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Abstract

In Chapter 12 of a forthcoming book, Girard [Gir] presents the model of Ptyxes of finite
-types as a model of a variant T of Godel’s T {a typed A-calculus with primitive recursion).
In Pappinghaus [Pap85] this model is extended to a typed lambda-calculus with ordinal
structure (sup terms). » o , _

In the present paper we show how to extend the model of Ptyxes of finite types to a typed
A-calculus which also includes sum and empty types [GLP89].

KEY WORDS
typed A-calculus, canonical model, Ptyxes, the category ON.

Hesumo

No capitulo 12 de um livro ainda ndo publicado, Girard [Gir] apresenta o modelo dos Ptyxes
de tipos finitos como um modelo de uma variante T’ da T de Gédel (um M-calculus tipado
com operador de recursio primitiva).
~ Em Péppinghaus [Pap85] este modelo é extendido a um lambda-calculus com estrutura
ordinal (termos sup). ,

Nés mostramos como obler um modelo dos Ptyxes para tipos finitos o qual é um modelo
para o A-calculus tipado com o tipo some e o vazio [GLP89].

PALAVRAS CHAVES . _
A-calculus tipado, modelo canonico, Ptyxes, a categoria ON.
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1 Introduction

The concept of Plyxes of a certain finite types was introduced by Girard [Gir] as & general-
ization of the concept of Dilators [Gir81] to finite types. Girard also proved that the Piyxes
of finite types constituted a model of a variant T’ of the well-known Godel’s T.

In 1985, Pappinghaus showed how to extend this model to an extended A-calculus whwh
included an ordinal structure (sup-terms) and showed how to obtain some resulis concerning
ordinal measures for the evaluation of terms of type 0 — 0 on w.

The aim of the present paper is to extend Girard’s model of Plyxes to an extended typed:
X-calculus which includes besides sup-terms and ordinal structure, the types sum and empiy.

The addition of these new types usually introduces difficultics which are very peculiar to
them. It is well known that sum works with contexts. As Girard puts it in the context of
Natural Deduction “ Whalt is catastrophic about them is the parasitic precense of a formula
C which has no structural link with the formula which is eliminated. C plays the réle of a
context, and the writing of these rules is a concession to Sequent Calculus” [GLP8Y].

We will show that Ptyxes constitute a nice model of terms of these new types, providing
an interesting treatement of contexts and of the equations related to them. In fact, we will
-present two different models of Ptyxes; one based on a partial cvaluation function and another
‘based on a total evaluation function. In spite of the technical differences between them, we
think there are some inieresting conceptual motuatlons (which we will not discuss here) for
choosing one of them.

Most of the terminology and notatlon ugsed in this paper is taken from [Gir] and [Pap85].



2 The Typed X-calculus. A-IND

Definition 2.1 Types are inductively defined by the following zlauses :

1. EMP is o finile iype (the emply iype).

2. 013 a fintle lype. ' :

3. If o and T are finile lypes, then (o — 1), (6 x 1), (0 + 7) are finile {ypes. -
4. The only finile iypes are those oblained by means of 1,2,3.

As usual oy — 03 — ... — 0, is a shorthand for (g1 = (02— (... = 0n))).

Définition 2.2 The class \-ND, of A-terms of lype o are inductively defined as :

variables : 0°,6% ¢%,... € A-ND,.

constants : 0 € A-NDy, § € A-NDyo, + € A-NDyoomo
Ra € A“NDU—»(o-«fo—-\o')—»O-w- .

sup-terms : { € A-NDy, « limil ordinal, 2° variable, then (supoc,1) € A-NDy.
®-terms : s € A-ND,, 1 € X-ND,, then (3®1) € A-ND,x,.

x-terms : { € A-ND,y,, then (x't) € A-ND,, (n%t) € A-ND,.

app-terms : {1 € A-ND,_,,, s € A-ND,, then (is) € A-ND,.

A-terms : 1 € A-ND,,a;’ variable, then (Aa®.l) € A-ND,_,,.

@-terms : 1 € X-ND,, then (i'1) € A-ND,y, , and
1€ A-ND, | then (%) € A-NDyy,.

case-terms : {[a°] € X-NDjs, s[b’] € A-NDs,r € A-ND,y, , then
(@(a, b)(rt[a”],3[b7])) € A-NDs. '

empty-terms : L € A-NDgyp, then (¢71) € A-ND,.

Definition 2.3 1. CT,:={t € A-ND, /1 closed }

2. +o:=+ € CTooao
Foerr 1= Aa.Ab Ac. 4, (ac)(bc) € CT(,.,,,)_.(,,HT)_;(,,.,T) , T 75 EMP

Foxr 1= Aa.Ab. +, (wla)(7r'h) @ +.(7%a)(1?0) € CTioxr)m(oxr)s(oxr), 0T F EMP

—I~;,+, =

/\a./\b.il(il +, ig) if a”'” = ilil y b(,_H' = iltz y U ?,Yé EMP
)\(l/\b%z(tl +- iz) 2j a’tT = iztl , bt — izt,‘, , T -_?,L, EMP



3. Fori € AND,.,: (sup,cot):=da.sup,.,({a) € A\-ND,, , 7¢ EMP
Fort € AND,y,: (5Up,cal) = 6Up,ca(7'l) ® sup,.,(v?1) € A-ND,y,
o, 7T+ EMP
If 1777 = " dhen : (Supyeqt) := i'(8Upyeatf) € A-NDpyr, 0 EMP
If 1777 =% then ! (Supyeal) = i%(sup,cat]) € A-NDyyy, T EMP

As usual {,13...1, as an abbreviation of (... ({;13)...1,). Indexes will be drops whenever
possible. The concepts of bound and {ree variables, closed terms, substitution, redex, con-
traction, normal terms, alphabetical variables are the usual ones. Substitution of a term ¢
for a variable @ in a term { (s and ¢ of the same type) will be denoted by t[a” :=s],orif t is
written as t[a°] by t[s/a’] or by {[s] when is clear by the context.

Definition 2.4 The reduction b is defined by the following rules:
Operational reduciions
o +i0F1
6 +{(Su) I S(+tu)
@ +i(5uvp:c<a u) - sup, o, (+iu)
o R iuQF{
e R tu(Sv) b +,(R,tuv)(u( R {uv)v)
6 R, tu (sup.cq v) F sup,c (Roluv)
e (la°.ta])s & t|s/a°]  for tla] € A-ND,,s € XA-ND,
® 1r1(.s ) F s
(s @) F 1
"o (@(a,b)(i' 7, t[a], b)) F t[r/a’]
(&(a, b)), t[a’], s[b7])) + s[r/b7]

Commuling reductions for @

r(@(a, b)(r.1,3)) F (&(a,b)(r, 1, 7's))
w2 (®(a, b)(r, 1,8)) F (B(a,b)(r, w1, w?s))
(®(a, b)(r,1,s))w F (&(a,b)(r, lw, sw))

e*(®(e, b)(r, t,8)) F (B(a,b)(r, e, e%s))

o (&(a’,V)((®(a,b)(r,1[a), s[b7]), ']a"], s'[b"))) -
(@(a, b)(r, (@(a', ¥')(i[a], '[a"], s'[b"])), (@(a', b')(s[b7], ']a"], s'6"1))))

&

@

@

]



Commuting reductions for EMP

o wl(e?* ) F et
o we ")k €7t
(eo"t)ut et
e*(e®MPL) et
(®(a, b)(e7t rEMP t[a”]2, 8[b7]°)) F e°or

@

-]

3

Since there is no intreduction rules for L, there is no standard reduction for the £ symbol.

We have the commuting reductions in order to resolve additional difficulties we encounter
in the full calculus. It is no longer true that the conclusion of an elimination is a subformula
of the major premise. This fact has as immediate consequence that whithout the commuting
reductions we loose the important property that if 1, 1, then, in 1, we do not have more
“complex” redexes that those we have in #;. In a way, the sum operator combined with
other operators allows us to construct “bad forms” (in Natural Deduction terminology “bad
eliminations”) and the commuting reductions are introduced in order to transform that “bad
forms” into “good forms” (“good eliminations”) restoring thus the desired properties (com-
plexity, sub-formula). On the other hand, the adoption of the new reduction rules still has
undesirable consequences, as for example the a priori identification of different deductions.
As Girard puts it: »
“Moreover, the extensions are long and difficult, and for all that you will not learn anything
new apart from technical variations on reducibility. So it will suffice to know that the Strong
Normalisation Theorem also holds in this case” [GLP89, p.80]. '

The one step reduction — is defined to be the closure of the reduction F under the term
forming rules. The reduction ~» is defined to be the reflexive, transitive closufe of the one
step reduction —.

Proposition 2.5 ~» s sirongly normalizable and Church-Rosser.

Proof : see [Pra70] and [Gir72]. O



3

Canonical Model

Definition 3.1 The notion of a dislinguished variable (d. var.) of & term t is defined by
the following inductive clauses :

1. Ift=2 € A-NDy, z is the d. var. of 1.

If z is the d. var. of v € A-NDy and z i3 not free in 1 € A-NDy, then z is the d. ver.
of +tu € A-ND,.

If z is the d. var. of v € A-NDy, z is nol free in t € A-ND, and v € X-NDy 90 ,

“then z is the d. var. of R,duv € A-ND,.

If 2 is the d. var. of 1 € A-ND,_, and z is nol f'rec ins € A-ND,, then z is the d.
var. of is € A-ND,.

If z is the d. var. of 1 € JA-ND,y,, then z is ihc d. var. of 7 € X-ND, ,
w’t € M-ND,. .

6. If z is the d. var. of t € A-NDgpsp, then z is the d. var. of €°1 € A-ND,.

If z is the d. var. of 4,5 € A-NDs and z is nof frec in v € A-NDyy,, then z is the d.
var. of (&®(a,b)(r,s,1)).

Because of the fact that for Ptyxes the sup does not always exist, we restrict our typed
A-calculus to a sintactically defined subclass of it, which is big encugh for our purpose. Let
A be a fixed ordinal or A =On: Then, we change our definition for sup-terms in the following

way:

It € A-NDy, 2%he d. var. of t, ¢ < Aanda limit ordma] then supt € A-NDy.

z<a

The restricted A-calculus thus obtained is called »-ND< A.

Deﬁnition 3.2 A lype slruclure is a sequence

< {M, /o finite type}, {®o, /0,7 finile types}, {Qs, / o, 7 finile {ypes},

{77” /o‘,'r inite {ypes, j= 1,2 },{i2, / o, T finile types, j=1,2}>
such thal

e do =

i

Mpgpp ts emply.

Oyt Mgy X M, — M,
Ror : My X My, — Mgy,
b Moy, — M,

w2t Moy, — M,

T

Va € My, Vb € M, 7l (a®b)=a, n2.(a®, b)=1



6. 4L i My~ Moy,
i?" . Af’, 4 M¢+f

Definition 3.3 We define an ordinal operalor structure over an ordinal A(A- OOS) to be a
pair < M, * > s.t.

