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ABSTRACT:

This paper gives an intrinsic characterization for
the regui#r prefix codes, analogous to the one of regular sets
by regular expressions. -Two new binary operatioms on 1anguages
ére inttdduced: "arrow" (related to star and concatenation) and
.pref1x-un10n , and the class of prefii codes is shown to be clo
sed under these operatlons. A regular pref1x code is expressed
1n terms ‘of these operations, concatenatxon and single-word lan-

_guages, by us1ng the form of its minimal finite automaton.

KEY WORDS

, Prefix code, regular language, regular’ expresazon,'fini
te automaton, operations on languages.

RESUMO -

fste trabalho da uma caracterizacao intrinseca para os
’codxgos de prefixos regulares, analoga 3 dos conjuntos regulares
por expresaoes regulares. 8a0 introduzidas duas novas operagoes
‘bindrias em linguagens: "seta" (relacionada com contatenagao e
testrela) e Mynido prefixada’", sob as quais .a classe de codigos
‘de prefixos é fechada. Um codigo de prefixos regular e exXpresso
em termos dessas operagoes, concatenagao e das 11nguagens com
'uma so palavra, usando a forma do seu automato finito minimo.

‘PALAVRAS CHAVES

Codlgo de prefixos, llnguagem regular, @Xpressao regu~

lar, automato finito, Operagoes em 11nguagens.
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1 - INTRODUCTION

The aim of this paper is to characterize the regular
prefix codes, By means of their finite automata and intrinsically

by analogues of regular‘expressions.

_ A prefix code 1s a language containing no proper prefix
of 1ts words. Such languages have been widely studied in the
context of the theory of codes. They are also important in
connectlon with finite automata, as any regular set is a finite
unzon of languages of the form P.Q*, where P and Q are regular
prefix. codes (see e.g., [THIERRIN 69]), besides appearing - in
the atudy of some generalizations of the noncounting or star- freo
regular sets ([THIERRIN 761). :

‘ We asssume familiarity with the basic notions of finite
aptpmatar(abbrev1ated fa's) and vegular languages, and will
employ the usual set-theoretical notation and consider all
fénguégés to be over a fixed alphabet. (See e.g. [GINZBURG 68 ,
HOPCROFT-ULLMAN 69], for more details.). |

; _ “In this paper we first give some atraxghcforward
bharhcter;zations for the (regular) prefix codes. Then we
,1ntroduce two new binary operations on languages, under which

the class of prefix codes is closed. Finally we use the
¢haracter1zatlon for the minimal fa's and these operations to
give an intrinsic characterization for the class of regular
,pref1x codes, analogous to that of regular sets by regular
‘expressxons. Namely, the regular prefix codes are exactly the
'languages obtained from @, {A} and {c}, for all del , by finitely
"many applicatxons of concatenation and these two new operations.



-2 -

2 - PREFIX CODES AND AUTOMATA

A language P over the alphabet L is called a prefix
gggg iff it includes no proper prefix of any of its words, i.e.
PnPZ = @,

The simplest prefix codes are # and the single-word
languages, including {A} (which . is the only prefzx code to which
“A belongs) For a nonempty language, L, some sxmple equivalent
vdef;nxtxans for prefix codes are: |
; the énly derivative of L with respect to any of its words is

{1};
.= the left quotient L\L of L by itself is {A};
=~ left concatenation by L distributes over intersection, i.e.
L. (AnB) = L.AnL.B ,
(Recall that weB\A iff vweA for some veB, and DuL = {veE*/uveL}),

The regular prefix codes have a rather simple characte~-
rization by means of their connected fa's as follows.

2.1 = Lemna

Let Mﬂ<2,s,f,so,F> be a connected fa for L. Then .the

following properties are equivalent.

a) L is a prefix code.
*
b) For every seS, A(s) = {wel /f(s,w)eF} is a prefix code.
¢) No final state is reachable from any other fimal state by a

non-null word.

Proof,

‘ *
For any seS, s=f(so,u) for some uel , and uA(s)cL; and seF iff
AeA(s). QED

Condition(c)of 2.1 can be restated by saying that for
tei ACeY={A}, i.e. for all wel', AL£(t,w)] = . Thus any two
- final states are equivalent, as are all of their non=null
successors. These vemarks yield a deseription of the minimal
(i.e reduced and connected) fa's of the nonempty regular prefix
codes, recorded here for use in section 4.



