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L IR TRODUCTION.
Lo this paper we will analyze from a formel standpoint how yequirements, inforimal end formal spe-

cifications and programs velste among themselves, focusing on the roles of validation and vevification
and onthe inharant non-monctonicity of software development,
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Bofrware developmart, st a high lavel of shstraction, maybe regardedas involving four main ohiects,
Theyarethe reguirements, reﬂectingtﬁe:rmf.'pmiifkm extensicoythe requirement specificstion, ss the in-
formal deseription of the requirements; the formesl specificstion!, as its formsl description; sndthe pro-
gram givingrizeto s virwal machine, sasthe final product sfthe process,

A formal anelysis requires a formal framework, Thiz framework shonld have two main goals, First,
its formalism should sllow the trestment of the software process snd its components ot any lavzl of abs-
traction. Second, its formal structure should shed light on coneepts like validation, verification, infor-
mal dezeription, formsal specification, sbstyaction, ete, We willuse ss formalism the Algebraic Th&org," of
Problems [Vel@4; HVESS], snd a5 formal stocture Radolf Carnap's Two-Level Theory of the Lengusge of
Science [Csr8E, 56; $te70]. - ' '

Some terms relatedto software processes, software engineering, ete., are not very well defined. In ox-
derto achievepre;:ision, we will resort to s terminology like that of [Leh84), instesd of the “classical®
software engineering, So, we will use spplicstion concept for requirements, verbalizetion for require-
ment specification, virtual machine for implementedprogram, etc.

Within this formal framework we will, then, analyze relations such as "describes”, "realizes an engi-
neeringmodel”, "is correct”, etc,, as well asthe volidation end proof obligations involved in factorizing

the disgrem in figarel.l,

1 4 common mizconception iz that of conzidering formsl spacification only as formules in come
methematical langnage, Eot, sn shatvact program 1s a foxmal, though somewhst odd, specification,
Furthermore, & vapid prototype is a formsal specification, probably incompleta oy wrong in its esrly
stages, but ovicusly formal, '
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U TOR SOFTHARE PROCESRS.
The goal of the software process is the construction of o software artifact, This construction starts
from a description of somereal problem , The software astifack, together with a given target machine , isto
B ] ., &
behsve s an engineering model of thersof profilem . Although this ztatement is gquite informal and vaoue -
o : & &

which we willtryto fix inthe sequel- it mffices to show thepoint we aretryingto emphssize hera, naynely
the enormons difficulty in achieving the goal, This difficulty stems from the fact that the description of
the real preblem isusnally vague, informal, ambignons, and lacking in details, whereas the software arti-
factis « complex syntactic object belongingto a formal language.

Thus, the software process ranges over a wide spectrurn of activities, such as formslization, sbstrac-
tiom, interpretation, construction of solutions, development of algorithins, validation, verification, ete,
A Inaddition, the leck of precision inthe initial description of the reaf profifen prevents this process from
bf:inglinear. Backtracking ocours fraquently due to, for instance, the use of the formality snd precision
Inherent to specification andprogramming langnages as hearistictools for the understanding and ciari-
fication of the initial description, )

I 1. 1w application-conoept and its verbalization. Two terss ralated to the reel predlem, spplication
concept and verbalization, should be clarify. By application concept we mesxn the extensional knowladge
sbout the reaf problem that sexves as raference point of the software process. By a swbalization of the

application concspt f we mean a meta-lingnistic deseripticn ¥, ofthis spplication concept

&

Application conecept isthe informstion about thevea! proffes, as detailed and clear as onaunderstends

itata given moment, Thus, sn spplication conespt may be vague, not de‘fa.ile-ﬂ, ete, But it may alsobe as
precize and detailed a5 one wizhes; such wonld be the ease if one knew exactly the extension of the reef
P.‘"@Ef' e 80, an application concept mayba initi:a.ngz wifong and maybe corrvectad by backtra.cking in view
ofthe heuristic power of the development process of a software artifact; it becomes complstely determi-
wiad at process cc:mpletion .

On the other hand, a verbalizstion of an application concept amounts to its description in the meta-
language, It represents the staxting cemmunicable comprehension of an applicarion concept, Bo, & verbali-
saticn willbe incomplete ifthe application concept is incomplete, but ao matter how detailed and precise
isthe lattar, ambignitiss and fzziness ofthe meta-language carry over to verbalizations expressedinit,

Bincethe application concept is an extensional ohject, it cannot be an informal one. The spplication
ooncept is an cbservable object, which can be ill-determinedbecanse of lack of kaowledge é.bﬂut its exten-
sion. Its verbalization, from which the software provess starts, is the informal and ambiguous object
that iz often mistalken for the spplication concept itself,

We will say that alnpul § belongs to the domain of & , denotedby B5A ,iff § designates an acceptable in-
put for A4, andchst the orderedpair §, p} is an instance of Adenotedby Mipd , iff § belongs to the domain of
Aandp designates an seceptable ountput for & correspondingto input §, We will accept as inpat 2nd ontpat
arny pair of ofsevable awals relatedbythe spplication, inthe senze of belongingrothe extension of the reaf

wroblem,
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112, The synthetic teontent ﬁfﬂm software c‘&wubluyfm@n*szmm A zoftware artifactis a program oy &

-set of progvems written in some programming langaegs to be interpreted by a target machine. 8o a soft-

ware artifact is « formel syntactic object thet, upon interpretation by o target mechine, realizes & device
that sccepts inputs & and produces outpats p.

Eyiarget machine we mnean & device, made out of hardwsra snd softvraye, that is eapable of interpreting
aprogramy, We shall generallyuse M to refer to o target machine, Ou the other hand, byvirkual machine we
meanthe d,evir:ew% greonztroctedby interpreting s software artifactp on o torget machine H, By the remft
of virdwal wnachine Wy gfor dada & ot instani t, denotedbjfﬁ?jgﬂ 1(5), we mean the output ¥ p produced by g at
instentt afterbeing fed data Ei,prm'ideclthat ithalts.