1. The basic domain M, is a limit ordinal > A or A = On.

2. xis a map that associates to each term t € \-ND, and to each sequence a‘{‘ yoroyadn of
distinct variables that contains the free variables oft amap i : M, XM, — M,
that satisfies the following conditions : '

(e) t* is independeni of the naming and ordering of the free variables of 1.
(4) (a°) (¢) =c€ M,, Vot EMP!
(c) o Hue,...,c.) and v*(cy,...,e,) ave defined and if u 33 nol ¢ case-lerm or
an emply-lerm, lhen ‘
(uv)*(er, .. ) = u (e, -y Cn) Opr v* (€1, -+, Ca)
e ((e”")v)* (ery ... en) = (") (e, ..., Ca)
o ((&(a,b)(r,1,8))v)*(er; ..., ca) = (®(a, B)(r, 10, 5v))* (c1, - .., €n)
(4) o Ifv(er,...,c,) is defned and if vis nol a case-lerm or an emply-lerm , then
(@) (er, ..y e0) =1 (v*(ery -, 00))
® (WI(EUXTt)) (Cl) cn) - ( Ut) (Cl) e -:Cn)
(w2 (&))" (er, -+ -y e0) = (€78) (ery - -y Cn)
o (mf(D(a,b)(r,1 s))) (c1y ..oy en) = (B(a, ))r, i, w95))* (cy, . .., n)
(e) If s*(c1,...,cn) and t*(cy,...,c,) are defined, then
(s@8)(ery.v o cn) =8"(c1y. ycn) @1 (c1y. oy Ca)
() o If t*(cy,-. ,cn,cn_H) is defined, then
(Aa®)*(ery ..oy en) Opr d =1(cy,y . .y Cny d) for everyd € M,.
o If Vde J\L, i"(cl,...,cn,d) = s"(c1,...,Cn,d) then
(Az?t)" (c1y- - -y 60) = (A278)(cis - -, Cn)
(g) 0r=0¢ Mo.
(h) 8 ©ompoa=a-+1 for everya € M.
(i) Ift*(ciy-..,cn Cnsr) is defined, then
(supzea £)*(c1y. .., ¢0) =supgeat'(er, ..., cn, A) € M.
(i) If t*(c1,-..,cn) is defined, ihen |
(i-’t)"‘(cl, ey Cn) = iJ ( (Cl, Cn))

'Note that for Mgpyp, we have (zZMP)*(c) = undefined , since Mgpp = 0.




(k) o

(@(a,b)(ra+y,t[aa],S[bT]))*(Cl’_;. o) = { ey emut(ery .. c)) ot = I:IU

8*(cry. . yemut(eny . ooy0,)) 7T =t

In the ﬁrsiA case we need that i*(cy, ..., CnyCnq1) and u*(cy,...,cn) are defined,
and in the second case we need thal s*(cy,..., ¢, Cny1) and u*(cy,...,c,) are

defined. ‘
© (®(a,b)(e"r, 1% 5%)) (c1, ...y ca) = (€77)(er, ..y cn)
o (@, V)((®(a,b)(r,1,9)), ', 8") (e, ..y €0) =
(@(a,B)(r, (@(a', V) (1,4, ), (@(a", Yo, 2, ) (et )
o If (ta)*(c1y..-yen) = ('[a])*(e1y- 1)
(sfo])*(ery ..y ea) = (s'B]) (cry - -y )
r*{cry ooy 6n) =7"(c1,. .0y 00) then .
(@(e, b)(r, 1], s[B]))" (c1) - . -y €a) = (@(a, b)(+', ']a], s"[B]))* (1, - .- €n)
(1) o (e7t)*(c1y... ) =1"(e1y...,6) if 115 nof a case-term.?
o (e7(®(a,b)(r,t,8))) (c1y...,en) = (B(a,b)(r,e71,e%8))* (c1, - .-y Cn)

Definition 3.4 A cenonical model of A-ND< A is a A-O0S < M,* > that satisfies the
following additional conditions :

1. Iftla°] € A-ND,,s € \-ND,, a°nol free in's,1* and s defncd then

(t[s]) (cl, 2 Cn) = t*(cly o> Cay8¥(ery - ’Cn))
2. o <A limit ordinal, t* defined, then (sup,cot)*(ct,. ., ) = *(e1y .oy ny@)
3. +*Qa®f=a+pf€ My for all o, f € M,.

4. R, 0codol=c,
Roceodo(a+)=4+10(R,0cOdOa)® (do(R*0codoa)@a)
for every o € M,.

Lemma 3.5 Lel < M,* > be a canonical model of \-ND< A.
Then, for any 1, s € >-ND< A s.1. 1* and s* are defined we have: If t+ s then t* = s*

Proof : By inspection of the reduction rules.

1. (Xa.la])s & 1[s]. Jn [Pap85]
2. +i(sup u) b sup(+tu). In [Pap85)

2t is interesting to notice that since every term t of type EMP is necessarily open (it’s a consequence of
normalization!) none of them has value in the model.



3. R tu(sup v) & sup(R,iuv). In [Pap85)
{ (@) ks

(7"‘(8 (%39 i))'((?l,. . .,Cn) =

”:lrr((é ® i)*(cly ceey Cn)) =

W;T(sn(cll sy Cn) Ror i”(C1 RN Cn)) =
8*(cyy...,Cn) :

5. (7*(s @) 1. Idem 4

(&(a, b)(i'r?, [a’], s[b"])) - 1]r]

(®(a, b)(i're, tfa’], s[b7])) (1, - .y 00) =
(e, oo yeayr(er, . vy 6n)) =
@D (ers -+ en)

(®(a, b)(i*r?, t[a"], s[b7])) & s|r]. Idem 6

8. +t0F1

10.

11.

12.
13.
14.
15.

(+10)* (c1, .-+ 00) =

+* Ot ey ya) OO0 =
i‘(Cl,...,Cn)"*‘O::

t*(cry. -y €0) ,

+1(Su) F S(+iu)

(H(Su)) (cry ..oy 00) =

F O (ery 00 O (8 O u(ery ..y ea) =
ey yen)+ (u(ery .o yen) + 1) =

T (c1y . yen) +u(er,..y6)) + 1=
(S(+tu)) (e, vy )

R Aud 1t

(Rstu0)*(c1y ..y cn) =

R, 01 (c1y. . ycn) Ou*(ery.oyca) ©0 =

t‘(cla"')c'n)

R tu(S5v) b+, (R, tuv)(u(R, tuv)v)

(Rotu(Sv))*(c1y-..y6n) =
Rzet*(ch"')cn)QU*(Clv"':Cn)Q(S*GU*(ch'",cn)) =
R, 01 (c1y-. ) Out(ey,...,cn) @ (v*(ery--oyen) +1) =
+, O (R, Ot (c1, ..., ) Ou(eyy .., 6) @V (cr, ., Ca)) ©

(v (e, ) O (RO (e, e vy ca) Ou(ery .-y a) OV ey -y ) @ v ety e vy €0)) =

(+o(Rotuv)(u( R, tuv)v))* (e, - . ., Cn)

' (d(a, b)(r,1,8)) F (d(a,b)(r,x't,7's)). By 3.2.4
2(®(a, b)(r,1,8)) + (&(q,d)(r, 7, 7%s)). By 3.2.4
(®(a,b)(r,t,8))w F (®(a,b)(r,lw,sw)) . By 3.2.9

e*(®(a, b)(r,1,8)) + (&(a,b)(r,e*1,e%s)). By 3.2.12

8



16. (&(a’, ¥')((®(a, b)(r, t[a”], s[b7])), 'la"], #'[6"])) F
(®(a, b)(r, (@(a', ") (2[e"],t'[a"], 6'[67])), (@(a’, b')(s[b7], '[a"], s'[6"])))). By 3.£.11
17. 7' (e7*"{) + €°1. By 8.2.4 '
18. w(e7*") - €. By 8.2.4
19. (e°""1)ut €"i. By 3.2.3
20. e*(eBMP1) - et
(e*(eBMF1)) (1, .-y Ca) =
(EEA!Pi)“ (Ch ‘ee ) cn) =
"(c1y. oy 6n) =
(e*1)*(c1y- -y Cn) |
21. (&(a,b)(e?* rEMP {[a”], s[b7]°))} + €°r. By 3.2.11 O

It is interesting to notice that this definition of canonical model allows us to cope with
the equations (r'{@7%t) F 1, (Az.tz) b1, eFMPLi-1, (B(a,b)(1,i'a,i?)) |- {, which usually
provide additional problems for other types of models (e.g. the model based on coherence
spaces). ‘

Definition 3.6 The relalion ~» of reduction is defined from the reduction F by the following
inductive clauses :

~

t~1

tls then t~s

i~ g8~ u then 1~ u

t~ 1, s~ 8" then 1s~1's

t~ 1 s~ s then {Q@s~1U®s
t~ 1 then wit~o o7t

t~ 1 then it~ iit!

t~ 1 then €%t~ et

TR S R e R

1~ s then Az7.d~ Xz°.s
t{a] ~ t'[a], s[b] ~ s'[b],r ~» 7' then _
(@(a, b)(r, t{al, s[t1)) ~ (@(a, b)(r", tla], £'[E]))

—~
=

Proposition 3.7 Let < M,* > be e canonical model of \-ND< A. Then for 1,s € A-ND< A
s.i. 1* end s* are defined we have :
Ift~ stheni* = s*

Proof : By induclion on ~



1. 1~ 1. Obvious 1*(cy, .. ) =17(er, .00 00)
2. By Lemma 3.4

3. By inductive hypothesis t*(cy,...,cn) = 8*(cy,...,cn) and 3°(cy, ...

4. By inductive hypothesis *(cy,...,¢c,) = if’(cl, ...y ¢q) and s*(cy, ...
because of the operalors preserve igualily in the model we have
t* (e, 1 Cn) Ogr 8°(C1y 0y 6a) =1"{cry .y 00) Opr 8™ (1,01, Cn)
then (1s)*(c1,y ... e0) = (t'8")* (1) .-, €5)

5. Idem 4 '

6. By inductive hypothesis 1*(cy,...,cq) =1"(c1,...,cn) then
w 1*(ery.vny ) = 7 _t™(cy,...,c,) then
(1) (ery .-y en) = (W) (c1y ..oy Cn)

7. Idem §

8. By IH and 3.2.12

then, for transilivily of =
*(ciy...,ca) = u"(cyy- ey Cn)

9. By IH and 3.2.6

10.

By IH aend 3.2.11

Ptyxes

nd) = U'(Cl, .

yCr) = 8"{(cy, ..

ey Cn)

As we said above, Ptyxes are generalizations of the concept of Dilators (introduced in Girard
[Gir81]) to finite types. We associate with each type o a category PT? whose objects form a
class denoted Pt? and are called Piyzes of {3 the . The set of morphisms from A to B in Pt°
is denoted by 1°(A,B).

Definition 4.1 1. PTPM? i3 the emply calegory.
2. PT° is ON; i.e., PP is On, and P(z,y) is [zyy) the sci of all strictly increasing

mappings from z inlo y.

10



8. PT"=7 is such that P~ is the class of ell funciors from PTY to PT" preserving direct
limits and pull-backs. If A, B ave in Pt°™7, then IF™7(A, B) ts the sel of ell natvral
transformations from A o B.

4. PT7*7 is the product of the calegories PT” and PT" : Pt7" is the class of all pairs
(A, B) such that A is in Pt° and B is in Pt"; P*"((A, A"), (B, B')) is the sei of all pairs
(T, T") such that T is in P(A,B) end T’ is in I'(A', B'). :

5. PT°*" is the sum (or coproducl) of the calegories PT" and PT" : P{°*" consisl of
pairs (i,A) withi = 1 end A € P ori = 2 and A € PU; I°*((i, A),(j, B))
is votd when i # j , end consisls of pairs (1,T) such thel T is in I°(4,B) if
i=j=1 or consists of pairs (2,T) such that T'is in I"(A,B) if i=j=2.