2.2 - Corollarl

Let L # @ and M=<Z,S,f,so,F> be its minimal fa. Then
L is a prefix code iff M has states peF and qe(S—F)‘such that
F = {p} and for all 0,7t ¢ I, £(p,0) = q = £(q,T) (i.e. q is

a "sink" and p an "edge of sink").

2.3 - Example

A minimal fa with initial state 1, final state 4

and I={a,b} is given below by its state diagram

State 5 is a "sink" and the "edge of sink" 4 is the
% * * ‘
only final state. So, the language (ab a+b)(bab a+b2) a =

* * *
(ab.ab+b2) (b+ab a)a of M is. a prefix code.



3 - OPERATIONS ON PREFIX CODES

We would like to have a Kleene-like characterization

for the regular prefix codes. 1In other words, we wish to be
able to generate them by starting from very simple regular

prefix codes ¢, {A} and {0}, for‘er,vand applying certain
-operations.

Since the class of prefix codes is clearly closed under
_concaténaﬁion, these is no problem in obtaining all singletons.

‘But, this class is clearly not closed under union.

So, we shall replace set-theoretical wuniom by the
operation of prefix-union, defined by A # B = (A-BZ+)U(B'AS+).

: This operation is clearly commutative. It is associative
as well, since (A#B)#c = (A-BI'=cI¥)u(B-ar*-cr*)u(c-azt-ss*)
This follows from the fact DI'uEZ™ = (p-Er*)s*u(z-pr*)z*, which
can be seen by taking a decomposition weuv of we(DuE)L* with
‘ue(DUE) of minimal length and veE+; for thus ue(p~EL¥) ¥ if ueb.
‘ waever, the most interesting property of the operation
# for our>present purposes is given in the next lemma,

3.1 - Lemma

If P and Q are prefix codes over I then PuQ 1is a prefix
code iff PuQ = P#Q.

Proof

‘Notice that in this case PuQ is a prefix code iff P2+nQ =
=QnPZ+'. So, the "only if part" is clear. To see the "if part",
notice that, since PnQZ+5 P#Q, we have PnQE+5 QnQ£¢ = ¢ and
similary for ' QnPI’. QED |

:Sincg the result of applying # or . to finite languages
‘ié ag&iﬁ finite we still need another operation. It is clear ‘
:ehae' we cannot use star (for {\} is the only star-language that
ig a prafix coda) ., ‘However, we can obtain a prefix code P*Q
from prefix codes P and Q if we take adequate precautions, as
the ones suggested below.



3.2 - Lemma

. *
Let P.be a prefix code over I and L ¢ £ be such that
ot : * ] ‘
LnP+L = @, Then any non-null word weP .L can be written

1w=u1..f u v, with melN, Ujseees umeP and vel in a unique way.

Proof

;ﬂﬁbpoéé',wﬂul... UV s K. XY, with uy,eee, u, xl,..., x €P
;and v,yeL.i I1f - m=0 then nﬂO for otherwxse weLnp® L, and vay.
e m>0 since P is a prefix code, we cannot have |u l#lxll, so

. Upeool vV & X,...%X y and the result follows by induction.

x QED

Notice further that if - AnBE* = @ and AeA*.B then

"A B = {A}; for then AeB and A=f.

‘These ptOpertles suggest introducing the operation
AtB = (A—BZ ) .(B A" B)

f3;3‘- Proposition

'If P and Q are prefix codes over I then so is P4Q.

 ?#00£

1'6£ice'that (p~- QZ*) and (Q—P+Q) satisfy the conditiong of 3.2
ia d we may assume A £ P4Q. Given weP+Q, we have WELy 00UV with
,...,'u e(P QI ) and ve(Q-P Q) Now, consider any prefix

ix of w, If ‘%x€P+Q then, by 3.2, we have 2 cases.

?(i)-Either‘xwul... u y with yeQ a prefix of v; then y=v and x=w.

11)0r, for some i<m, x*ul... ulz with zeQ a prefix of u, i+13
: buc thenv u, g e(Pe QS )nQL ;'which is impossible!  QED

il , Having eaeablwhed these c¢losure results, we shall show
‘{:'in the next section that these two new operatiocns together with
;e9ncatenatian suffice to generate all the regular prefix codes.