We will now tryto stete in precize terms the mesning of the relstion of being-an-engineering-model.
This relstion, denotedby Y/_f A, connects a virmal machinempﬁto ox spplication concept A, Clearly,
the ohservation of T i A presapposes s systematic sctivity, This activity can be deseyibed as follows,
First,an input § from the domain of A iz selected and introduced into m&chinemﬁH .

Then, if Win does not halt, itis not vhe case that mpH"j AL Ty does halts bot —{ Ji Sl’ith ) &) then

—{m sz:" A RS, holtzand Ifi,r%ut {512 then we AT ST W}ML A,

b
mechine W5y O inputd halts at instantt. We con now give s first precize definition of being -an-angi-
neaving-model,

%Z A (VONESA o me}i:a — (3K .‘?r"i% afita Iﬁmﬁ{ﬁ)ﬁ bj| {0
Why haore we stafed "wa may sssuimns “}M‘f AM instesd of directly ¥ }'ﬁpﬁi A" The answer resides in
the ssymmetry of facmal hypotheses, To understand it we wmst realize the factual character of (0), It
stems frovi the presence of auniversel quantification over the zet of inpotsd belongingto the applicstion
domain, Except in scime very specis] cases, this set is not exhanstible, and any sttempt to dafine it by
‘ comprehension willbe meaxredby the informality and embighity of the meta-langusage, So, one can niever
actually falfill the condition “for el inpat & in the definiens of [0}, Gne geneially indoces this condition
from & certain sample. Hence, {0} is in fact & synthetic statement in the senze of empiriesl science,
The hypathetico-deductive method [HerE5] then suggests an experiment?® for it, which we can descri-
bed naively a5 follows,

n
Wetake m by £ fgs inzin Typothesis andaddthe auxiliary hypothesis, A ) (B A A ﬂm}ﬂﬁ;}. From the
1= .

W
latter we derive the cbservations] conzeguence, A l[{3’1) { Hm p}i‘)’i’c) A faiﬂ%}g ;) &), If the experiment re-
1=

1 e shall be desling with snalyricslly determinate snd synthetic statements. We gloss over zome
polemical issues and sszome that every meaningful scientific steternent can be classify as either
analytically dateryninste oy spnthetis [Sre70],

The class of analytically determinate statements includes those ststements whose trath can he
deternminedbey & mere analysis of meaning, In this class we find the purely logico-formal truths snd the
logical falzities, 1., statements whoze trath or falsity is completely determined by the mesning of the
logival symbols (connectives, quantifiers, ete)), To thess we sdd the analytical troths (consequences of
staternents where the meaning relations smonyg descriptive expreszions are fixed) and their negations
{the snalytical falzities). The synthetic statements arethose that are not analytically determinate; their
truth czn be analyzed only experimentsdly, Thus the synthetic statermnents can be identified with the
empirically deterniinate cnes,
egerd "ootput", "input", "Ledis", ete,, as primitive texms whose meaning is sssoymed to be
understood. :

® The existential quantifier in the ohaervaticnal consequence will be discuszed later.
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ie-:tsthe cbzervarionsal consequence, then we have rejected the conjunction of the hypotheses As we as-

methe suxilie ry hypothesis trmelby construction, we refate mpH £ &I, oncthe other hand, the experi-

ment dhoes not falsify the cbservational consaguance, we ave not entitled oo dediace “}d—zfi A, for we would
baresortingto a well-known fallar:y.

Inthis case, we can accep {( Bl A Fmy 50 A (3) ( ’Hg;} i) A T8 wr  AEI AN, onldy as & good in-

}*}.P

: N
1 :
ductive support for ’E%H.é A,
L THE INSPOSITION AL CHARSCTRER UF THE SOFTWARE PROCESS 2041
Formmls {0)is an example of an operationsl definition, This name arises from the fact that the dafi-
niens of sach definiticas invelves an "operation”, in cux casethe epplication of machimmpnto each data
§. This kind of definition appears to capiurs cur intuition, The propertias wa are dealing with involve
systematic obzervation of reactionsto operations. Thus, it seems ressonable to use soch aperstions and
reactions in a definiens, Propexties (like "soluble", "breakable®, “magnetic") whose cbservation involves
a systernatic activity are called disposifions, Operational definitions weve prmc«c:sed to introduce such diz-
positions intothe langosge of seience, '
Unfortunately, as Carnap showed in & now classical sygument [Cax56], operational definitions aretoo
wide andso failto sccomplishtheir goal. Let us point out this problem in (0. Ouy intwition was based on
the fact that test conditions 858 and Bm H‘J were true, But what if these conditions did ot hold? Thea,
the antecedent ofthe definiens of (0} wonldbe false and, hencea, the implication true, Consider a machine
™ g that has never been tasted with respect to spplication conecept &, We then have (v) { 2i4 — —.ﬂﬂ o

hence (v8) { PEA A FAm ,H't} - (1) { Him HUI} A fom Ht{u} AV ie m H“f A, In other woxrds, from {0 we can

conclude that 2 virmal machinezthat has never been tested with respect to an applicavion concept & tarns
ot tobe an enginesring model of & Thisisaty rblesone fanture of operational definitions,
ML1. The introdecthion of dispositions into the loageags of science. Dir ectly observable propertiss,

such as "red", "liguid", ete, 4ppear in the langnage of seience as primitive yrwh ates, For any systemsatie

construction of seieace, ons should have few primitive predicstes, Onthe other hand many properties are
dispositions! [Ste’?D] Thus, one cannot take all dispositional predicates as primitive, if one wishes s
simple syzten., Az mentioned, the uze of operational definitions to introduce dispositional pradicates
intothe langnage of seience presents problems,