Examples:
1. Ptyxes of type 0 are ordinals.
2. Ptyxes of type 0 — 0 are dilators [Gir81].

3. The functor A [Gir81] is & nice exmﬁple of a Ptyx of lype
(0 —-0) — (0 — 0) |

Definition 4.2 We shall now define for some Ptyxes A,B of type o an embedding morphism
E9p € I°(A, B) : this morphism is a generalization of the morphism E,, (where z,y € On)
introduced in [GV84]. The definition of E4p is taken {rom [Gir]. ¢

1. If A,B € Pi° then ESg is defined when A < B. In this case ESp = E4p is defined by
EAB(Z) =z Yz < A.

2. If A, Be€ Pt°"7, then E937 is defined iff the following condilions are salisfied :
o Va € Pi°, B ayp(ay 15 defined.
® ]f.T,, = B(ayp(0) then, T defines a natural {ransformation from A 1o B.
If these condilions are satisfied then, (Eqp7)(a) = Elyypay-
3. If A,B € P17, then E3E" is defined iff By a1 () Er2_(aye2 () T defined.
Tu this case, B3p" = (By (g1 8y Brz, (et (m)-

4. If A, B € Pt°%", then B} is defined iff A=A, B=iB and,
ifj =1, ESp ts defined, or,if j = 2, Elip ts defined.
Ifj=1E3 = (1, Epp)
Ifj = 2 EGE = (2, Ejpr).

We write £ for E7,.
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Because of the presence of sup-terms we need a notion of partial order (for every finite type
o) <% on Pt° and on morphisms in order to introduce sup’s in the model. This order on
Ptyzes is characterized by:

1. A <? B ifl an “embedding” morphism E4, € I"()ﬁ, B) is well defined.
2. < is the usual order on ordinals, and for higher types we have:

If A<°=" B then YC € Pt°: AC <" BC.
(The converse does not hold in general).

(A4, A <o%7 (B,B") il A<°B and A'<" B'

(i, A) <7t (5, B) iff ir--’j'= land A< B or i=j=2and AL B
We have also defined an ordering on morphisms. We order the sets (4, B) as follows :
1.1 f,g € I°(4,B), then f <giff Vz € A f(2) <g(z). .
2. WT,U € I°"(4, B), then T < U iff T(a) < U(a) Va € Pi°.
3. UT,U € I°(A,B)and T = (I, T"), U = (U",U") then T < U il T' < U", T" < U".
4. T, U € 1"t (4, B)and T = (j, T"), U= (j,U"), =1,2then T< U i T < U". |

Thus, we can define sup;erA; (the sup on Plyzes)in a natural way as the direct limit of
the directed system (A;, £54,)ijer provxded that for all i,j € T:4 < j then A4; < 4; .
This notion of sup satisfies:

Vr# EMP, if A=supA; in PT°"" then VA € Pi°: AA' = sup A; A’

icl IGI

Vo,7# EMP, (A,B)=sup;g(4;, B;) in PT*" iff
A=sup;c; A; in PT° and B =sup; Bi in PT"

Vo £ EMP, (1,4) =sup(l,4) in PT°*" _iff A=sup4; in PT°
leL :

leL

Vr£ EMP, (2,A)=sup(2,4;) in PT**" il A=supAd in PI"
el A

And we can define (the sup on morphism) sup;e;F; as the direct limit of the system
of morphisms (F;) (with associated function () when F; € I°(4;, B,s) is such that
FioEj 4, =Epp Vij € Tandi<j.

We are interested in seeing that the Ptyxes form a canonical model of our typed A-calculus.
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Definition 4.3 Let be MPT =< {PT°},00r,®,r, 7,10 > foro, v finile types and
i=1,2 where

O+ 1 the epplicalion of Plyzes and of morphisms of corresponding iypes (we write A(B) for
A ®,, B for A,B Plyzes or morphisms ).

®or 18 the pairing of Plyzes and of morphism of corresponding types (we write (A,B) for A
®.+ B for A,B Piyzes or morphisms). ‘ '

w3 is the unpairing of Plyzes end of morphisms of corresponding iypes (j = 1,2).

r

i7 are the injections of Plyzes and of morphisms of corresponding types (we write (1,A) for

oT

it and (8,A) for i2_, for A e Plyz or a morphism).

oT

Thus, MPT is a type structure.

Definition 4.4 The A-OOS is the pair < MPT,x > where M, is ON end * is a map
assoclating to each term t € A-ND, and every sequence aj',...,a%" of diflerent variables
containing the free variables of t & multifunctor which preserves pull-back and direct limit
1" : PT°" x ... x PT°" — PT" more precisely, assume that {(a{',...,a3") is a A-term of
type T whose only free variables are contained in the sequence a{',...,a2" then we define for
all Plyxes A4;,..., A, of respective types oy,...,0, & Plyx *(Ay,..., A,) of type 7; and for
every sequence of morphisms Fy € I'(A4;, A}),..., F, € 1°"(4,, A}) we define a morphism
'(F,..., B) eI (A, ..., A, 17(4), ..., AL)).

Then, beyond the requeriments of definition 3.3 we have to check that :

Lt(ER - Ean) = Elar,hn)
2. (Fyy .. F)ot*(F,.. ,FYy=t (I ol|,...,F, 0 F!) , (eq)
S (B, F) B 47 (FY, o YY) = (R &Y, ., 8ol

4. (Al, Fl_-) == lim,'ef(A;,,., Fl,'j)a ey (Au, Fni) = limiej(An“ Fn,.j) then
(A, ..., A U (Fy, .- F)) = limge (8 (Ayy, -0 A0, U (P -0 )

Where o is the composition of morphisms, Fi&F; is a puli-back of F| and Fyand (z, F;) =
lim;ep (2, Fy;) is the direct limit (or colimit) of the direct system (or diagram) of (=, Fy;).

1 and 2 guarantee that {* is a multifunctor, 3 guarantees that the funclor preserves
pull-backs and 4 that it preserves direct limnit. The requirement of preserving direct limit,
as the condition the continuity of Dana Scoti’s model and the condition about limit in
coherence spaces of Girard , corresponds to the existence of one denotation (each Ptyx can
be represented as a direct limit of finite dimensional Pilyxes : those determined by finitary
data). And preservation of pull-back, as the stability condition of Girard’s model of Coherence
Spaces, corresponds to the unicity of this denotation.

Now, we defined these multifunctors {* by inductioh on the complexity of the term { as

in [Gir]. .

il



Definition 4.5 l.variables (a’)(A)=A and (") (F)=F VYo EMP
Thus, the condilion 3.3.2. is salisfied and for condilions (eq) we have:
1. () (E5) ¥ B3 ¥ By
2. (a®)(F)o(a”) (F) ¥ For' ¥ (av)*(F o F)
J. As above.
4- (@) (A1), (ao) () &
(A, F) 2 y
lim;er(Ay, ’Flij) :
limiez((a”)" (A1), (a7)" (F1;,))
2.constants (0)" is the Plyz 0 of type 0 (the ordinal 0).
(S)" is the Piyz Id + 1 of iype 0 — 0 (dilaior) [Gir81]
(+)* is the funclor sum (bilator) of type 0 — 0 — 0 [Gir81]
(R,)" is define in [Gir] and [Pap85].
3.app-terms We want {o defined (1u)*, if a]*,...,al" arc ihe free variables of tu.

1. Assume 1* end u* are defined ,enjoy (eq) and-1 is nol a cese or an empiy-lerm.
Then, we define :
(tu) (A, ..., A) =1"(4y, ..., A)(w(41,. .., 4,))
(t0) (For- s By = (B, -, B (B, ., F)
The condxizons 3.3.2.c are saizsﬁed because ®yr 15 the applzraizon of Plyzes and
the apphcaison of morphisms® . And for (eq) we have :

(o) (bu)™ (B3, .., B7) ¥ .
B B (B B B
o ,,>( Arrd) =

o~ T def4.2
Et’(A.,...,A,,)(u (A1,..,4,) "=

. def
Et’(A; e An (1 (Ag,0A4n)) T

Bty (At e
(b) (Qu)*(Fy,..., F.) o (tu)” (F;,. F)

(R, B (F, ))ot*(F{, S )@ (F o ) =
Nﬂwwﬂhﬂﬂw X(ﬂ.wgoﬂﬂ,,ﬂ»—

1*(FyoF!,...,Foo F))(u*(FioF!,...,F,o F)) ¥
(tu)*(FyoFy,...,F, 0 F!)
* " de
(c) (tu)(Fy,..., F) & (tu) (F,..., F}) & _
£(Fy, .. F)u(Fy, .. F)) & (F, ..., F)(w(F, ..., Fly) 228y
3Let F,Fy : A — B be functors and let T : Fy == F; be a natural transformation. Then given §:a — b
a morphism in A, we write T(g) for the morphism in B such that T(g) = F5(¢) o T, = Tj o Fi(g).

YT, T' : Fy == F, Natural transformations, Fy, Fp : A — B functors, a € 0bj(4), g,&",F,; morphisms in
A, we have T(E,) = Epy(s) 0 T(a) = T(a) 0o Eg,(s) = T(a), and also T(g) o I'(¢") =T o T'(g o g'). -
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(e Fa) & (B FW By, F) & w(F o D) B
(R & F,. . B & F)w (F & . B & )
(Fu) (I & F),..., F, & F)) '
(d) ((tu)* (A4, ... An ) Q) (Fy,, - 1) def
(t*(A,,..., A )(u (Al,...,A,,)),t (1’1 S FE (R, F ‘))) Girl2.2,17.V
llm;cl( (Al,’ _ n{)(u‘(Al,‘y .o )) t* (]lu’ e 1"'1)("“(}1,,, . ;Flij))) t_iéf

}im;e]((iu)*(Al‘., ey An,‘); (tU)a(Flij, ceny ]Pn;j))
2. If 1 is en emply-lerm, then we have:
((e7tEMP V) (Ay, ..., A,) = (eTtPMPY (44, ..., A,)
(e tEMPYv) (Fy, ..., Fo) = (e tBMPY(Fy, .. 1)
This salisfies 8.3.2.c end for the propertics (eq) we don’t have {o check anyihing
because i* for 1 of type EMP is undefined.
3. If t 33 a case-lerm, then we have:
((®(a, b)(ro+, 178, 82w ) (A1, . . ., An) = (D(a, b)(r, tv, 80))* (A4, . . ., Ar)
((®(a, b)(ro¥7, 1o 5o o) (Fy, . . ., ) = (&(a, b)(r, tv, s0))* (Y, ..., Fy)
This salisfies 3.3.2.c and for the properties (eg) we have:
(a) ((@(e,8)(r,5,))0)" (Eay, - -, Ean) & (@(a, b)(r, 10, 50))" (Eg, ..., Ea,) (1)
' Here we have | cases {o consider ﬁ
Case 1 If r = i'u idem ifem for case-ferms replacing 1v by { and sv by s.
Case 2 If r = i%u idem caese 1.
Case 3 If r = "t uPMP | The equelion 1 is equal to:
(u) (Eayy- -, Ea,) = def w(Eay, ..., Fa,), and is undefined.
Case 4 If r = (@(a',b')(v',1',8"))9*" then, we just have 1o ileraie the rules
above.
(1) (@(a, B)(ryt, D)) (B -, ) o (@, (1, 5))0)* (5, ..., F2) 2
(@(a,b)(r, tv, s0))" (I, .. -, Fu) o (&(a, b)(r, v, 50))*(FY, ..., F}) (2)
We have 4 cases to com:dcr
Case 1 If r = i'u then, it is trealed as case- imms Teplacmg tv by { and sv by
8.
Case 2 If r = i%u then, il is trealed os in case 1.
Jase & If r = e uPMP . The equation 2 is cqua! r'o:
(SéuEl\{P):( ; F) (céubMP) (F!, ... F! 1y def
u (.., I )o w (F{,...,Fl) ,and is undrfnf’d. .
Case 4 Ifr = (®(d/, b')(r’,t', 8')) then, we just have 1o ilerate the rules above
(c) As for properiy 2.
(2) (((@(e,8)(r, 2, 9))0) (A, -, An), (@(a, b)(r, 1, ))0) (3, .., Fa)) &
((&(a, b)(r, v, sv))" (A1, .. ., An), (&(a, b)(r, 1v, sv))" (Fus, ..., Fi)) (3)

We have 4 cases to consider:
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Case 1 If r = i'u then, il is {realed as casc-icrms replacing v by 1 and sv by
8.

