Monografias em Ciência da Computação, No. 03/05 ISSN: 0103-9741 Editor: Prof. Carlos José Pereira de Lucena January,2005

A Logarithmic Competitive Mechanism for Unit-Demand Combinatorial Auctions

Claudson Bornstein^1, Eduardo S. Laber and Marcelo A. F. Más

1 Programa de Engenharia de Sistemas e Computação - Universidade Federal do Rio de Janeiro

cfb@cos.ufrj.br, laber@inf.puc-rio.br, marcelomas@inf.puc-rio.br

Abstract. This paper studies the unit-demand combinatorial auction problem in which each of the n consumers can purchase at most one item from a set of k items. We obtain a randomized truthful mechanism that attains an expected competitive ratio of O(log(min{k, n})) with high probability.

Keywords: Combinatorial Auctions, Approximation Algorithms, Randomized algorithms.

Resumo: Este artigo estuda o problema de leilão combinatório com demanda unitária no qual cada um dos n consumidores podem comprar no máximo um item de um conjunto de k itens. Obtemos um mecanismo truthful aleatório que alcança, com alta probabilidade, uma taxa de competitividade esperada da ordem de O(log(min{k, n})).

Palavras-chave: Leilões Combinatórios, Algoritmos de Aproximação, Algoritmos Aleatorizados.

In charge for publications: Rosane Teles Lins Castilho Assessoria de Biblioteca, Documentação e Informação PUC-Rio Departamento de Informática Rua Marquês de São Vicente, 225 - Gávea 22453-900 Rio de Janeiro RJ Brasil Tel. +55 21 3114-1516 Fax: +55 21 3114-1530 E-mail: bib-di@inf.puc-rio.br

ii

1 Introduction

The unit-demand combinatorial auction problem (UDCAP) [1] is the problem of designing a mechanism for an auction in which multiple distinct items are being sold but each consumer can only purchase a single item. Each consumer bids on all items, and the seller uses those bids to decide which consumer receives which item as well as the sale price for each item. Each consumer aims to maximize their own profit, i.e., the difference between the maximum value they would pay for a given item and the actual price paid for that item. On the other hand, the seller intends to maximize the total revenue, that is, the sum of the prices paid for all the items. The auction runs in a single round and it is assumed there is no communication among the consumers (sealed-bid auctions).

An auction is truthful if truth-telling is a dominant strategy, that is, the profit of a consumer is maximized when the consumer bids his utility value, regardless of his belief about the other consumers bids. A truthful auction is α-competitive if the revenue of the auction is Ω(M/α), where M is an upper bound on the revenue of any truthful auction mechanism.

Our Result. We devise a randomized truthful mechanism that attains an expected competitive ratio of O(log(min{n, k})) with high probability, where n and k are the number of consumers and items, respectively.

2 A Logarithmic Competitive Mechanism for Unit-Demand Combinatorial Auctions

Let n be the number of consumers bidding on k items, numbered 1 through k. Let u_{i,j} be the utility of item j to consumer i.

Let G be the complete bipartite graph among consumers and items where the weight of edge e_{i,j} (associating the i-th consumer to the j-th item) is u_{i,j}.

Let M be a matching in G and let l be the weight of the lightest edge of M. We define

w(M) = |M|l and c(M) = ∑ e=ij∈M

u_{i,j}.

In addition, let M^∗ be such that w(M^∗) = max_{M∈M}{w(M)}, where M is the set of all possible matchings in G. On the other hand, let M^{opt} be the matching in G that maximizes c(·) among all the matchings of M. We have that c(M^{opt}) is an upper bound on the revenue that any auction can generate.

The next proposition plays a key role in the mechanisms proposed here.

Proposition 1 w(M^∗) = Ω(c(M^{opt})/ log(min{n, k})).

Consider the following mechanism: Mechanism 1:

1. Flip a fair coin n times to split the consumers into two groups. Let G_1 (G_2) be the bipartite graph induced by the consumers of the first (second) group and the set of all items.

2. Let w^∗ be the maximum value of function w(·) among all matchings in G_1. In addition, let M^1 be the largest (w.r.t the number of edges) matching in G_1 such that w(M^1) ≥ w^∗/3.

3. Let M^{2∗} be the matching that maximizes c(·) among all the matchings of size |M^1|/6 − 1 in G_2. For every consumer i, let G_2 \ i be the graph obtained from G_2 when consumer i is removed. Then, let M^{2∗}_{−i} be the matching which maximizes c(·) among all matchings in G_2 \ i of size |M^1|/6 − 1.