One of the approaches 1o the introduction of dispositions was Carnap's proposal of replacing opara-
tional definitions by reductive sentences,, Consider, for instance, the disposition introdoced in (0. It
wouldbe replacedbzthe paiz:

(WO BEA A ﬂrf}?}{u - {zn (o Ly e ((3’&}(?:‘%&%’35'1 A Tham (o H{&&
W}?H.,u Ao (EHEEA ~ Ty £5 &) {=)

The value of this modification can be aszezzed from distiner viswpoints, From the purely logical
viewpoint, (1yamountz to a conditional definition: the definiendunn is ralated to the dafiniens under the
condition 884 A Am Hf Fromthe viewpoint of philosophy of science, there is a great difference between

{1 &=)andaxn operational definition, Under the light of the principle of partial interpretation of the the-

1 It =eems that all the propristies of virtwal machines are dizpositions; consider complexity,
efficiency, ete.



oretical termns (which will be discussed later onj, reductive sentences sre alveady cases of & pertial sxio-
matic chayacterization of & digpositional tern,

The inadequacy of operetionsl definitions, In the sense of being too wids, ¢ wpon their re-
placernent by rechactive sentences, If condition B6A a .ﬂu}}_ﬁﬁ doses not hold, the previous pu.t-::-:lmg conclo-

siom iz now replaced by an indetermination abont the presence of the dizposition. Gn the other hand, 2
definition wost setisfythe so called "eliminability principle”: the definizndnym canbe replaced by the de-
finiens in every contexnt, Bedactive sentences do not satisfy this principle, bt this is cne of the require-
vaents shandonedby Caynapin introdu cin gtwolevels inthe langhage of science [Carhe],

Two new insvrmonntable d:ifﬁcultie arose &t this pmm The first difficolty is the matchlessness of
the reductive sentence method with af:i:nﬁi behsvior of & working scientist facing o negative resudt of sn

| wpariment, & yesearcher does not reject & dispositicn just because of a single negative experimentsl out-

come, For instance, he mey suspect that cextain disturbing conditions render the experimuent unrelisbla,
Frowmthis standpoint, an experiment permits an exception clanze, which rednctive sentences donot,

U2, Tha deridability of chservetional tevms, Let us dizcuss noow the second difficulty. To clarify the
context of the following diseussicn, it wonddbe helpful to realize thet before Carnap's Two-Level T Theory,
the whole langnage of science was conzidered to be s global empiricist language, denoted £p. Thiz lan-
goageinciudedsllthe tevms of science, bf’rth observable andtheoretical ones,

One of thevwo languages proposed by Carnap isthe varionsl langage £n which we will discuss
in the sequel, Let us noow turn ouy streetion to the confirmability snd refutability in principls of the
teyms of £, We con classifyterms definsblaby means of sn observations] voesbulary sccordingtotheir
definitions, Ooservationally decidable texms sxe introdaced by definitions providing explicit criteria for
confirming or yefoting a property; the remainingterms are chasrvetionallyundecideble,

Fropthe standpoint of cheervetionsal decidability, the class of terms of £y can be divided a5 follows.
On the one hand, the ofsenvabionally decidbble ferms, introdnced by mweans of primitive predicstes of £y
{expressing clirectly observableproperties) sndypredicates whose definiens must not contsin guentifiers,
On the other hand, efservationally wndecidable Lems, introduced by means of predicstes whose definiens
may contain quantifiers with petertiallby infinite domain, This clazs canbe subdivided into: precﬁca&s
whosze definiens contain onlyuniversal quantifiers {non-confirmable, but refutable, in principle), pradi-
cates whose definiens contain onb y existential quantifiers fnon-refuteble, bat confirmable, in principle),
endpredicates whose definjens contain both kiads of quentifiers (neither confirmsble nor refateble in
prineiple},

Thms, the predicate (31 "fﬁs}wt a IGp WH tB)A) is not Lydecideble, which con be easily seen az fo-
lows, If machine mE'H halts at tlmg 1 yielding a result Ju% Htl,u }, one iz shle to exsynine whether
Iﬁnﬁﬂtﬁ)}ﬁ.) holds. If, on the other hand, nmchinem,ghas not yet halted st time i, one is unable to know

whether oy not it wonld do o ervimet+1andchis holds whenevey m}m hias not halted,



IV, TER TWO LEVEL THEORY OF THE LATGTAGE OF SCIERCE,

The difficolties dizcussed above led Carnap [Ste 70] to abandon both the ides of a global empiricist
language L3 andthe nsedto introdoce dispositional predicates into the langnage only by masns of redae-
tive sentences, Then, Carnap proposadthe Two-Level Theoryofthe Langnage of Seience [Ste7(],

- I¥, 1. Coeevaticnad and Theoretical Levels in Science, Céurnap proposedio splitthe language of science
into two langheges, One part is the basic empiricist langnage, understandable by itself, which he called
obzervational langnage £ The other part, calledthetheoretical langnage £, is the langhage for formo-
lating a theory, Tha latter langnege is not understandable by itself and does not have o complete empiri-
cal interpretation, & partial empirical interpratation is obtained by mesns of a set C of correspondence
rules connecting some extralogical expressions of Zpto expressions of the observational language, Some

. dizpositions maybe regarded as closer to theoretical concepts than to cbserveticnsl ones; as such, they
shouldbe introduced intothe theoratical language. Fun'hermore,b ymeans ofthe connection between Lg
and Lo one cantalke into acconnt the exception clause needed for & “reasonable” treatment of negative ex-
perimemal outcomes,

Let 3 be a (dizpozitional} con cept (of Loq) [Cax56]. Consider the following hypothetico-deductive
zcheme. Let HMbe a hypothesiz about the prezence of B, We add two satz of auxilisry hypotheszes, namaly:
Hy @ set of theoreticsl hoypotheses andH; a set of some descriptive observational statements, Then, by
nsing the wnderlying thecry T and the zet C of coxrespondence roles, we derive an ohservationsl conse-
quence 07, | )