Case 2 If r = i%u i5 analogous 1o case 1.

Case 3 If r = *uPM". The equation 3 is equal fo:
((e*u)* (A, ..., A), (%) (Fy,, . .., F)) &
(u(Ay, ..., An),ut (1, .0, Fry)), and s undefined

Case 4 If r = (@(a’,b')(#',U's"))then, we jusl have 1o ilerale the rules above.

4. A-terms If 1* has been defined and il enjoys the properiies (eq), then we define
(/\adi)‘(Ah AR An)(An-l—l) = iﬂ(Al’ ey Am An-H)
(’\a”i)‘.(Al) ey An)(Fn-H) = i*(EAl Yty EAna FH'H)
(/\ﬂ”f)w(Fl, ey Fn)(fln.;_]) = t*(Fl, veey F,.,, EAn+l)5
This satisfies the first condition of 8.3.2.f and we have 1o check the second condilion:
If VA € Pt°, VF € I°(A, A') we have
(A, ..., A0, A) = 3" (A, ..., A, A) and
t(Ay, ..., A, F) = 8*(Ay, ..., An, F), then by definition,
VA Pte (Aad)* (Aq, ..., A )(A) = (Aa.8)* (41, ..., An)(A)and
VIt e J9(A, A (Aat) (Ay, .., AD)(F) = (Ras) (A, ..., A NF) .Thus
(Mad) (A, ..., 4,) = (Aa.8)* (A4, ..., 4,) ‘
And we also have:
If V A€ Pt° we have t*(Fy,..., F,, A) =s*(Fy,..., F,, A)
then, by defintlion VA € P17 (Aad)* (..., F)(A) = (Aa.s)(Fy,..., F,)(4)
Thus (Aad)*(Fy,..., F,) = (Aas) (F,..., F, '
And for the properties (eq) we have:
S

L (At (Bay, ..y Bg)(Angr) &

* IH
t (EA] LI ] EAn) EA!’H‘I) =
def
E:‘(A;,..V,An,An-%l) =
ET def4.2
(Aat) Ay AndAng1)
E(Uz\—(;;;'(/ll,...)An)(An+l) VA“'H € pie. T}LUS, we have

()‘at)ﬁ(Euxa v EAn) = E(a)\:t.r)"(A,,...,A»,) '

2. ((Mat) (Fy,..., Fa) o (Aat) (Fy,. .., F))(Angr) 2N
()‘aot)*(Fly ey Fn)(An-H) o (')‘aai)ﬂ('pl,) RN Fri)(An'H tiéf
t(Fryevoy Foy B,y ) o (Fly o FL By, ) B
t"(FLolF|,...,F,oF, Es,, 0E4.,)=
t*(FLoF,...,FooF! Ey )&
(Aat) (Fyo FY,..., Fpoo F))(Ant1) YAnp € Pi°. Thus, we have
(Aatl)* (Fy, ..., F,) o (Mat)*(Fl,..., F)) = (Aat)*(Fy o F!,..., F, 0 F!)

SWe don’t need to define (Aat)"(Fi,..., Fo)(Fag1) = *(F1,..., s, Iay;) because this is a consequence of
these three equalities. ‘
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9. ((Zat) (Fr,..., F) & (Aal)* (F, ..., F!)(Apy;) 2
a8 (Fy, ..., Fo)(Ansr) & (Aa”t)"(!‘,’, o FDY (A
t*(Fy, ..., Fuy Ea,,,) & t°(F,. . EAH,) 1
(P &F}, ..., Fu&F! Ey4,., &EA,,+,) =
t*(F\&F},...,F,&F! E,,,,) &

()\at)*(Fl&F{,. .y _F &F’)( n-H) VAn.H (S pia

4' (()‘aat)t(Aly LR An)(AnH)’ (}‘aci) (Fln n-)(AnH)) =ef
(t*(AI) ERRR} Am An-‘H)’ t*(Fln rn.s EA,,+| )) o
lim;el(t*(Ah.,'. «oy An'., An+1)7 (Fliji - n”, EAMI)) (g_.e:f
limiel((’\ai)&(/iln sy An.‘)(An~H)) ()‘at) (Fl.ﬁ 'n.,)( n+1)) VAn-H c Pio-
By [Gir] 12.2.17 this is equivalent io
((Aat)* (41, .., A4s), (Aat) (¥, F,,,))
lim((Aat)“(Ay,, ..., An,), (Rat)* (FI,J, s i)

E.®- tcrms Assume that t* and u* have been deﬁ’zed and enjoy the properties {cg} Then, by

3.3.2.1
(t®u) (Al,...,A,,) = (t*(A1,..., 4n), u (41, ..., 45))
(@ u)(Fy,..., )= ((F, ..., Fo), v (I, .., F))

We now chrck ihe properlies (eq) Jor i ® u)

L. (i®u) (EAH EA )def -
(i*(EA‘,... EA ),u (EA“ EA,.)) =

o deﬂ 2

(E *(AryoAn)? E; u*(Aj i ,,))

EUXT def
(t*(A1yersAn)u (Aryendn)) —

o X7
(t81)" (A1,rhn)

8. (@) (Fy,..., ) ot @u)(Fl,...,F)¥
(. Fo),ut (Fry . Fa)) o (5(FL .. B, wr(F r,;)) prodest
A (Fry .oy Fo) o 5(F), .., B, w (B F) our(FY, .. FI) E
(t(Fyo Fl,..., Fyo FI),u*(Fyo Fl,..., Fo FI)) &
(tu)(FroF{,....,F, o F}) -

3. As above. . _

4- (@ u)(Ar,. ., 4a), (R @ w) (Fyyy .., Fni)) «
(0 (Azy - An)y w0 (Ary ooy A2)), (E (Friy -+ Fu), u*(z«] v T
limer((t*(Arys - - -y Any )y v (Aryy - - - An,)) (" (P, - - ,,,J))) &f |
limeer((tu)* (A, - - -y Ans)y (@) (Frys - - Fayy))

6.n-terms  I. Assume that t* has been (leﬁnad, end il is nol a case or an emply-lerm.

Then we define:
(x11)*(Ay,..., A )mr (A, ..., A))
(ﬂ‘lt)*(Flr Fn) = ” (t (Fl, F ))
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(z20)°(Ay, ..., As) =72 (17 (Ay, ..., 4,))
(Wzl).(Fl, ey Fn) = W:T(lc(}.“j, ey Fn))
3.5.2.d is salisfied, and for (eq), we have:
(¢) (=) (Eq, ..., BEqn) &
Mo (U (BRh o E30)) 2
B ) 7
def
By (A tn)) =
E(a‘x‘ ) (A],..f,Au)
(b) (x'0) (Fy, ...y Fo) o (w1 2)* (..., Fl) &
Tar (U (F1y -y F1)) 0 org (1°(FY, . F’))
Tor (U7 (Fy,y o F) 087 (F{,---,Fr'.))=
Al (*(Fy o F!, ... F,oF) %
(#11) (Fy o F, .., F, o FY)
(c) As above. "

(@) (' (Avy oo An), (P (Fry e P ) B
(o (8 (Avy ooy An))y 7l (0 (Fryy o, B ) B
limfGI("rzl)-r(i*(Aln Am))) a-r( (Fl.‘j: Fij))) f!_gf
ﬁm‘-el((wli)"(Al'., A".) (WIO (le‘j) [‘n.,))
Idem for wi.

. If 1 i3 an emply-lerm then, we define:

(w2 (77 0))"(Ay, ..., An) = (e7)*(Ay, ..., 4n)

(= (e7m1))" (I} F ) = (e7t)(Fy,..., )

(w?(e70))" (Ab An) = (€71)"(Ay, . .., 4An)

(x2(e7* ) (I, .. F )= () (..., F,)

This salisfies 3.3.2.(1 and we don’l have lo check (eg) because 1* is undefined for 1
of type EMP.

. If t is a case-lerm, then we define:
(Tr‘:(@(a, b)(r, 1, 8)))* (Ay, ..., As) = (&(a, b)(x, Tr."i, 7r.".s))*(A1, e Ay
(m(®(a, b)(r, 1, 8)))" (Fy,. .., Fo) = (&(a, b)(r, 7', wis)) (Y, ..., )
This salisfies 3.3.4 and for the properiies (eq) we have:
(a) (x'(®(a,b)(r, 1, )" (Bay,- -, Ean) &
(®(a, b)(r, 71, 7'8))* (E4,,..., E4,). We have several cases 1o ezamine :
Case 1 If r=i'u then, il is {realed as cese-lerms replacing 7't by 1 and n'4
by s.
Case 2 If r = i%u then, il is rveeled a3 in case 1.
Case 3 If r=¢e°*"u then, il is undefined.
Case 4 If r = (®(a',b')(+',1'¢')), then, we just have 1o ilerale the rules above.
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(b) Awnalogous {o properiy 1.
(c) Anealogous to property 1.
(d) Analogeus lo property .
T.sup-terms Assume " has been defined and enjoys the propertics (eq). Then, we define
(SUpseo t) (A1, . An) =1"(4y,. .., 4n, )
(8Upeeo 1) (F1y ooy Fo) = t*(Fy,. .., F,, EQ)
This salisfics 3.3.2.1 because for o limit ordinel we have
SUPgeq (A1 .-y A, ) = *(Ay,..., An @)
As to the properties (eg), we have:

1. (59Pacat) (Eary-e-s Ean) &
t(Eg,,. . Ea,, B2) B
E?‘(A;,...,A,,,a) =
E(Oaup,<a )" (A1yeenAn)

9. (SUPoca ) (Fy, ..., Fu) o (sup,cq 1) (FY,..., F1) &
t*(Fy, ..., Fo B ot*(F),..., FI E0) &
t*(FyoF{,...,F,oF! E2 0 E?) =
t(Fy o FY,..., F,o F! E0) %

{sup,c ) (Fi 0 Ffy..., o F!)