4. Use matching M^{2∗} to define which consumer buys each item. Let the sale price of item j being sold to consumer i be u_{i,j} − c(M^{2∗} ) + c(M^{2∗}_{−i}).

Lemma 1 Mechanism 1 is truthful.

Theorem 1 Mechanism 1 has revenue of Ω(c(M^{opt})/ log(min{n, k})) with high probability.

Proof: For every j, let M_j be a matching of size j in G which maximizes w(·) (ties are broken arbitrarily). Furthermore, let I be the set of integers such that i ∈ I if and only if:

• i ≥ |M^∗|/3; and

• w(M_i) ≥ w(M^∗)/9.

For every i ∈ I, let C_i be the set of consumers of matching M_i. With respect to the step (i) of the mechanism above, we define event E_i as the event in which the number of consumers of C_i that lie in the first group is at least i/3 and at most 2i/3. Furthermore, let E = ⋃ i∈I E_i.

In what follows we make some observations under the assumption that E occurs. Since at least |M^∗|/3 consumers of matching M^∗ lie in the first group there is a matching M in G_1 with w(M) ≥ w(M^∗)/3 ≥ w^∗/3 and at least |M^∗|/3 edges. Thus, we conclude that w^∗ ≥ w(M^∗)/3 and |M^1| ≥ |M^∗|/3.

Since w(M^1) ≥ w^∗/3 it follows that w(M^1) ≥ w(M^∗)/9 and as a consequence |M^1| ∈ I. Therefore, there are at least |M^1|/3 consumers of C_{|M} 1_| in the second group and, so, there is a matching in G_2, say M^2, of size |M^1|/3 where the lowest-priced item costs at least w(M^∗)/(9|M^1|).

Now we will argue that the price charged for each item in step (iv) is Ω(w(M^∗)/|M^1|). Note that M^2 has strictly more than twice the number of edges as does M^{2∗} , what means that there is at least one edge e = uv in M^2, such that neither the consumer u nor the item v belong to any edge in M^{2∗} . Hence, M^{2∗} ∪ e is a matching in G_2. Because every edge in M^2 costs at least w(M^∗)/(9|M^1|), we can conclude that c(M^{2∗}_{−i}) ≥ c(M^{2∗} ) − u_{i,j} + w(M^∗)/(9|M^1|). Thus, the price charged for each item is at least w(M^∗)/(9|M^1|). Since the number of items sold is |M^1|/6 − 1, it follows that the total revenue is at least Ω(w(M^∗)) = Ω(c(M^{opt})/ log(min{n, k})), where the last equality follows from Proposition 1. Now, it remains to show that event E happens with high probability. By using the Chernoff Bound we have that the probability of event E_i not happenning is at most 2e^{−i/36}. Applying the union bound we get that the probability of failure of E is at most ∑ i∈I 2e^{−i/36}. Thus, the event E happens with high probability.

Now we show that the mechanism runs in polynomial time. First we argue that we can efficiently calculate w^∗ and then |M^1|. For a real value x, let K(x) be the largest matching in G_1 = (V_1, E_1) where all the edges cost at least x. It is not hard to see that

w^∗ = max

e=ij∈E_1

{u_{i,j} |K(u_{i,j} )|}

and that |M^1| = max_{e=ij∈E1} {|K(u_{i,j} )|} constrained to |K(u_{i,j})| × u_{i,j} ≥ w^∗/3.

Finally, we argue that we can calculate the matching which maximizes c(·) among all matchings of a given size in polynomial time. This is used to calculate M^{2∗} and M^{2∗}_{−i} at step (iii). Given a weighted bipartite graph H = (V = V^1∪V^2, E) we construct a weighted unitcapacity network flow N = (V ∪{s, t}, E∪E^′), where E^′ = {(s, v)|v ∈ V^1}∪{(v, t)|v ∈ V^2}. All of the edges in E^′ have weight 0 and the weights of the edges in E are multiplied by -1. The size of the matching which maximizes c(·) in H among all the matchings of a given size, say x, corresponds to the minimum cost flow in N when the the terminal needs to receive x units of flow from s.

References

[1] Venkatesan Guruswami, Jason D. Hartline, Anna Karlin, David Kempe, Claire Kenyon, and Frank McSherry. On profit-maximizing envy-free pricing. In Proceedings of the Annual ACM-SIAM Symposium on Discrete Algorithms (SODA-05), 2005.