We will havethe meta-theoretical statement H}.{ aHyaHaTaCl Qe Asswme now that the axpacted
observationsl conzequence @ doss not ocour, Then,-2¢ aHy aHy a T A C | —Hy Hevertheless, in contrast
tothe caze of reductive sentenses, even though —2¢, one may keep theory T and correspondance rmles i,
without havingto s.x"m*vpf —Hy o O ynay instead assoine that soms theoretical hypotheses of Hy or some
dezcriptive obzervational stetements of Hy are falze ot

Language £ is an exvensionsl, completely interprated langnage, whose ﬂphwbvt Yo is the obasrva-

tional vocsbulary, Then all the predicates of Vg designate cbsarvable properties of events or things,

Carnspuses £ae5 what he calls the restricted cbzarvational languags, which has only directly cbsarva-

t~
ble properties. Here, we use an extendsd observational language f ﬁ*, which allows the introduction of
L definable dispositicnal predicates (see [DarS6] section IX and [SteT0]).

Boye requirements are imposed on an cbservationel language L% L4 mnst be 2 non-modal lan-
Quage with at lesst one finite model; in additicn, its primitive descripiive terms mst be obserrsble, the
ralnes of each one of itz variables mustbe designated by an axpression of £ 5" snd every conecept introda-
ced rrust be reducible tothe privaitive descriptive tevms,

Theprimitive symbols of £pare divided into logicel and descriptive {or extralogicalj syinbols, Hanca
thetheorstical vocsbnlaryVp will be the class of all theorstical symbols In genersl, it is not possible to
git.?e explicit definitions for such symbols on the bazis of L', A theoretical language £ is designed to
haveallthe freedom needed, A Theory Tin £pconsists of a finite nunbey of postulates formulated in Lo

ssuch, it is anuninterpreted calevlns. Objents of Ln* have no formal denctations, their meaning is gi-

ver directly by obzervation, in view of requirements of chservabilty and rechcibility imposed on £ 47

Lyre identify & finite set of formulas with theix conjunction, when conveninient,
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Correspondence niles connect some terms of Yy to those of Vg, in order to }:romrle the partial inter-
pretation of Ly interms of -5{3 Therefore, weare freeto choose the logical stracture of £p to it onr ne-
eds, How, theory T becornes an interpreted calenlus, for it comeas together with & set € of correspondence
rales, A sejentizt willuse the partially interpretedtheory T 4 C to gride his esci:xectaticms Ly dexiving pre-
dictions sbout thebeharior of ochiexrable objects. Therales inC sllow the derivation of certain sentences
of £4* froun certain sentences of £y and vice versa; we always use the path through I.T to obtain a sen-
tenve of £ from certzin sentences of £ 47 We willuzsethe sbbreviation C(..)to axpress the resuls of appl-
yingthe rules ofC to an object .. belonging either to¥y oxtoVy,

22, Ghsevstionel snd Theoretion]l Chjects in the Softerave Process, The observationsl level for the
software procass comprises sprldication concepts A and virinal machines ™o Their inpuis § and outputs
¢ belongto s universe ™/, In sddition, we also have in this level a denumnerable ordered set callad fwe, So,
statements mch ssBiA and Am b belong to £ 4%, Statements like gL £ fuand Hm HF are also forrmula-
ted m £ 4 bt maust be dealt with in L.

Thetheovetics] leval is gplitinto two lzégrers, the syntactical sndthe semantical one, The syntactical
larer has programs and specifications: the semantical layer comprises their denctations, pi‘ohlems, a3
will be explained shortly, Then, the Algebraic Theory of Frobleins, Bet Theory, the Fixpoint Theory of
pmg‘ram g, ete., will ell bepartofthetheoreticad Jevel,

Thesaroles relates observetionsal inpatsd andoutputsp to their theoretica] counterpartsd andr. Thos,
they correlate denctations of specifications end chseyvational cbjects (L. application concepis).

Thetaxget machine H plays s spacial vals inthat it provides & set H of correspondence rules that con-
nect & program p Lo its virtmal )'ns.chinempn, as such they correspond to an interpreter. The virtal ma-
chine givesthe extensional behavior of its program. Thas, the latter is & description by comprehension of
the former, Likewise & specification deseribes by comprehernsion an appdication concept, which within
the chrervational lavel can be sceessed cnly by extension (in & pointwise smanner),

Atthispoint one shoald recell that, as steted earlier, an application concept A stonds here foxr the ex-
tension of ereal preflom sandnot necessarily for its description by compyehension, L, e, by means of & pro-
perty. In some rare cases the spplicetion concept has a rathey simple extension or can be deseribed b\
comprehension inthe cbservational langusge, Otherwise, the staxtingpoint of the seftware development
process is an application verbalization Vg, which is a sexntence of the meta-language, So, if, &5 it often
hé.ppens, the meta-langaage is ambiguons, the notstion ¥ is not quite correct, for it descrihes not exactly
onebut & class of application concepts Ky,

¥, A PROBLERC-THEORETIC APPROACH T SUF TWARE DEVELOPREEN T,

The concept of preblem and & Cieneral Theory of Problems were developed from the ideas of G, Polya
[FolS?]by P. 4 8, Veloso [Vel84]. The gosl of this development is & formal tool for ressoning sbout pro-
blem solving and modeling varicus strategies, techniques, methods, ste, On the basis of thst theory, an
Algebraie Theovy of Froblens [HEVE7) was developed, aiming at & tool for the formal treatment of the
software development process «t varions levels, ranging from the purely epistemologicsl one of process
explication (H+V8%a, 1), through those of prescribing different process obligations [V+HEY] and modeling

oyogyanuning methods (23188, to s caloulus for program derivation [EVEVES; V+ES2; HVEST),
¥ prog
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In the sequel we will outline & version of the Algebraic Theory of Problems; for more details, see
[HVES3],