3. As above

4+ ((suPaca ) (A1, oy An)y (SUPsca ) (Frsy -, Fy)) &
(" (A1, - oy Ay 0), U (Fryy oy oy BO) B
limier(t" (Avgy -+ oy Angy @), 0 (Fryjy ooy By B &
limiEI((supm<a t)*(AliH/q"i% (Sup,-&-, i) (Ilui ERR) Fﬂij))
8.@-terms Assume that t* has been defined and enjoys the properiies (eq). Then we define
(1) (Ar,y ..oy An) = (1,27(4), ..., An))
(ilta) (Fl, )= (1)7:#(1?1)--'117”))
(i217) (A, ... _,,_) = (2,1*(41,..., 4.))
(iztf) ( )F) = (2’1{*(1?1)""}?“))
3.3.2.5 is saﬁsﬁcd because i2_ is the injection in the sum calegory. We have:
1. (3t (EA,,~ E"") el
(LE(ED,..., By) B
def4.2
(] El"(A], ,A")) =
EGE 5 A ndn)
2. (z’t")“(FI, o F)o (i) (FY,.. . ) &
(Lt (Fyy oo ) o (1, 0(F, .., FEY) e
(L, 1(Fy, ..., F)ot“(F!,..., F)NE

n

-
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(L,t"(Fy o Fl,... . Fao FL) ¥
(%) (F o F),..., Fyo F!)
- 3. As qbove. '

4 (0 (Ary e AR, (M) (R B )
((l,i‘(/h,... n)) (1,1*(111., Fu,))) catsum~TH
limiel((lvi.(Aln" 7Aﬂi)) (1 {.(Flf;) )an)) ‘gé!
limiei((ilt)t(Ali, )An.) ( lt) (Fl.,, Fn,,)))

Idem for 12,

9.case-terms 1. Assume thal r is noil an emply or case-lerm. Then, we define

. (A, .. A e (A, L A4) i r=dtul
o+ ga ,a}\a A — ’ ’ ’ ’ ’
(@(a:b)(r 19,8 )) (Alr"')An) { 'g*‘(Ah---,An,u*(Alyv-')An)) if?‘=i21ir
. (. Py (Fyy . L F)) i e =itue
o+r ga ,a\\arf§; — by y Ty 1y ) .
(®(a, 8)(r*™", 2%, 7)) (P, 1) { *(Fuy.y Foyuwr(Fy, .. F))  if r = i%ur

In the first case we need that t* and u* be defined and enjoy (eq). And in the
second cose, we need thal s* and u* be defined and enjoy (eq). '

We have 1o check thal the condilions 3.3.2.k are salisfied. The first condition i3
satisfied by definition. The second and ihe ikird condilions are vacuous. As 1o the
fourth condilion, we can see ihai

Lel

® (t[a])*(Ah‘;' ) ﬂ) ( [a
o (s[b])*(Ay, ..., An) = (s'[B]) (At, ) An)
o r*(Ay,...,An) =r"(41,..., 4,)

Given thal, r*(Ay,..., A,) = (],u (A, ..., Ap)) and

r'*(Ay, . A) = (G, 6" (A, ., AR)) B

then we have j =3 and u*(Ay,..., 4,) =u"(4),..., 4,)

Suppose j=j' =1 and suppose, for the sdke of conirﬁdiciion, that

(®(a,b)(i'u,1, 8))" (A1, - .., An) # (®(a, b)(i*u', 1, ") (Ay, ..., An) .Then

(A, . Agy ut(Ar,y ..., A)) #1774y, ..,A,,,u"(/—ll, oo An))

what implies thal 1*(Ay,..., Ap,u*(Ar, ..., 4n)) # 1" (Ar, ..., An, u* (AL, . .0, AL))
Which is a coniradiciion. Iclem for j=3 -—2 end for Fy, ..., F,.

]) (Aly n)

Let us now check the properties (eg). Lel r = i'u® and suppose u* enjoys he
properties (eq).
* 2] def
(a) (&(a,0)(r,t,8))"(E%, ..., EL.) = "
t’(EA,,...,EA",u‘(EA” EA ) =
t*(EAl,...,EA”,E *(Ay,..,A "))
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def
E‘ IAh 1Aﬂ u'(Ah i) h)) =

B0 b)) (At s 0)
(5) ((a,8)(r,, )" (., F2) 0 (O(a, ) 1, ) (P, ) &
t(Fyy .o Foyut(Fyy o F)) o 8 (F! L FLwr (071 r'))
(o Fy, ..., Fyo Fl,u*(Fy,...,F,)ou*(J7,..., F, ) g
t*(FyoF!,...,Fao F' u"(Fy o F],... F, o0 F)) o
(®(a,b)(r,1,8)) (Fyo F{,...,F, 0 F})
(c) As above.
(4) ((@(a,b)-(f‘,i,S))"(An---,An),(@(a,«’))(r,i,s))"(ﬂ.-,---,Fm) =
(€ (Asy e oy Ay (AL ooy A (B ooy Fapy u(Frpy oo o)) B |
lim; (£ (Ayyy - - vy Angy & (A1 ey An)), 17 (r,,), Py (P ey Fa ))&

1imi<i((€9(a, b)(i‘, ia 3)),“(‘41;’ vy ni)’ (@(a" b)(?‘, tv s))(Fl,',‘) <. n.,))
Idem for v = i%u
2. If v is an emply-lerm then, we define
((a, b7+ uPMP 12, 5)) (Ar, ., An) = (%) (A, ..., Ay)
(®(a, b)(e?¥TulMP 12 o)) (Fy, ..., F) = (e®u)* (J), ..., F.)
~ This satisfies the ﬁrsi condilion oj' 3.3. Zk and for the fourth one we have:
Assume that

o (Ua))*(As, ..., An) =('a])" (A .., A2)
o (s[b])*(Ar, ..., An) = (s'B])" (41, - n)
6 (e7t7u)" (Au o An) = (e7H®ul) (Al .y An)

Then we haveu"(Ay, ..., An) = u"(4y,..., As)

Suppose for the sake of contradiction

(@(a, D) (et u, 1, 8)) (A1, . . o, An) 5 (B(a, B)(e7 7o', U's))* (Ay, .., Ad)

Then (e u)*(Ar, ..., A.) # (777 u') (44, ..., A,) ‘

and by definition u*(4y,...,4) #u"(Ay,...,An) This is a contradiction.
Idem for Fiy,..., F,.

As lo the properiies (eg) we don’t kave lo check anything because u* s undefined.

3. If r is a case-term then, we just have {o ilerale the rules above.
10.empty-terms 1. (e°1)*(A1,..., 4.) =1"(41,..., AL)
(eoty(Fy, ..., ) =1"(I1,..., )
This satisfics 3.8.2.0 and as lo (eg) we don’l have to check anything because t* is
undefined.

2. (e7(®(a,b)(r, 5,1)))" (A1, ..., An) = (B(a, b)(r, €71, €75))" (Ay, - - ., 4a)
(ev((a, b)(r, s, N (F1, ..., Fn) = (®(e, b)(r e, s )) (I, ..., Fr)
5This is because for IH (u*(Ay, ..., 4a), v*(Figye e Fop)) = limics (v (Ay, oo An )y 2 (Frype oo o))
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This salisfies 3.3.12 and as o (eq) we don’t kave lo check anything because if
r = iu then {* and 8" are undefined, if r = £**"r' then v is undefined, and if
r = (@(a', b)(r', 1, 8")) then, we juel heve 1o iteralc these cases. - )

Thus, showing how {* acts on objects and on morphisms the values in the model are -
uniquely determined [Gir]. By iteration of these rules, it is possible to define + in PT?77~? VY ¢
which corresponds exactly to the following notion of sum for the Ptyxes and morphisms of
type o [Gir]:

Ho=6->7 7# EMP then,

(A +imr B)(A) = A(4') +, B(A)

(A +sesr B)F) = A(F) +, A(F)

(T +pur UYA) =T(A") +, U(A")

For A,Be P57 | A'e P! ,\ TeI*”"(A,C), Uel*"(B,D), FclIiA4 A"
Ho=6x71 6,75 EMP then, )

(A, B) +4xr (A", B"Y = (A +5 A", B+, B')

ATVU) 4sx (TWUN) = (T +s T, U +, U')

For (A, B), (A’, B') € Pi**" and (T,U) € I**"((4, B)(C, D)), (T",U") e I**"((A, B){(C", D")
Ho=6+7 then ‘

(LA +61-(1,B)=(1,A4; B) il 6+ EMP.

(2,A) +64r (2,B)=(2,A+, B) il 1# EMP.

(1, T) +s4, (1,U) = (1, T +5 B) if 6§ EMP.

(2,T) +54- (2,U) = (2, T+, U) if 7+ EMP.

For (j, A), (j, B) € Pt**" and (j,T) € I*7((j, A)(j, A")), and(j,U) € I**"((j, B)(j, B"))
1=12

Also, by iteration, we can define Yo sup,., 1 and t'his results equal to the notion of sup
for Ptyxes of type o defined in page 12..

Lemma 4.6 If the free variables of i” € A-ND, are among af',...,a%", 2% z° is d. var. of
1, and {* i3 defined thea,
Vo< B€ Ont(ER,...,EQ, EQp) = El4, . Ara)t=(Arsoihnf)

Proof : by induction on the term 1.

1. a®™(E5p) = Fap = Egve(ayase(s)

2. Case 1. 1 is nol a case or an elim-lerm.
(tu) (Eary-- -y Bany E2p) =
i*(EAn EAM )( (EAI1 EAM Eﬂﬁ)) =
i*(EAn y By aﬂ)(u \EAH EAH)) =
ELA ,...,A,,,a)v(A,,...,A,,,B)(E3°(A.,...,A,,)u-(A,,...,A,.)) =
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‘ :7'-(-.471 yeonAn,a ) Ay ....,An,ﬁ)(uﬁ (Al yecey An)) =
Ef’(}h yeonAna{uc (A ,...,An))t"(/h ,...,An,ﬂ)(u'(ﬁl ,...,An)) =
El (ApreuAu,a)u® (A1 dna))t* (A AnB) (1w (4),..,40.8)) =

E(tu) *(Ay,.. ,A"‘a)(tu) (Ay1yenAn,B)
Case 2. If 1 is an elim-lerm then, il {5 wndefined.