.-

LiF HR:A».L:W & DE [fwi-URIA;
‘ \ 1IGA
i SﬁlOR!h‘DOuUMEwTACAO
BINFORMALAO
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4 - INTRINSIC CHARACTERIZATIONS

‘ » We shall now characterize the class of regular prefix
codes intrinsically by analogues of regular expressions. Let us
‘first record a simple characterization for the finite prefix

:¢pdes, following from the remarks of the Preceding section.
4.1 - pact
The family of finite prefix codes over I consists  of

5¢ {A} and all the finite prefix-unions of finite concatenations
.of single—letter languages (i.e., {0}, for 0cl).

Now consider a regular prefix code P#p. By 2.2, let
gM = <I,8,f,s »{p}> be its minimal fa with sink q; call S'=5-{p,q}
iand S"*S'-{s }.

: We associate with states s, teS the following prefix
:codes. '
}a) G(s, t), consisting of all non-null words taking s to ¢t for
the first time, i.e.

 G(s,t) = {weZ'/f(s,w) = t & ¥u,ver’(ueuv + £(s,u)de)};
b) H(s,t),»consisting of all worde taking s to ¢t without
repeating states, i.e.

' H(s’t) {o ...akezk/f(s,o

f £(s,0 EELF ) & keNl.

1...Uk) =t & ¥ i<jsk f(s,al...oi)#

1 | " N
We shall show that P can be expressed in terms of these

‘Iangugges using #,. and +, by a variant of a usual technique.

The atgument will be based on the following three claims.

4,2 = Claim

P o= H(s_,p) U [G(s_,t).G(t,t) " H(t,p)] =

W
tes'
o %

= 6(s,.,p) "H(s_,p) U Nu [els,t).6(, ) L u(e,p)]



Proof ‘
Let WEC) .. 0y € P with lw| = k>0. For each j=1,..., k call
®x 1

’Thus3We'hAVe 2 cases.

ﬂ £(é°50 ...Oj). Notice that 8, =P and for all j<k, sjeS'.

-(1) Elther for all i<j<k, si‘ﬁ 83 then weH(s_,p).

:(11) Or else, for some 1i<j<k, 8, sj. Then, let:

3r=max {J<k/ ¥ i<j slns }; say s =t. Now let j < <,..<J wy be,

; ‘ “1
:all the i s with s, =t. Calling xﬂ“l...aj aud =0 +1...6 we
. " ,
hgve xeG(s°,t).and z € H(t,p). Now for i=0,1,..., m~1l, set

...0. 3 80 y ¢ G(t,t)., Thus W=X.¥,e0e¥ % €
1+1 +1 1 m

?eG(s ,t).G(t t) .H(t,p).

-?i+1 J c#1

f%sv;hekogher inelusion is clear, the c¢laim followa.‘ QED

Thﬁteare two usual tachaiques to compute & regular
exptession for the language recognized by an fa. Claim 4.2 is
‘gimilar to the i-j-k method given e.g. in [HOPCROFT-ULLMAN
;§9, P 39] But here we will induct‘on~lsl and the'inductiie
step. w111 use claim 4.3, part (b) of wich is the basic idea qf_
fthe system—of equations method as in e, g [GINZBURG 68, p.’ 75].

4.3 = Claim

For all se§ and teS"
,a)‘»;f s#t then G(s,t) has an fa with fewer states chan M;
b) G(t t) = P(t) U :EJ I'(r). G(r t), where T=s'-{t} and for

‘ F\eS’ P(e') = {er/f(c,c) = g}

‘Proof
8) Trensform the atate graph of M by vedirecting the pransitions
‘entering p or leaving ¢ to q, remav;ng p and reassigning initial
and final states to obtain the fa M(s,t) = <I, 5~ {p},g,sg{t}>

where for any oe¢l, g(t,0)=q and for r#t



= f(r,0) if  f(r,o) # p
g(r,o) = .
= q . otherwise

Then, by’induction on wécl...okezk, we have g(s,w) = t iff

f(s,w)=t and for all j<k f(s,cl...oj) # t. Thus M(s,t) is a
(I1S8}-1)-state fa for G(s,t).

b) Clear. QED

4.4 - Claim

*
For every teS', G(t,t)tH(t,p) = G(t,t) .H{t,p)

Proof

v * .‘. .

Calling A=G(t,t) and B=H(t,p), we will show AnBL = ¢§ = BnA B,
, : N

First, if ueB then £(t,u) = p, so for any vel £(t,uv)é §°7,

whence uv ¢ A. Now, if WeUgeew Vo with k>0, uy,...,u € A and

veB then f(t,ul...uk) = t = f(t,A) s0 w ¢ B. QED

4.5 - Theorem

The family of regular prefix codes over £ 1is the
smallest family F of languages over I such that

(i)  F contains @, {A} and {0}, for every oel;

(ii) F is closed under prefix-union, concatenation and arrow.