7.1 The Algbraic Theoryol Problems. Aproflem over avniverse ¥ isa 3tupleP = (Dp, Ep, ¥} whereDp
snd Dpare mbseﬁs of U and¥ < [ K. Thiz mathematical strocture attempts to capture the ezzence of the
three questions mggestedby Polya in spprosching « problem whal are e dala? what ave e resulds? and
whtnl is the problem condition? Hence, intha 8-taple P = { Dy, Ry, P}, Dy stands for the dods dowmain, Kp for the
resuld domain a.nd for the problem cendition? {also denoted by gp ). We call » pmblem. deterministic if its
condition is a fonction. We zay thet problem P={DgpRn®} iz saile, denoted by V6P, iff
(vd) el —» Fr) ek A Fid, 2))) Wotice that V6T is equivalent to the equality of Demn P and Dy,

The 3-tuple representation copruresthe ides of choice azsociated with obtaining an acceptable yesult
for each fiven data in & steted, bt =till unsolved, problem, Then, a solution shonld be an otjéct that eli-
minatesthis choios and, therefore, solving aproblem shonldmesn constracting such an c-'hj ect,

Sowmealgorithmic operations onproblems were defined,

Cdven problems P and Q. we define their om P+ Q) ={Dpu Dﬁ. Rpus Rﬁ, Pu Ry, their product

CPo)={Dp ,EnFi2 yandtheir x:i','.\'ﬁ.:,prf-a’a'rﬂ’y 0 ={Dpx Dg, Epx Rf-, {8,400 0% 1l ePa {01320 1)
We will denoteby £ the product of Phy itsslf ntimes,, '

By resortingiothe generalizedunion siad Cartesian praduct, we extendthe binary operations som and
direct procuct to classes of problems, yieldingsnmmalion and generalized direct prodict, We will vse P*M 1o
dencte the divect product of o copies of B, Along these lines, F'” and ¥* dencte the clomure of P uader
product and direct product, yezpactively, A - ’

Bone sen-ofgerithmic operofions on problams wers also definsd,

fiven problems Pand (. we definatheir differmee P~ = {Dp- Doy Bp- Ry P20 (Dp~ DpxFp- R}

{where— stands for the difference of sets) andthejnvense P = {Ep.Dp " }, where ¥ isthecmsse of F,
Horne Linportant 1x_ldt1x:m_-,b‘? s plc?:slem were defined, Given problems Band{d, we sayt hat Piza
“Lc"‘m“-:s r (danoted Pl 1T c Dy and 3 "P’[D <2, Pisssubproblen of {{denoted PO} iff there exist

aproblemBruckthar T+ = R sndPissa -g.r.rrpuxf- subproblem of @ {dencted P, i Po Q) and D= Dq.
The relationsJ, Cand, aretransitive, Hotice that £ and = {the equality batwaen problems) are special
cases of relaxation, However they deserve attention becanse they have bwtznz monotonicity properties,
The decision of restricting the correctness relotion to one of them is part of the particular software cons-
truction strategy beingused, o

Lethe given a s#t @ of special problems, which willbe colledsnsy prodlems and a set of distinguished
problems, By thealgetra of probloms over) and G we mean the algebra 4 = { P, 6,9, fravx, - g, 7L Xn e

Y #, where [Pisthe set of all the problews over 1,

¥, %&s&iﬁmﬁmns.px@lemﬁ,pwgrms and soletions. A program should be interpretable by & lavged

machine, As such, it should resort only to algorithmiec epexations, We cannot pretend thet a target ma-

chine ean provida a computation for an arbitrary problem, In fact, « general-pnrposs target machine in-

]

Ly empln wrthensmal notations for relationg: Dom B and Hgm R stand for the dowain andrange of the
relarion®, / stands for the relative product of relations, The converse of R isthe ralstion R* such that for
alls andy, dR % iy Rx [Tardl)
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terpreis « finite, sndususlly not too largs, set of constant symbaols over problems jtheir denctetions form
our set %,
Probleims ave oo the semsantical layer, We obtain the syntactical leyer by introducing syimmbols for the
b

conztants andoperstions ofthe -a.lgeb A Wa will consider s language £, calledglofal lnguage, with sym-

bols! for the constants and opersdions of A, Letus dencte by T the set of teyms of £ snd by A the corres-
ponding algebra of texms generated from W ol [FTW73), As nsual there is « wnique homomorphism
P E 28 assigning e problem us valueto esch term. SBuch ateymn Tel iz a specification snd the semantic
functian poassignstoT the proble it deseribes,

A constant symbol f, denoting & problem p f ], is sxid to be sy with respect to target machine H iff
f appearsin zome correspondence rule of a subsetH of C, which inchades the instructions of target me-

chine ¥, a5 well asthe fetchingand decoding mechenizm [H+V8%:3;b], We call a terim afgerithic 165 21l its

operation symbols correspondto algorithmic operstions, +, €, 3, R and tavg vgeb 1 it is slgorithinie
andell its constant symbols o -uwsp_-nds to sasy problems. We will denote by Fpyp the set of taxgst terms
andby Ly the correzpc:ru:ling Larget languge

As mentionedbefore, s target mac unwﬁmg ther with s programp(ie, 8 targst -with respect toH- al-
gorithmic term) realises & virtal TJ‘.L?.ChJILEWl}(ﬂH which computes the relation | (p) Thus, if ﬁ‘;}n iz & de-
terministic machine then problemp[p]is determinisiie (2, the slements of § shonldbe symbals denoting
deterministicproblems andthe o
her hend, what will bethe simeti

.; refion symbols are interpreted in s deteyministic fashion). On the ot-

ifm Bt iz & nom-deverministic meachine? We can say, without loss of

Enerality, that the machme compates & non-emydy set £ of extensions of Skolem funciicns of the above
£
conx.‘?fiti-:mqp& o) Ju general, we can state that the &thru. Ty COMP) wes o set £} a5 above, Thos, £ can he

regarded as a solution for problem P, providedvhat pfp]« P This idea of solution is more an extensional
ong, relatedto restricting the choice involved in accepting condition gy s a zolution for P, The concept of
zolution we are interested in is an intensionsl one, relatedtothe coneept oi;fﬂ&-'ir?g .