Case 3. If t = (d(a, b)(r, v, w)) then, il is ireaied as case-terms replacmg ve for { and
wu for s.
. (i' ® i")ox”(EAl IR EAm Eczﬁ) =
(il“(EAl 1oty EAn) Eaﬂ)’ t"‘(Eﬁn yrey EAm Eﬂﬂ)) =
(B (g oy A )0 (At AB) B0 (A1 o)1 (A ) =
E('(:ir(,t,, A @ (A ey A @8 (AL oy A )7 (A o A B))) T
Bty (v Am@)(E @Y (A1 A i) '
. Case 1. If 1 is not @ case or clim-term, then
(‘Wlt)*(EAn vorer Eany Eaﬂ) =
ﬂ.t’r‘r(i*(EAl PR EAn’ Eaﬂ)) =

7 Eta‘?zl,....An,a)t‘(Ax....,An,ﬂ)) =
B) (A s in@))eb ot (A1 A )

(rlt) (41, rA"»a)(”lt) (Alr aAn,B)
Idem for =

Cese 2. If 1 i3 an elim-lerm then, this case is undefiited.
Case 3. If i = (®(a, b)(r,',1")) then, il is ireated as case-terms replacing w't’ ]’or t and
w*t" for s.
(@MY (B, B, Eap) =
(L(Eayy -y Bapy Pop)) =
(L By o) (Ar s AmB)) =
Ea+‘r
(1O (Ao Ama (1,8 (A1 ey A B)
. €°1. This case is undefined.
. (Supz<6 t)”(l‘:‘Al PR EAn) Euﬂ) =
t*(EAl yooey EA", Eaﬁ’ E&) =
t"(Eayy .-y i,y Esy Eop) =
B (1, Ansbs0 (At o AniB) =
IZ?‘(A;,..‘,A,,,a,ﬁ)t'(/i,,...,A,,,ﬂ,&) ==
E)supxd ) A1y Ania)(oups ¢ A1 An,B)
. (Aa.i)"’”*(EAl RERS) EAn, Eﬂﬁ)(d) ==
“(Eayyo v s Bapy Eap, E3) =
i'(EAl Y OV IR P N Eag) ==
B Ay Amd o)t (A yonAmidiB) =
B Ay hmo d) (s yerAmiBid) =
Bty (Ao Ao XX 20) (At s AmBY) =
B A Amic)Oat) (A ampy(@) Y € PE7
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9. Case 1. » = i'u. Then
(@(a,b)(8'u, b, 8))*(Eays oo oy Eppy Eap) =
i"(EAl yosey EA", Eaﬂ, u‘(EA,‘, ey EA.-.) Eaﬂ)) =
i'(EA] yoe oy EA”, Eaﬁ, 'U'(EA, Yooy EA")) =
r(EAl ooy Eag E"'(Ax.-...An)) Eaﬂ) =
Ef-(A,,...,A.,,u-(A.,...,A,.),a)v(m,....A,.,u'(A,,....An).ﬂ) =
Ef‘(A,,...‘A...a.u‘(Al ..... At (A1 e An B ( Ay An)) &
Et “(At v At (A e A @) (A1 oo B Ap oy A ) =

‘J(ez(« B)(it,,8))°( 411y A n,a X @(a,)i w,t,2))* (A1.. An,B)
Case 2. v = °u. As in case 1

Case 3. r = €°t"u. This case is undefined.
Case §. r = (@®(a’,b)(r', ', 8')). Application ileralive of the above cases. o

Theorem 4.7 < MPT,* > is a canonical model.
Proof : In order 1o show that < M PT,+ > is a canonical model, we jusi haue o prove thal

il salisfies 3 4.

1. o tisa variable. Il is abuious.

o {[a] = (uv)|a]

Case 1 u 15 nol a case or emply lerm
(uls]ols])* (Ar,. .., Aa) 2
(uls])"(As, -y A)((0[s]) (A, -, A) B
w(Ay, ..y An, 8 (Ar o AW (AL -y Ay s7(Ay -, AR))) 12
(uv)*(A1,». ., An, 8% (41, ..., 4,))
Idem for Fy,..., F, :

Case 2 ufa] =e®"wla] . It is lrected as emply:lerms replacing for e”w[s].

Case 3 ula] = (®(c, b)(r, wlc], 1[b]))[a]. Tt is treated as in case-lerms replacing
for wy and v for lv.

e t[a] = (7'u[a])

Case 1 u 33 not a case or emply lerm.
(r'uls])*(4y,..., 4,) =
7‘:5("[3]*(1’11, ey An) =
mluw(Ay,...,4,,8 (A, ..., 4,))) =
(7ru)"(Ay, ..., An, 87(41, -0, AL))
Idem for Fy,..., F, and for n? .
Case 2 ula] = ¢"*%v[a]. As for emply-lerms.
Case 3 ula] = (®(c, b)(r, w,v))[a]. As in case-lerms replacing u for x'w and v
~ for wtv. ‘

Idem for n?
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tfa) = (' ® 1")a]

(t'[s) @ '[s])" (A, .-y An) 2

(W) (Ary - oy An)y (78] (Ary ooy A0)) B
(ih(/lh R} Am 3”(/41, sy An)),f,”w(Al, Ve ey
(' t")"(4Ay,..., An, 8°(A1, ..., 44))

Idem for Fy,..., F,

t[a] = i'ula]

(uls])* (A1, .oy An) &

(1, (uls]) (A, .., A) B

(1, u* (41, .., Any8* (A1, -, 4n))) *2°
(i'u) (Ayy -y Any 8°(Asy - oy A))

Idem for Iy,..., F, end for i2,

tla] = sup.<at|a]

(supecatls) (Ar,..., A,) &

(o) (A Ay ) 2

u (A, ..., An,,8°(41,..., An, @) =

u*(Ah"'vA‘mS*(Aly- ma’)) ):
: U’*(Ah Ams (Al’ n) ) é7

(Sl.lpa_(a ) (Alv n)3 (Ah A ))

®

Idem for Fy,.. F
tla®] = Ab.ule")

(Ab'u[‘g])*(Alv Ty Ar)( n-| I—l) 1

(u[s])*(Al! Ty An) An-H) =

U*(Ah RS Am An-H: 3*(‘417 ey A", An+1)) =
u*(A;,...,An,s"‘(Al, AR,A"_{,l) An+1) =
u*(AI) .. '>Am 3*(/11, A ) AWH) 4}_4

(dbu)(Ay, ..., An, 8"
Idem for Fy,..., F,.

t[a”] = (@(c?, b°)(

(Ah

.Case 1 r=ilw

i

(@(c, b)(i*w, ule, o), oo, AD)[s])* (A, -, Ar) =
(@(c, b)(r[s], u{c s/al, vb, s/a]))* (A1, ..., Ax)

i

' ( [g]) (AI) mw (Alv "1An)) =

u*(4y,... An,w (A1, ..., An), 5% (A1, - o, A, 0*(44, . oy
ﬂ*(Al,. . Au,w (/%yi, ,An),s"‘(/i,,. ,An, ’lL":(Al,..
w (Ao A (Ag, s A) 8 (Ar, s An)) =
WAy Ay 8" (A, ooy An)y 0" (A, ) Ar)) =
il,"(Al, . A“, SW(AI, ceey An), w‘*(Al, ey An, .‘SW(Al, .

An, S*(A], e

o AN )(Ans1) VAnig € Pf“

r, u[c], v[b]))ia”] = (&(c, b)(r, ulc, o], v]b, a]))

\./\./

Nt S’

nn

. )An))) =



(&(e, ))(i'w, v, v))* (A4, ..., An 8% (AL, ..., 4L))
Iem for I,..., F,.
Case 2 r|a] = *wla]. As in case 1.
Case 3 rla] = ¢***w|a). Idem for empiy-terms.
Case 4 rla] = (&(c,b)(r', v/, V'))[a] .lieralive applicalion of the above cases.
o t[a) = €®ula]. Undefined .
2. By definition of sup.
3. By réeﬁniiion of the funclor sum.
4. By deﬁni‘!ion [Gir]. 0

5 Conclusion

Following Girard’s concepts and Pappinghaus we exténded the model of Ptyxes for finite
types for a typed A-calculus which includes sum and emply types.

The main work was to build up,step by step, the model for A-terms and verify that the
sum category actually models terms of type sum.

As girard puts it, the model of Ptyxes provides interesting refinements in the denotation
of different closed normal terms, which may denote the same {unction on ordinals, “the
interpretation by means of Ptyxes helps us to understand why these two normal forms are
differents : they denote distinct dilators” [Gir].
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A Appendix
A.1 Canonical Total Model

In this section we will show another version of how to model the same X -calculus using
Ptyxes. Here, we introducc in each domain of type o a constant symbol L, which is the least
symbol of the domain o. This botion elemeni “contains no information”; it serves to model
the values of computations that are erroneous or never protluce any information. Thus, any
term of type EMP, or those which include terms of type EMP, will be modeled by botton
elements. In the model defined in section 3, these terms had an undefined value in the model.
We only redo the new concepts and definitions we need, leting anythingelse unchanged.

Definition A.1 An operation f : A, x ... x A, — A,y is called sirict if
flay,...,a,) = La,,, whenever a; = 1, for some i =1,...,n.

Definition A.2 A lotal {ype siruclure is a sequence
M =< {M,]o finite type}, {®,. [0, 7 finile types}, {Q,, /o, T finile lypes},
{ni_[o, T finite types}, {i [o, T finile {ypes, j = 1,2} > such thal :

. Yo, M, hes a botlon elemeni L,.

. ‘Afgl\lp has as #s unique element the bollon element Lpap.

1
2
3. Ogr s Mysr X M, — M, is a siricl map.
4 ®pr: M, x M, — M,y, is a siricl mep.
5

7l M,y, — M, is a siricl map.
w2t Myxr — M, is a siricl map.

6. Ya € M,,Vb € M,7. (a®,, b) =a,n2,(a ®,, b) =0

it M, — M,, is e stricl map.
i2 M, — M,y, is a siricl map.

Definition A.3 A {lolal ordinal operator siruclure over A (A-O0S8) is a pair
< M,* > such that M is a total type structure, My is a limit ordinal > A U L, or
A=0n U 1,, and * Is a map assoclating with every term 1 € A-ND, v 3£ EM P and every
sequence af',. " of different variables containing the free variables of ¢ a strict map

L P R ﬁl,n — M, salisfying the below conditions. If t is of type EMP then *
assomates to i the botton element Lppyp.’

1. t* is independent of the naming and ordering of the free variables of 1.

"This means that : 1) VEEMP 1*(¢), ... ca) = Lppp. 2) VI Vo *(c1y.. 00, Lo) = Ly
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8. (a°) (c) = c € M,, Yo+ EMP.
8. e If uis nol a case-lerm then
(uv)(cry...,cn) =u(cy, .y ) @or (0, ..., Cn)
e ((®(a,b)(r,1,8))v) (c1,- .., ) = (B(e, b)(r, 10, 30)) (a1, ..., c,)

4. e If vis nol o case-term then
(o) (cry. -y en) =23 (v (cry .-ty Ca))
e (7 (&(a,b)(r,1,8))) (c1,- .., cn) = (B(a,b)(r, xit, 77 8))*(cy, . .., C0)
(s ®t)(c1y--eyca) = 8%(cryevsCn) @ty vy cn)
e (Xa®2)Y{(ciy.. .y Cn) Oor d =1"(C1,...,Cn,d) for cveryd € M,.
e If Vde M, t*(c;,...,cn,d) = 8"(c1,...,Cn,d) then
(Az?t) (c1y. . ca) = (Az78)* (c1y ..oy )
7. 0" =0 € M,.
8. 5 Oopoa=ca+1 for every o € M,.
9. Ift*(cyy -« -y Cny Cayi) is defined, then
(SUPeat)’(cr,. .. ca) =supgeat™(cr, ..., cn, B) € M.

