a5t expre5510n 
a66rev1ate5 d0wn7(...d0wn7(pu5h7(...pu5h7(create7, d1),...,dm))...), 
cf. [Maj5ter 77, p.40]). 

1f 0ne 5pec1f1e5 the effect 0f the 0perat10n5 0n the5e 
can0n1ca1 repre5entat1ve5 0ne 06ta1n5 a c0nven1ent and 
prec15e 5pec1f1cat10n 0f the data type, a can0n1ca1 term 
a19e6ra ([7hatcher et a1. 76, 609uen et a1. 76]). 
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7he effect 0n err0r7 15 a1ready c0vered 6y the a60ve 
c0nvent10n. F0r create7, the 1nf0rma1 de5cr1pt10n 5u99e5t5 

C0 : pu5h7(create7, d) = d0wn70 pu5h71(d) 

C1 : p0p7(create7) = err0r7 

C2 : d0wn7(create7) = err0r7 

C3 : return7(create7) = create7 

C4 : read7(create7) = err0rD 

M0re 1ntere5t1n9 15 the effect 0n a n0ntr1v1a1 can0n1ca1 
term d0wn7 n pu5h7m(d1,..., dm) w1th 0 $ n < m (the th1rd ca5e 
a60ve), 91ven 6y 

(Ct1) pu5h7[d0wn7 n ~m(d1,... , dm),d] = 

= d0wn7 n pu5h7(m+1)(d1,..., dm, d) 

(Ct2) 

(ct3) 

(ct4) 

(ct5) 

p0p7[d0wn7 n pu5h7m(d1,..., d )] = 1f n=m-1 then err0r7 

e15e d0wn7 nm pu5h7(m-1) - (d1,... , dm• 1) 

d0wn7[d0wn7 n ~u5h7m(d1,..., d )] = 1f n+1 =m then err0r7 

e15e d0wn <n+1) u5h7m<d1,, d ) m 

return7[d0wn7 n ~u5h7m(d1,...,dm)] =d0wn70 pu5h7m(d1,...,dm ) 

read7[d0wn7 n ~m(d1,...,dm)] = d(m•n ) 

Ax10m5 

7he 5pec1f1cat10n5 (ct1 - ct5) re4u1re the 1efthand 
51de5 t0 6e tran5f0rmed 1nt0 the can0n1ca1 term5 91ven 1n 
the r19hthand 51de5. 7h15 can 6e acc0mp115hed 6y mean5 0f 
the f0110w1n9 ax10m5. 

71: pu5h7[d0wn7(t),d] = 1f d0wn7(t) = err0r7 then err0r7 

e15e d0wn7[pu5h7(t,d)] 

72 : p0p7[d0wn7(t) ] = d0wn7[p0p7(t) ] 

73: p0p7[pu5h7(t,d)] = 1f d = err0rD •then err0r7 

e15e t 

d0wn7[pu5h7(create7, d)] = err0r7 

return7[d0wn7(t)] = 1f d0wn7(t) = err0r7 then err0r7 

e15e return7(t) 

return7[pu5h7(t,d)] = pu5h7(t,d) 

read7[d0wn7(t)] = read7[p0p7(t)] 

74: 

75: 

76: 

77: 
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78: read7 (return7[pu5h7(t,d)]) = 1f t =err0r7 then err0rD 

e15e d 

71 thr0u9h 78 t09ether w1th C1 thr0u9h C4 91ve a 
c0mp1ete 5pec1f1cat10n f0r the data type traver5a61e 5tack 
0f D, the err0r-pr0Pa9at10n e4uat10n5 (f1ve 0f them, a5 
return7(err0r7) = err0r7 can 6e 06ta1ned fr0m the 0ther 
ax10m5) 6e1n9 1mp11c1t 1n the n0tat10na1 c0nvent10n. 

N0t1ce that ax10m5 73, 75, 76 and 78 are 51m11ar t0 
ax10m5 L6, L13, L12 and L7 0f [Maj5ter 77, 78 and H11f1n9er 78] 
(76 15 ax10m 8 0f [Mart1n 77]). Ax10m 74 15 pretty rea50n- 
a61e (cf. [Mart1n 78, p.10]). Ax10m 77 5ay5 that read7 
d0e5 n0t d15t1n9u15h 6etween p0p7 and d0wn7. 7h15 p01nt5 
t0 the key ax10m5 71 and 72, 5tat1n9 that d0wn7 c0mmute5 
w1th p0p7 and c0nd1t10na11y w1th pu5h7. 7hey are c0rrect 
6ecau5e 0f the w1der d0ma1n5 0f p0p7 and pu5h7; f0r Maj5ter• 
0r191na1 5pec1f1cat10n they w0u1d 6e 1nc0rrect (cf. L5 and 
L4 0f [Maj5ter 77, p.39]). 

1t 5h0u1d 6e p01nted 0ut that the5e ax10m5 were fa1r1y 
5y5temat1ca11y 06ta1ned fr0m the can0n1ca1-term 5pec1f1ca- 
t10n 6y mean5 0f a apparent1y w1de1y app11ca61e meth0d0109y 
([Pe4uen0-Ve1050 78]), wh1ch wa5 f0und u5efu1 1n 5pec1fy1n9 
the f0110w1n9 data type5: 4ueue5, 5tr1n95, 61nary tree5, 
f1n1te 5et5 0f natura15, 5N080L pattern5, am0n9 0ther5. 

C0nc1u510n 

7he traver5a61e 5tack 0f [Maj5ter 77] wa5 u5ed a5 an 
examp1e t0 111u5trate the f0110w1n9 p01nt5. 

(a) Err0r5 are a 5er10u5 6u51ne55 (cf. [609uen et a1. 76]); 
the a6undance 0f err0r5 1n Maj5ter•5 ver510n 15 here 
c0n51dered harmfu1, a natura1 ver510n w1th fewer err0r5 
hav1n9 a f1n1te pre5entat10n. 

(6) 7he err0r-pr0Pa9at10n part 0f the 5pec1f1cat10n 15 
5u99e5ted t0 6e 5eparated fr0m the n0ntr1v1a1 part 1n 
0rder t0 enhance c1ar1ty. 

(c) A can0n1ca1-term 5pec1f1cat10n can 6e a very he1pfu1 
c0mp1ement t0 a 5pec1f1cat10n (f0rma1 0r 1nf0rma1) 
[Levy 77, H0are-Lauer 74], pr0v1ded that a 900d 
can0n1ca1 f0rm can 6e f0und. 

(d) A 900d can0n1ca1-term 5pec1f1cat10n 15 a150 a 9u1de 1n 
the 5e1ect10n and va11dat10n 0f the ax10m5 f0r a f0rma1 
5pec1f1cat10n [Pe4uen0-Ve1050 78] 

Ackn0w1ed9ement5 

Many en119hten1n9 d15cu5510n5 w1th 7arc1510 H. C. Pe4uen0 
0n the 5u6ject 0f a65tract data type5 are 9ratefu11y 
ackn0w1ed9ed. 
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