Atthispoint we can consider notions of correctness between zpecifications, by lifting sementical no-
tionstothe syntactical layer. We refer to specificstions, rather than to programs,to encompass the entire
constroction process, throughout specifications andpz ograms, GiventermsF snd§ of £, wesay that F is
pax.s‘i:wg:car.f cf with vespectto§ {denotedF = GV p[FTd pF |7 bnninabes {denoted TF) i Vi p[F], and¥
istotolly cervect with respect to f (denotedF < §) iff TF sndF £ F. As we have seen these definitions in-

cludzthe case of non-deterministic programs, Given terms p and§ of £, we say that p is asofubion for g,
with respect to target machine H, denoted p § §+ Ui p< & and pely Then, aslubion for s problem

with respectto¥l, is s is atarget texmp such thetpfp [ P and pfpr] visble; we dencte this by p G P, These
definitions of selution capture the ides of consfruction of an object for s target machine, v

Ardimportant taol for the saalysis of the conpection between spplication concept end specification,
carriedontinthe sequel, isthe following substitutivity result relating relaxation snd seluticn,

Theavem. P ‘ﬁ-- Ap[G laplF ]——; F ¢1.¢ G {5

! We sctvallyvse variables over problems in our program devivation ealrulus [HVESS), but we do not
need them here
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VL CONNEC TG THE THEORETIDAL ARD GBSERVATIIAL LEVELS OF THE BUFTWARE PROUESS,

In order to anslyze the r_‘unrm-ftlum arony spplication concepts, specifications, programs, and viy-
tual'machines, weneeda wayto talk formally about spplication eoncepts, Although problems ars theo-
retical objects, we have associated, in a parpozely vague yaanner, the sppdication concept with the ides of
problev, To ooy framework, spplication concepts are cbjects of £n" whereas problems belong to L In
uch a context, any attemnpt totreat applications concepts as problems must be based on an explicit con-
nection,

Wahave darad andresnltsy intheuniversa? on the theorstical level, whereas inputs § and outputsp
are in the vniverse W' on tha chzexvational level, The distinction between U and W shonld be kept in
mind, The only connection between them isprovidedby a fuactiond (W - U,

First of all, let us exdmine the connections between application concepts and problems, It would be
desizable to hava s funcricn translating spplicaticn concepts to their theorstical counterpart, ie. pro-
blems, indncedby T, Thus, we state;

Poswiate,  Every application conest i in L4” iscomgmsive with aproblem Cih) in Ly,

e saythatan bbjw.’to of Lt is wm}‘wﬁ we with an objactyy of LT 1ff thair extensions aie congrus néup
tothe correspondence mlesCl,

Thus, A andCiA) sve conascted by the following natural correspondence rules:

Gy dED(«(@ 3 (F8Yd=HE) » BEA)

~

(C)  (FEYBEA A Tphy — p) ERC{M
iy 4,0 eg ciay ¢ (AN 3 A=1E) A t=Hp) A BBAA ;’Spﬁ)
Hoticethat wa axenot claiming lnowledge of Cif), but only its existence .
How,letus make explicit the connection herwcunprnﬂl aras andtheir rirtal machines, which is pro-

videdbythe subzetH of C. If pf [ e ®, targst machine X iz sble to choose for every data §, mach that )

saramaltp, sothat i), Tph FEQ T Similaxly for o progrem p., Thus, p and w4 axe cc»rmectedby

the iollowiag correspondence rales:

f.;:';_) Hrn, HJW 3 {&=0 uipl
({2 .ﬂ*ﬁ} ab = (30 F’Ln} aptd e (e EF.MP} add, r}eq}t[y}n

() _f?m}bg?i - [(3‘2‘}{_‘.’1’&%}@ A p=ﬁ%ﬁl(3}) (8, T{p}}eq}l[},]]

CallZ the conjunctionty A Oy A g AP & Ps 2 Py, Wenowhave Z |- p 4—«0:51) —r gL -SCR
Feesllthat veductive stotement (1) involves two eracial aspects, namely halting ofm L snd appropris-

teness ofthe cutpots, We examine halring firse,
¥i.1. The need of theorerical reasoming. How wacan procead to overcorme the .il,-}-u ndaridabilivy of the

ha l‘cmfolmﬁu}l. The crocizl differsnce between T and Et}!:?r‘n} ,Hﬁ'tj resides inthe fact the former is a predi-

cate introduced lnto the theoretical langaage, hence amenable to formal proof, whereas the latter is an