10. (#8)*(cyy .. oyen) =1 _(t*(csy. vy Cn))
1. e

S

Con . (e, e oy Cmyt(er,nny ) ifrotT =ilu
LT o TV —_ 1) s bny 1y 3
(@0 B0, ) s e ) = { o ool =

o (@(a,b)(e”" 7, 1%, 5%)) (c1, 0.y 0n) = (€77) (c1, - -y €n)
e (®(a',b)((®(a, b)(r,t,5)), ", 8N (c1y...,00) =

(@(a, b)(r, (&(a’, b') (1, 1", ")), (©(a', b) (s, ", s'))))" (c1, - -y €0)
e If (tfa])*(c1y. .., en) = ('la))*(ct, - ren)

(S[b])ﬁ(clr vy Cn) = (sr[b])ﬂ(ch try Cn) )

r*(cry- vy Ca) = 1™(cy,...,¢,) then
(@(a b tal, B (ers - ) = (@0, B, P, D) ety -y )
12. e (e°t)(c1y...,cn) = Lo ‘
o (€7(®(a,b)(r,1,8))) (e, ..., ) = (B(a,b)(r, %1, €75)) (e1, ..., €a)

Definition A.4 A canonicel tofal model of »-ND is a A-O0S§ < M,* > satisfying the
following requeriments :

1. Iftla°) € A-ND,,s € A\-ND,,a’nol free § ¢ then,
(s (ery-oven) =1"(e1y e vy Cny 8™(E1y - vy €0))
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2. If o < A limit ordinal, then (sup,«,8)*(e1,...,ca) = 1"(c1,..., Cn, @)

3. .{."@a@ﬂ:a—{—ﬂe ﬁj@ f()T (ZIIG,,HE‘ ﬁlo.

f. B, 0c0Ode0=c, ' .
Rocodo(a+1)=+.0 (R, 0c0d0a)0de (R, 0c®d®a)®a)
for every « € A,.

Lemma A.5 Lel < M,* > be a canonical iolal modcl of A\-ND.
Then, for 4, s € \-ND : Ift+ g then i* = g*

Proof : By inspection of the reduction rules. The only cases lo be considered are:

1. (Ma.t[a])s - U[s]. If o, 7 are nol EMP then, the proof is as in [Pap85].
If o = EMP then,
((AG'EMP.V)SEMP)*(C“ . ,'Cn) —
(/\a.l)’“(cl yo 2 Cn) Qor 8%(C1, 000, Ca) =
= (U[s])*(c1, - .-, ca) ‘
2. ﬂt(&ZGXT"l) Foevl
(7% 1)) (ery .-y Cn) =
Elyr( Cax-rt) (cli ('n)) =
(L

17 o'xr) = =

7‘-0’
( at) (Cx, Cn)
72(eX™1) b €71 . As in case 2 above.
4. (77" 1) utk et
(e )u)*(e1y - .-y 00) =
(€ (ery -+ Ca) Qor (€1, e v vy Cn) =
Losr Oparr (01, vyen) = L, = (€78)*(t1, ..., Cn)
5. e*(ePMPY) - g2t
(e*(ePMP)) (ery.vnyen) = Lo =
(e*t)*(c1y -+ -, Cn) o

Proposition A.6 Lel < M * > be a canonichl total model of \-ND. Then, for i,s € A-ND
Ift~ sthent* = s*

Proof : By induclion on ~. We only need 1o consider case § :
(e*t)(c1y .. vyen) = La = (%) (c1, -+ .y n) a
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A2 Reviewing Ptyxes

Each category PT° will now have & new element, different from the others objects, this
element will be the least element of the category.

Definition A.7 1. PT°MP g the I-caiegory, with the bolton element Lppp, and the

2.

y

sdentily morphism LE{;’i‘PP

PT° is ON*;-more precisely, PP is On U{ Lo} , end P(z,y) = I(z,y)
when z,y € On.For the remaining cases, we have

o I(J—Oi -1-0) = { L-‘Lo}
o EY ., €I(L, a)Va e On
o I(a,Llo) =0Vo € On

" PT°™7 §s such thal Pt°™7 is the class of all fanclors 'from.PT” to PT" preserving

divect liméls and pull-back, and the botlon clement 1,.,. If A, B are in PU™7, then
FP=7(A, B) ia ihe sel of all naturel trensformations from A {o B. Besides, we have E, ...,
and E977 4 for all A tn P17,

PTo%" is the product of calegories PTC ¢nd P17 : Pt is the class of all pairs (4, B)
such that A is in P and B is in PU; we call L, = (L,, L;). P*((4, A", (B, B))
consisi of pairs (T, 1) such thet T is in (A, B) end T7is in I'(A', B').

PT°*" §s the sum (or coproduct) of the ciiegories PT° and PT™ : P consisl of pairs
(i, A) with i =1 and A € PI° ori=2and A € Pl", and the botlon elemeni L,,, ;
I°*7((i, A), (4, B)) is void when ¢ # j , and condists of pairs (1,T) such that T is in
I°(A,B) if i =j =1 or consisis of pairs (2,T) stch that T is in I"(A,B) &
i=j=2 .Wealso have E{*7 and E{'7 , for vll A in P17+

Definition A.8 Let be MPT =< {PT7}, Oor, Qury ¥y 13, > for o, 7 finile {ypes and
i=1,2 where

¢ Oy, 15.the siricl applicalion of Plyzes énd of murphisms of comeapona’iﬁq types (this

means thal A°7" Oy Ly = Loy ©pr A7 = L, andF "0, By, = E1,,, 0, F* = E,,
for A Piyz and F morphism ).

6 @, i5 the siricl pairing of Plyzes and of morphitm of corresponding types.

e wl_ are the stricl unpairing of Plyzes anid of morhisms of corresponding {ypes.

¢ {3 are the siricl injeclions of Piyzes anll of morfﬁhismq of corresponding {ypes.
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Thus, MPT is a total type structure.

Definition A.9 The A-OO0S? is the pair < M PT,* > where My is ON*, * is a strict map
(both in Plyxes and in morphisms) associating to each term t € A-ND, 7 # EMP and
every sequence aj',...,a" of different variables containing the free variables of t a strict
multifunctor ¢* : PT%' x ... x PT°» — PT"; more preciscly, assume that (a{',...,a?"
is a A-term of type 7 whose only free variables are contained in the sequence af',...,a%" .
Then, we define for all Ptyxes Ay,..., A, of respective types 7,...,0, a Ptyx i*(4y,...,4,)
of type 7; and for every sequence of morphisms F, € I9(A, A}),..., F, € I°»(A,, AL)
we define a morphism t*(Fy,..., F,) € I°(1*(Ay,..., A (A, ..., AL)). If 1 is dhe iype
EMPU"(Ay, ..., An) is Lpyp, and (5, ..., F,) is rf{gfp

We need that the requeriments of the definition of A-OOS and the equations (eq) of section
4 are satisfied.

Now, we defined these multifunctors #* by induction on the complexity of the term t as
in [Gir].

Definition A.10 l.variables (a°)*(A)=A and (@°)(F)=F Vo# EMP
This salisfies ihg required condilions.
2.constants (0)* is the Plyz 0 of {ype 0 (lhe ordinal 0).
(5)” is the Piyz Id + 1 of type 0 — 0 (dilator) [Gird1]
(+) is the functorysum (bilator) of type 0 — 0 — 0 [Gir81]
(R,)" is define as in [Gir] and [Pap85].
3.app-terms We want {o defined (tu)*

1. Assume 1 is nol a case-lerm. Then, we define :
(tu)"(Ay, .., An) =1(A4y, ..., A (e (44, ..., 4,))
(iu)“‘(Fl, ey Fn) = ’”(Fl, ooy F,,)(’U,*(Fl, ceey Fn))
This salisfies the required condilions. -

2. If 1 is a case-lerm then, we have:
((@(a, b)(ro*7, 17, 5220 ) (Ay, . . ., An) = (&(a, b)(r, tv, sv))" (Ay, - ..., An)
((@(a, b)(ro*7, 17, 822N ) (Fy, ..., Fu) = (&(a, b)(r, tv, s0))*(Fy, ..., )
We shall only check the condilions when r is 7T Ty PMP '
(a) ((@(a, b)(e* u, 8,1))v)* (Eays - - -y Ea,) =
(EB(a B)(eF u, 1, sv)) (B4, - - L‘A,, =
( ) (EAH EA )_ ‘

E E(E “) (Ah “ ")
I’J(@(a,b)(gv-%ru,w,w)) “(Ay,ndn) =

)
L 0(ab)eus+7,,0))0)* (A1 An)
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(b) ((&(a,b)(r,1,8))v)" (F1,. ..,F,,) o ((&(a,b)(r,1,8))v)" (F],..., F}) =
(@(a, b)(r,tv, sv))*(Fy, ..., Fu) o (@(a, b)(r, tv, s0))" (F,..., Fl) =
(cbuBMP) (ﬂ, oy Iy)o (aﬁuEMP) (FI ..., F!) =
E{,oE}, = El
(Eu)(F,oI’X, yFooFl) =
(@(a, b)(e”*,1, 8))*(F1 oF,...,FnoFy)
(c) As for properly 2.
(d) (((@(a, b)(r,1, 8))v)* (A1, ..., 4u), ((®(a, b)(r, 1, 5))v)” (qu
((GB(CL, b)(r,tv 8‘0)) (Alv aAn))(@( b)(?‘ v, qv)) (Fl
((e%u)*(Asy .oy An)y (E%0) (Fryy o, o)) =
(-LéinsLb) =
lim;er(Ls, BS,) = _
limiel((géu)”(/iln ceey Any), (66'”)“(1411;,‘) cevy Fn;j)) =
me’el((@(as b)(€0+Tu) tv, 3v))*(A1n R An.’)’ (EB(av b)(56+7u': iv, 3”)) (Fluv "U))
4. -terms (Aa®t)*(4y, ..., 4An)(Anir) =1*(41, ..., An, Anya)
(Aat) (A, .oy An)(Fagr) = (Eayy ooy Bayy Fagy)
(Aa®t) (F1,y ..oy Fo)(Angr) = °(F1y .o, Foy Egyy)
5.@-terms (t @ u)*(41,...,4:) = (41, ..., 4n), v (41,..., 45))
t@u)(Fiy. .., Fo) = @ (F, .., F), v (F, ..., )

v:’
\—/v
:] N

G6.n-terms 1. Assume thal i és not a case-lerm. Then, we define:
(ri ) (A4, ..., A.) =72 (" (Ay, .. ., 4n))
(Wlt)*(FI)"‘)Fﬂ) (i (Fl ") n))
(ﬂrzt)ﬁ(/il"- 'aA ) - 7(‘ (t*(Ala 1An))

) (Wzt)“(Fls---’Fn) = ng(t”'(Fl, aFn)) )

o

If 1 is an case-lerm then, we define: ‘
(¥ (@(a, b)(r,1,8)))* (41, . - -, A.) = (&(a, b)(r, 7'1, w's))* (A1, ..., An)
(r*(&(a, b)(r,1,8))) (I, ..., Fu) = (&(a, b)(r, o, wie)) (Fyy ..., Fy)

We shall only verify the properiies when r is ¢“+u

(¢) (7 (®(a, b)(e" 7,1, 8)) ) (Bay, - -, Ey,) =
(@(a,b) (e u, 7't 7)) (Eay, .-y £an) =
(e°u) (Enyy .-y Ban) =
£, = .
E&ﬁm)‘(A,,...,A,.) =
E&B(a,b)(e"*”u,w‘t,w‘n))‘(zﬁ,...,An)
(b) (= (®(a, b) e+ u, 1, 8))*) (Fyy.. ., Fo)o(n' (@(a, b)(e7* 0,1, 8)) ) (FY, ..., Fy) =

(®(e, b)(e7t u, 7, w‘s))"x“(Fl,...‘, F)6(@(a, b) (et u, w't, m's)) X8 (F),..., F) =
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(e®u) (Fi,..., Fo) o (e®u)*(F,..., F}) =