Proof

For P#@ with M its n-state minimal fa and the above notation,

we have for every teS' H(so,p), H(t,p) € F (by 4.1) and

G(so,t), G(t,t) ¢ F (by 4.3 and induction on n). Thus the result
follows from 4.2, 4.4, 3.1 and 3.3. QED

Since the proof of claim 4.3 is comstructive, we have
an sffectiveprocedure to actually compute an F-expression for
a8 prefix code given by its minimal fa, even though its is not
a very handy one in general. We shall outline an example to
illustrate the method.



4.6 - Example _ .

Considerrthe fa M of example 2.3. We know that the
:language P recognized by M is a prefix code, and
Po=[G(1,1)% H(1,4)]#6(1,2). [G(Z 2)+ H(2,4)1%#G(1,3).0[G(3,3)+ H(3 4)1.
‘juere G(1,1) = a G(2,1) # b c(3 i 6(2,2) = a G(3,2) # b;
and G(3 3) = b G(l 3).

,G(1,2) 13 the language of the following 4-state fa M(1,2).

Now, one can use M(1,2) to determine G(1,2) = (bb)ta.

H(l 4) is the language (b # aa).a of the fa




5 - CONCLUSIONS

We have described the regular prefix codes over the
alphabet I in two ways. First, by characterizing their connected
fa's as those where no final state is reachable from any other
final state and their minimal fa's by having at most one final
statevwhich is an edge of sink. Secondly, as those languages
expressable in terms of @, {r}, {0}, (for 0€l), prefix-union, con
catenation and arrow.

The latter instrinsic characterization has some
interesting consequences. For example, it gives nice descriptions
for some classes of regular sets, such as the right gsimple and
the right power-bounded languages of _THIERRIN 69,761,

Further, in view of the decomposition of a regular set
into regular prefix codes, we see that these are, in the main , '
responsible for its star~height. Indeed, any regular language
(resp. prefix code) can be written with one (resp. no) level of
star; but, alas, many levels of arrows.
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page 3:. replace it by the attached page I.

page 8: replace the proof of claim 4.4 by the fellowing:

o

. o ® ®.
Calling A=G{t,t), B=2H{t,p) and A° = & (&/% ), we will show
# ® . . ’ -
A" n Bl e @ =3 g A+EQ,' Fivst, if xneb wing £{¢,8)=p, so for

# ,
any yel £(t,xy) ¢ 5. Now if ucA” then E{t,u) = ¢ = £{£, 1}

- %
go uw § B, for any wel .
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-

then P ¢ iz 8 prefix code.

g
Suppose ByeeoB, ¥ = X;000% 92 with 2:8 ; w

c(P-{A})end v,yeQ. 4z P is a-prefix-cede]

j=l,..., minim,n}. Ve wuszt have whn, for viherwis
i I ;e

wen th&n'v§xm?1,oa x . ¥2 ¢ @ a P GL , whieh Lg im

" ) A e Ez.il * o "'é .

if m*n them w ros W ¥ o®o¥yn € PO o8 QY , sgain

o
&
é-a-\!.
<
8

?otica Eauviner tHas AaAﬁB iff Xe®, snd in sueh case
A-BI =¢, |

These properiiecs suggest intvoducivy the speratiosn STROW:
A = (4 - 32705 - a%car” v ass®ya.
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3.3 ~ Proposition

e
48]
L]
al

&2
EY

If P and Q are prefiz codes over I then go

¥roof

: X R,
Hotice that we way assume X ¢ P3G and egall 8 = g=P (PE uy 2/%

To apply 3.3, z2esums Uy eee By

% . i N % -
veR amd w,zel . I€ jw] 2 lz! ther for assng £ef w = ¢5  and

T o F . . A
FEU, wae B, & € R 7 F° % eissavyiy fmsessibis, New, if lwi < fumj
1 k Py 3 SRR Y b5y ng‘séhc.'-m & ) 3 ~ L

. - % /
then for some igk, w¢l and vel , u; » xv snd vy = Byose By o A
A, . % i
€ R aP (P/T }; again

%

npossiblal QED

pés

Heving establisghed these ciosure resulis, we al

a
concatenation suffice to generete all the vegulsr prefir codus.

&

W = yz  with k>0, Bgaenas Uy, & F,
>

& these Two pew opuvations topsther wiith
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