! This desideratum can be interpreted as stating that our extended obzeyvational langnage £ will
eontain only spplicstions conoepts -hﬂt canbarefardedashaving a data domam, % zest It domain and a
condition, 1.e, cuy epplication concepts can be apprehended by mesns of Polyw x_hrpc qw-’flnn,.. Az
Indwig Wittgenstein states in his Tractas Logico-Fhiloso vphn:ﬂ:: Mwras sich "buth}‘lp e 1aft, 136
zich klar sagen, nnd wovon man nicht reden kanm, aamber i man schweigen”,
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observational formula thet iz not 4 o' -decidable, Thus, one can consider the syntactical chject p and try
toproveitsterminstion, _ '
Fredicutes T, of £, and &, of £57, are connected by the derived yele dedneed from 20
(g T¥ {‘r*ﬁ}{ﬁim Hu — (3t} ?ﬁr}jﬁﬁt})
Yo con Skolemize Gt} A& ;eIi‘ﬂbE introducing s fanction mymbol =0 that {F) means "the instent the
raachine halts sfter the introduction of the datad”, in the following sense:
(o) F(CHFmR H‘x‘) ~3 i npgifg'{
Hence, in order tosolve our £t -undecidsbility problem, we state:
Tp | (vE[BSA A ﬂm}mﬁ —&?:‘i‘z}vﬁﬁiifi) A (ﬁ}&xﬁ B Ibmﬁnt(b}(ﬁm}}
Hetice that we have elivainated the problem of non-refutability in principle by means of & formal
proof of Tp, which ensures thatPén H.i will hold for some finitet={ G},
Mow we eve sble to reformulste the naive experivnent foe being-ar-enginsering-model, pressnted
above by instantiatingthe scheme introduced in section ¥,
Then, e dafine Hy 'ﬁ}ﬂx/_. iy Hypt Vit fpl Hy o i':'. Ig?jif;i&,i.; i'ﬂmfi ;};_Ei b By proving Vi) ax}d using the

2

n

previous corvespondence rules; we define the chservationsl consequence O as, (‘11 o AT DSk, A we
1= F
have dizcuszedprevionsly, if i it iz notthe case that fmlf%}ll,{u ¥t for some iz 1, ooy, We sYe not foxcedto

reject the mein hypothesis n} s - A We can instesd doukt the trath of othey statement, such as B8; A, e,

the fuct that this; belongs tathe domain of &, On the contrary, if | ﬁ 1R?iz?;mt_j(5i}ﬁa holds, we caxnck comn-
1= F .

W )
cludethe main hypothesiz }"Hé 5 we con only consider, & rfﬁimgﬁ?;@i}h as 8 good inductive support for
1= :

L A,

VEiZ. dpplicetion conogpt, specifications, programs snd vizial soachines. The process of writing &
specification.Spe begins with & verbalization ¥y, which deseribes aot & single spplication concepr & but &
class Ky, a5 wehave mentioned. Then, the i;.fee.lqest requirement cie can bmpose on sach & specificstion
Spe, in ordar toensure that one is solving the correct problem, is that it denotarion shovld be & relaxs-
tion ofC{A), | |

How, from (3} and () we dexive the fundamentaf foctorization Mheovem for the relation of being-an-engi-
nenrm -model,

: T}mdmm. 1Spe] L Cllga Py Spe — an._ A {5)

This factorization theorem states formally the general belief of the working software engineer: one
cen be sure that virtusl mechine mﬁP will be an engineeving mode] for application concept & if (i) one
constyuets a problem specification Spe whose denctation is a relaxstion (up to the correspondence yules)
of the applicetion concept f4, znd(ii) one derives from Spe aprogreimy, in thetarget programing language
Ly thatistotally correct with respactto Spe. ‘

VL. ‘THE INHERENT I SR-MVORGTORICITYOF THE BV TWARE DEVELOPRER T PROCESS.

Aswehave said, aszertion W}I’ £ fuizsynthetic, This Wnthetw character axises from the fact that &
is an extensicnal object, The ordy descripticn one has for it is the set of pairs §, p} such thet
B34 and FBph. In other words, we heve no device in £ for deseribingthe extension of &, In fact, similer
conzideretions apply to B if we resirict ourselves to the observational lahg}mg}e itself. The difference
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batwaen hoth objects rezides in the fact that m,q iz an obzervational object constrocted from atarm p of

the forymal language Lypandthe st Hof cor rezpondence ralas, On the contrsry, A is an chsarvational ob-

-
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e that, although we pestulate & theorstical chject
',A) orrvesponding ¥o 3‘1 ona's ‘rlowladg stboth abjects iz only partial. So, one "conztructs" & term Spe
of £ from sn informal verbalizstion and an incomplete axtensional knowledge of A and, except in trivial
nazes, one caanct lnow its complets extension becanse of its size
Thevefore, one has to accept that the factorization theorem (5] relates two synthetic forynulas. This
theorein factorizes the synthetic character of mﬁ?ﬂé # into a synthetic part, pfSpc]d CiA), and sn
aralytically determinate coe, p 5 Spe, S0, It seems that we can validate p{Spe] Ci{#) by a hypothetico-

deductive expariment and provey ﬁ Spe, inztead of validating directly the disposition m . £ A as diz-

pH
ussed above,

I.;at us develop an experiment totest the hypothesisp[Spe] CA)

Ve instantiste Hy g plSpe] o C); Hy: { VibC ), 76 Spell Hy 1 Ey o 1Y na BIAL How, by using the
waderlyingt “mm T (the Algbraic The«:r*qr of Problems) we derive thet vestingHy g is ﬁqﬂivalent to testing
Haart Dcm D, [Spe] *0d Hyga! q}l[\},f” De, Sy At this point wa calenlate o = {Jid=I@)a Seky),
Pp SR 1'1}_{[\‘)10 e and $yC ‘31{3’11‘6” =0 T‘nt, with P ={pp, g, # ’;- we have 7P %, How, we prove

fformally) that Hp The Lonespand;ance rules will be Z, and the obzsrvational conseguence:

Dy spey
et (v8) (¥p) Felya fpde oy & 4T :»wﬂ} 2, sk,
How,ifwefail toprove g $ Mf}‘ €] then We YISt vejert Hw and if the experiment falsifies the ob-

servational consequence then we must reject Hypy, Clearly in either case we must reject Hyy, On the con-

7

rary, what isthe situstion when we prov raty i andthe experiment does not falzify 0c? Obyiously, we will
not rejact Hy, , bt should we acespt 09 As we have seen, this iz not the cage, We can accept only that
#[Sre] o PP, Then, following the "recipe” of the hypothetico-deductive method we should choose other sets
Fa E3, .., Iy construct problems PLPE | PY, and validete them by using the same experin scheme,