(eu)* (Fy o Fl,... FooF!) =
(@(a, b)(e”* u, 7't n's)) (Fyo F,..., Fyo F!)
(c) As for property 2.
(2) ((=*(&(a, ) (7" u,1,9)))" (Ar, - ., Au), (7 (B(a, )€™ u, 1, 8))) (Fryy. .y Fn))) =

(@(a, )™ u, 7, wa))" (A, .., Au), (@(a, B)(e™ u, 7, 518)) (P, .., Fo)) =

((EOU)*(AI: con An), (‘sa“)'(FH; cvey Fn.')) =
(Lo, EL%) = ' .
lim;er(La, E_?_#W@) == ' ,
lim,-e,((e“u)"(/l“, ey An.’): (50“)*(1'1!.';’ cev Fn;‘j)) =
Lmer((D(a, b)(e%u, 7', 7%5)) (A4, ..., An)),
(EB(G, b)(ea u, 7rit! ﬂj‘q))m(qu) K Fn.'j))

T.sup-terms (sup,.,1)"(41,...4,) =1"(4,,..., 4., )

(5UPaca ) (Fry oy Fa) = *(Fyy ., Foy D)

8.@-terms If o,7 3% EMP then,
(i117) (A, ..., 4n) = (1,1°(4,, ..., 4,))
(ilig)ﬁ(FIl cevy Fn) = (L, (F,..., Fu)).
(ith)'(Al, veey An) = (2, i*(Al, ey An))
(&) (R, ..., F) = (2,17 (Fy, ..., F,))
If o= EMP then, we have (iltEMP)EMP"’” *(Aiy -+, An) = Lpppeo ,and
(iltEIV!P)EAlP+o' *(Fl, .o, Fn) —_ EE)VIP-!-J

LeMpia® ‘
And, if r= EMP ({HEMPYr+EMP (A " VA = L,y pnp ,and
(2BMP)7+EMP =(F, | F,) = E{HEMP

O.case-terms 1. Assume thal 7 is nol an emply-lerm or a case-lerm. Then, we define

. T+T o yayyax — i*(Al)"'vAm'U*(Ah'-')An)) ifr:z'lu"
(@(a)b)(7 )i ,3 )) (Ab-.-,An),”‘ { 3*(141,---,“'1,,,’(1*(141,...,/1,,)) if?' =i2u1

. (Fy . Py (B F)) i r = itee
otr ja ,a\)a — ) ’
(©(a, B 12,5 By 1) = { o fo el B =

2. If r i3 an emply-lerm then, we define
(&(a, B)(ew uPHP, 17, 5 (A, ., Ay) = (%) (A .., A)
(@(a, b)(e ¥ uPMP 12, 5)) (R, ..., ) = (e2u)* (P, ..., Fy)
This salisfies the first condilion of 3.2.11 atdl for the fourth one we have:
Suppose that (t[a])*(Ay, ..., 4n) = (t'[a])"(A1,- .., 4,) »
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(s[B)" (A1, ...,y An) = ('[B])" (A1, ... 42) and

(7t u) (Ay, ..., An) = (e"770)" (/11, oy An) = Lous

Seppose for the sake of coniradiciion ihai

(®(a, b) (et u,1,8)) (A1, ..y 4n) # (@(a, b) (e, 1'5")) (4y, ..., 4n)

Then, (e7t7u)” (Al, ooy An) (€W (Ary ..., An) This is e contradiction.

Idem for Fy,..., F,.

(a) (G)((I, b)(66+7u1 ta “"))w(EAn rety EAn) =
(eu) (Epy, ..y Es,) = BT, =
Efcowyo(ay,ntn) =
E{e(a,b)(z"‘“,t,l))‘(m ..... An)

(b) (@(a,b)(e?* u,1,8))" (Fy, .., E,) o (&(a, b)(e"* u, 1, 8))"(FY,..., F,) =

(e7t7u) (Fy,. .., Fa) o (e u)*(FY,..., F}) =
Bt 0B, = BS, =
Ef’evu) “(FyoF} . FnoFh) =
Eo(a b)er ) (FroF e FuoFl)
(c) . Analogous to case .
(d) ((@(a) b)(ca+rua i’ g))a *(Al) )7 (@(h, )(5a+1u1 t’ 3))a *(Fln ey
((eau)*(AI) A ) A")’ (Eau) (Flg, ] Fni)) =
(Lo, BS) = limier(Lo, ES,) =
lin};ej((EaiL)w(Al‘., ey An'-), (Eaﬂ)“(Fh.j, ey Fﬂ.‘j)) =

HII’X,’GI((@(G, b)(E‘T'HU, t, 8))*(/116?" R A"i)’ (EB(U" b)(EG.HU: t, 3))w(F1ijy .

9. If 1 is a case-term then, we ilerale the solulibis given dbowe.
10.empty-terms 1. (e71)*(4y,...,4n) =1

(") (Fy, ..., Fu) = EY,

We check thczt this definition salisfies the required conditions.
o (e71)(Epyy.. Ba,)=EY, = B, ¢ 4) (Ay s Am) |

o (e71) (Fyy .. o) o (e70)(FY, ..., Fy) = Bf, o B, = Ef, =
= Ef ety (FioF] .. PuoF) |

6 As above

o (€71 (AL, -, Ad), (€ (Frsy oy Fa)) =

(Lo, BY.) = limier (Lo, L) = limier (620" (Arss -y A (€0 (Figy .

2. (e°(@(a, b)(r, 5, 1)) (41, ..., As) = (B(a, b)(r,€°1,€%5)) (A1, .. .y An)
(e (@(a, b)(r, s, )" (Fy, .-, Fu) = (@(a,0)(r, 71, €78)) (F, -, Tn)
We check thai ihxs defnziwn .wizsjvee the reguired properiies.

e — Ifr® =iyl then,
(e’ (®(a,b)(i u, 1 L ))PMPY By, ..., By,) =
(®(a! b)(il u, €71, 503))‘(&213 Ty EAn) =
(EUt)ﬁ(EAl go - .,EA", U*(EA“. . ,EA")) =

35

)

1 Faiy))



(€ ) (Baysev oy Bany Boois, ..
E(ae"l)'(/h ,...,An.u'(Al y---vAH)) =

E{G)(a.b)(i'u,z”!,z”u))'(/h yerndn)
If p&tT €6+r,uEMP ihen,

(e(®(a, b)(e?*7u,t, 8)) (Ey,, .-
(@(a, b)(s”’u, C”i, 6’3))'(EAI greey EA

(eu)* (B, .-, Ea,) =
Bleouythrratn) =
(©(a,b)(ed*7u,e7,e75))° (A1, dn)
If r®*7 = i'ub then,
(e”(@(a, b) (i u, 1, 8)))" (1, . .
(&(a, b)(i'u, €%, 6"3))‘(F1, ‘.
(€at)*(F1, .o ')Fm U*(Fl, .
(e°t)* (Fy,0F], ..., Foo F) u(

(®(a, b)(i'u, e, ¢78))" (F1 0 F|, ...,

Ifr =€+ u ihen,

(50(@(‘17 b)(?‘HT u, i, 3)))*(}?1) LR

(®(a, b)(e®*"u, e, €738))* (Fy,. . .,
(ecu)"(Fy,...

= (Eaﬂ)*(Fl, ey Fn) [o]
(e7u) (Fio FY,...,Fy0 Fl) =
(®(a, b)(*7u,e%t,e78))* (I o

o As above.

&

If r =ila then,

((e”(®(a, b)(i'u,1,8)))* (Ay, ..,
((®(a, b)(i'u, 71,e%5))* (Ayy . - -,

((e7t)"(Ay, ..
lim;er((e7t)"(A1;y .-, A
(e”i)*(th, M

] An) u‘(Alv

Ifr = %7y then,

(e°(@(a, B)(e™*u, 1, 8)))" (A, .

(e (@(a, B)(e* u, 1, 8))* (P - or

((@(a, b)(e** 7 u, e, €%8))" (As,
(@(a, 5)(e**7u, 71, €%8))" (1,
((66‘&)“(141, ey
(Lo, B,) =

limiél(-‘-tn Ej_,,) =
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) An)): (’5"[)*(]?1“ .
i ’U.*(Ali, .o
oy Fn,-jy ’U*(Fl'.j, .-
limiel((@(a) b)(llua e, 60‘3))*(A1i) e
(@(a, b)(s'u, 67, €79))* (Frijy - - -

,4,,))‘:

M EA») =
W) =

Fo) o (e7(@(a, b)(i' u, 1, 8)))*(FY, ..
Fo) o (@(a, b)(i'u, €71, €75))" (ﬂ', o
(e7t)y(F|,..., F},u NET ,F,:))

Flo.F{,..'.,F,,oF))

F,oF!)

Fo)o(e”((a, b)(e™7u, 1, 5)))" (F{,

I )o(®(a, b)(e™* 7 u, e, €7 3)) (F,..
Ry =
Yo n

o F)

Fl,...,F,0F)

An), (e7((a, ) (i u, 1, 8)))* (P, ..., Fa))) =
Ay, (®(a, b)(i'u, E"i €%s)) (Fli?...,

)Fn;)) =

Fns)z

vy Fn‘., U*(Fl.') e
And)y
’ F‘"ij)) =

- Any),
)

An)y
Fry)) =
.. ',Ah)7

o Fy) =

Ay), (56“)(}"‘1;: cony Fy)) =



limier((e7u) (Aryy - - -y 4ny)s (e?u)(Fiy,..., Fuy)) =
limer((®(a, b) (e84 u, €71, ¢78))* (A1, . . ., Av), .
(®(a, b) (e u, €71, e78)) (Fyypy oo, Fuyp) O

Lemma A.11 If the free variables of {7 € A-ND, are a..vmong ai',...,a2", 2% and 20 is d.
var. of t then, _ ‘
Va < B € On, t"(EL, .. EX Eg) = Efp, o hm o)t (Ar v Anf)

Proof : by induciion on the term 1. We shall only check 2 cases.

1. (e°)(Eayy-- s Bany E3p) = ES, = ET, 1, = Elotye(ar,. hma)eo ) (A1, A )
2. (®(a,b)(e7¥ 74,1, 8))* *(Epys -y By Bap) = |
(56u)“(EA1$'~‘1EAn)Eaﬂ) = ‘
& — & —
E.él.s.Lg - L(s‘t:)*(/&;,...,An,o‘)(eéu)“(/h,...,An,ﬂ) -
E(H)(a,b)(c”‘*'tt,t,ﬁ))"(A,,...,An,a)(@(a,b)(c”"'"u,t,a))"(A1,...,An,ﬂ) ) (|

Theorem A.12 < MPT, x> is a canonicel {otal model.
Proof: We shall only check 2 cases of the subslilulion groperty.

o (e7uls]) (41,-..,A) = L, = (eu)(Ay, ..., An, 8" (41, ..., AL))

o ((&(c,b)(e"*"w, ula, c], vla, B)))[s])* “(A1, .-, 4n) =
(&(c, BY(e™+ w, uls/a, ¢}, vls/a, )Y (A, .-, An) =
(€GTU)*(A1,...,ATL) =l,= ,
(e°w)* (A1, ..., Any8°(41, ..., 40)) = v
(@(C, b)(go-{-rw’ U, U))‘(Al) R Am 3*(A-h AR Aﬂ)) 0
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