Asmume that these experiments do aot suecesd in falsifying Hyp Then, as working scientists, we will ae-
ne

cepi Hy g vetil some new evidence happens to falzify it

Conziderk + 1 non-rsjecting experiments involving problems PO, PLP2, |, P¥ and letP=(P! 1 02ick),
Azzume, for the zake of simplicity, that the problems inf .hairep:airwise dizjoint data domains. The oaly

assertion w2 axe entitledto make isthat p{fpe] is & ralaxation of the summation overP How, assorme we
haveaprogramy suckthaty G Spe. The previons results fuarantee couly that E: will be s engineering
model of the obzarrational connterpart of this sunmaticn, Considey now se xpperimeant with set of dats,
4]

Ey' ther falsifiesH, . Then, we will have a problem P for which Dpid £ D ispel¥ 4pt Sy spe]| .
'-. v )

doegnot hold, A software-enginesring intevpretation of this disjunction is beyondthe scope of this pa-

per:the interested reader should refer to [H+VE2a, 85b].
Henwee, adter being zure of p 5 Spe. no mstter huw mch one has validated Spe, T should ba repea-

”lh validated with respact ta f, like any constroction in emgpirical science, In particular, the case of
'iﬁ'i =L failingro holdizone in wnzchn%ﬁma yiailto halteventhoughy & Spe is guarantaed,

Proving correciness eliminates thepossibility of desling with aprogram thet does not satisfy its spe-

cification. The factorization theorem guarantess that if p &= Spe, then the only poszible scurces of nefa-

i
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tive experimental outcome isthe failoye of pfSpe] o Cif), of some avxilisry hypothesis or of sove ruls of
C. In sddition, oxne most ver ify termination o r» tobe"eonvinced " that vivival machine ﬂ}ﬁ will halt, In
fact, one shomldpeors theoyetical covnterparts, ie, theoretical predicetes related ta cbservational coes
by mesns of roles of C, for every disposition non £g'-dacidsble, Therefore, validation and verificstion
are deeply imbricated andtheiruseln s given order is not only a heuristic strategybut & matter of formal
TeCessity.

Letus go desper Inthe analysis of @ lute rejecting experimernt, Before the appesrance of problem P,
both premises of the factorizgation theorens wers true, But, after acquiring the new knowlsdge sbout £ re-
prezentedby P bt] rhe first conjuncsp[Spe] o Ci), becones evidently false, Thisis e flegrant case of non-
monotonicity, If one secepts the inherently synthetic character of p[Spe] o CHA), then one should sccept
that this non-monctonicity is inhersnd to the software derelopiment process itself, We call this pheno-

menonglsbal nen-menelonicity, since it concerns the extreme points of software process.

Let us now analyze, vnder the circumstances of the preceding paragraphs, the decompesition of the
reificstion leg ofthe sofiware process (figl 1linte steps [ Ture7), To accomplizh sueh 2 decornposition, one
bridgfesthe fapbatwean Sprand _p by introdocing intermedisie teyms Fy, .5, of £, bot still not restricted
to Ly In so doing. one creates o q&qu nce of intermediste steps. Bo, we cen write the factorizstion theoyem
inthe foym: ,

pfSpe)d CLAY AFy<Spen o AFE Fughp E—E -—;»vn}hljh A

Then, in vievw of the tranzitiviry of relaxstion, we can decompose thpp?’ecedmﬂ staternent into

1lspe] @ ClAY A FyaSpe — plFyl L(é““n--wﬂt?a.ﬂdf () 8 F < Fo g 1Pl o CUAY:
' BRI T ap g Fy Mr*zpug.m,

Hetethatthe previcms non-nionotonicity ayfument now applies to each one of these stataments, 8o,
no matter how “microscopic® are the development steps, non-monotonicity will spreadto oll of them, Le-
cal nen-menelenicily isthe name we give tothe fact that nor-mondtonicity pernestes into every develop-
ment step,

VI CORIATSHIEE

We have analysed the software development process by using Carnap’s Two-level Theory of the Lan-
guage of Science andthe Algebraic Theory of Froblems, This ans.igrsis; has shown that many of Carnap's
idess concérning empdrical science shedlight on software davelopment, In particelar, the need of a theo-
reticel level, distinet from the chservational one, hasbaen heevily {elt for several ressons, .

On the obzervational level one has spplication concepts and machines; on the theovetical level one
has formal spenifications andprog‘r;&ms. This separation, in addition to its heuristic value, is & matter of
necessity, This necessity arises from the fact that most interesting properties of mechines turn oot to be
dispositions that sxe non-confirmabla or non-refuteble in principle, A prime example of non-refutabi-
lity inprinciple isthe case of machine halting. One hasto deal with it on the thearetical level, Y proving
termination of the corresponding program. Before doing this, one cannot validste programs by means of
experiments, sincetetal correctness is neither conﬁrmable nox refuteble in principle,

Thevss 01’ this formal framework has had two main sdvexntages, On the one hend, we have been ahble
toststesnd G:“'t‘«bl!“’h, inaprecise way, some facts that arﬂ generally believed on intuitive grounds only,

On the other hand, this framework hasbeen helpful in pavingthe wayto some izaportant new facts, Thus,
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we hiave proved the r-;ynthetic chayacter of coryectness with rezpect to an spplicetion concept, as well as
thefinevits.bilitﬂf of validation and verification, snd the deep imbrication of both technigues for the
analysis of program correctness with respect to the spplicstion concept, We have alsa formally proved
that the seftware devaloprent process is inherently non-maonctonie «t oy level of decomposition, in

that it prezentz both plobal andlocal nen-monctonicity, Therefore, any formalism thet purports to des-

cribe the software development process must accomimodate non-moenotenicity .
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